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Abstract: - The paper presents the topic of the representation of the hysteretic loops raised on the basis of
the variation of the linear viscoelastic force Q(x) = cx + kx depending on the variation of the
instantaneous displacement x = x(?) of the linear dynamic system m, ¢, k dynamically excited with a
harmonic excitation force F' = F(t) = Fysinat. The linear Voigt-Kelvin dynamic model is characterized by
the mass m, the viscous amortization ¢ and the elastic constant k, being driven by the harmonic force in the
Fyamplitude and the ® pulsation. The representation of the Q - x hysteretic loop is made by an ellipse both
by numerical testing and by experimental testing.

In order to optimize the energy dissipation capacity in the dissipative element, linear with the
amortization constant ¢, representations of the parameterized ellipse families are required. Thus, we have
to keep in mind that in the technological processes activated by vibration, the physical and mechanical
parameters of the processed material may be modified, for example c, k, as well as the @ pulsation of the
dynamic excitation.

It emerges that an analytical and graphic evaluation is required in order to highlight the parametric
changes on the dynamic response and of the dissipated energy.

Consequently, for some real cases of processing in industry and constructions, the values of the physical
and mechanical parameters were chosen, as well as the modality of their variation so as to be able to
illustrate, as realistically as possible, the dynamic behaviour of the linear elastic system m, ¢, k dynamically
excited with the given harmonic force.
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1. INTRODUCTION

For the m, ¢, k linear dynamic model we define the

. . . c
fraction of the critical amortization ¢ =5\/ km and
the harmonic excitation force with the Fo= m,reo?,

where mgris the static moment of the dynamic
unbalance system at rotation with @ angular velocity,

the same as the excitation pulsation so that
F=F@t)=F)sinwt .

The main objective of this study is to represent the
families of curves for the three significant regimes (2
<1 ante-resonance, {2 = 1 resonance and (2>1 post-

w ) |k
resonance, where 2 =—, with @, = .[— when the
m

Wy

parameter of the elliptic curves family is, in turn, £, ¢,
o with discreet variations in accordance with the
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requirement of the vibration-activated technological
process.

In this context, the significant ellipses, their
remarkable points, as well as the distribution of the
ellipse set with the intersection points for the
representative panel of the parameterized family are
analysed.

In this paper there will be used calculation and
analytical relations developed both by the author of
this paper as well as by other authors with the
corresponding references to the bibliography.

The following notations will be used: own

. [k . . @
pulsation @, =,|— ; relative pulsation 2 =—the
m ®,

angle of loss in the viscoelastic system (c, k) noted
with o :% =2£€2 . The physical units used in the

paper will be specified both for the dynamic
excitation F=F(t) = Fysinot = mora)2 sin ot , as well
as for the (m, ¢, k) system where m = 10%g,
mor =5 kgm, and the ¢, k measurement units are
discreetly variable.

For each situation, there will be analysed and
graphically displayed the A(w@w) displacement
amplitude according to the discrete variable & or ¢
parameter as well as the hysteretic loops O -xand F
- x with their significant points and their specified
directions for the dynamic regimes of ante-resonance
with £2<1, resonance with 2= 1 and post-resonance
with 2> 1.

2. EVALUATION OF LINEAR
VISCOELASTIC FORCE Q(x) IN
DYNAMIC HARMONIC REGIME

The m, ¢, k dynamic model of the harmonic
dynamic excitation test equipment by the force

F@)= mora)2 sinat , is represented in figure 1, where
the reaction Q(x,x) is displayed as a result of the
viscoelastic system deformation (¢, k) for the

instantaneous displacement x = x (¢) and the

instantaneous speed x = x(t)
X, X

-—
k
/\/\/ Fir)
m |e—
i
¢ [+ 1 9
G

Figure 1. Dynamic diagram of the system (m, ¢, k)
The differential equation of motion is given as:

mi+cx+k=F(t) (1)

with the solution x = A4 sin (et - @), where 4 is the
amplitude of the displacement, and ¢ the phase shift
between the instantaneous displacement x and the
instantaneous force F = F(2).

Force Q(x,x) may be written down either as
internal force according to ¢, k, either as reaction
according to F'(z) and mX, as follows:

Q(x,x) =cx+ kx = F(t) —m¥ 2)

2.1. Linear viscoelastic force variance
analysis Q(x)

For the dynamic test system (m, ¢, k) excited by
the harmonic force F' (z), the significant parameters
are the displacement amplitude 4 = 4 (@) and the
viscous-elastic reaction force O = Q (x) given by the
relations:

2
Aw)= o™ (3)
\/(k—ma)z)z +cza12
O(x)=kxtca A*(w)-x* 4)

where x = x(?) is the instantaneous displacement of
the mass body m.

2.1.1. Variation of rigidity k

This study will be based on the following
parametric values: m = 10* kg, mor = Skgm,
¢ =5 -10°Ns/m, ® = 100 rad/s and the discrete
variation of k with the corresponding values for (2 as
follows: k/=1/9-10° N/m, £2,= 3, k;=1/4-10° N/m,
2= 2, k=10° Nm, &= 1, k~2-10° N/m,
2= 0,7, ks=4-10° N/m, £5=0,5.

The amplitude variation at the change of & and for
w=100rad/s is A (o, k) is represented in figure 2.

3| X:9.9e+007
X 10" ¥:0.0000908

o«
w

T

|

|

|

|

|

ot

o
N

k[N/m] x10°

Figure 2. Variation of the amplitude according to
o= 100 rad/s and for the continuous modification of k
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For the hysteretic loops QO - x it is used relation (4)
individualized by parameter %, as

O(k,x)=hkxtcan A*(@,k )— x> (5)

which expresses the family of ellipses to the discrete
variance of k €[ ky, ... ks] and the continuous variation
of xel[-A(wk), +A(wk)]. The graphical
representation of the ellipse family is shown in figure
3. Table 1 shows the values of the ellipse areas values
equivalent to the dissipated energy W, = ellipse area
expressed in J.

05—~

Q[N]

05 ’ ,,,,,,, w0

! | ks=4*10%Nim | k=10° Nim
| Q= 6=
. I I s 05 I Q 1

2 05 0 05 1
xX[m] x10°

Figure 3 Family of ellipses O - x

Table 1 shows that the maximum area of the
ellipse of 157.07 corresponding to the maximum
dissipated energy of 157.07 J for £2= [ at resonance,
as shown in figure 3 as well.

Table 1 Ellipses’ areas for o =100 rad/s

[N/m]
0 1/9-10% | 1/4-108 103 2-10% | 4-108
3
2 48
1
0,7
0,5

It is noted that all ellipses, from 2 = 0.5 to
0 = 3, are inclined with the large axis only in
trigonometric quadrant 1.

2.1.2. Variation of viscous amortization ¢

The following parametric values will be used for
the case study: m =10* kg, mor = Skgm, k=4 -10°N/m,
=100 rad/s. It emerges @, =200 rad/s, £2=0,5. The
variation of viscous amortisation c is obtained on the

basis of the relation ¢ =2V km and of the series of

discrete values of the fraction from the critical
amortisation ¢, as:. £;=0.05, ¢£>=0.10, ¢3=0.15,
¢4=0.20, £5=0.25. In this case the series of discrete
values for ¢ is as follows: ¢; = 2 -10°Ns/m,
¢; =4 -10°Ns/m, ¢3 = 6 -10°Ns/m, ¢4 = 8 -10°Ns/m,
cs =10 -10°Ns/m.

The variation of the amplitude A (®, ¢) according
to the continuous variation of ¢ and the discrete value
of ® = 100 rad/s is represented in Figure 4.

C[NS/ m] X 106
Figure 4 Variation of A according to the continuous

modification of ¢, for = 100 rad/s

The hysteretic loops Q - x for the discrete variation
of ¢, may be described based on relation (4),
individualized by c, as follows:

0(c,x) = kx + can| 4> (w,¢) - x* (6)

which expresses the family of parameterized ellipses
by the discrete variation of ¢ and the continuous
variation of xe[-A(wc),tA(w,c)] represented in
figure 5.

Figure 5 Family of ellipses with parameter c

Table 2 shows the values of o the ellipse areas with
dissipated energies for the discrete values of c.
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Table 2. Ellipses areas for ® =100 rad/s and 2 =0,5

¢ [Ns/m]
area

10-10°
7,85

8-10°
6,51

6:10°
5,03

2-10° | 4-10°
1,73 34

2.1.3. Variation of the excitation pulsation o

The case study for the dynamic model is
characterized by system parameters as follows: m
=10*kg, mor = 5kgm, k=4 -10°N/m, ¢ = 5 -10°Ns/m,
@ =200 rad/s.

The discreet variation of the pulsation is given by
the value string as follows:@; = 100 rad/s, £2,= 0,5,
w; = 150 rad/s, = 0,75, w; = 200 rad/s, %=1, oy
=300 rad/s, £2=1,5, ws = 400 rad/s, £2s= 2.

Amplitude A(w) is given by relation (3) for the
continuous variation of pulsation @ and it is
represented in figure 6.

-3
2.5x10

X:203.2

o [rad/s]

Figure 6. Variation of the amplitude according to the
continuous modification of pulsation @

The family of elliptical hysteretic loops is given
by the parameter @, based on relation (4), in
according to @, may be set as:

O(@,x) = kx = can| A% (@) — x* %

Q[N]

Figure 7. Family of elliptic hysteretic loops O — x

with the discrete variance of @ and the continuous
variation of xe[-A(w),+A(w)]. The graphic
representation is given in figure 7.

Table 3 shows the areas of the ellipses in figure 7,
which corresponds to the energy dissipated per cycle
for each individual pulsation from @; = 100 rad/s to
ws =400 rad/s.

Table 3. Ellipses’ areas

0 05 |0,75 |1 1,5 2
orad/s | 100 | 150 | 200 | 300 400
area 424 | 8226 | 1256.6 | 350.19 | 271.71

It is found that for 2= 1, at resonance, the ellipse
has the largest area and hence the maximum
dissipated energy. In this case, the resonance ellipse
circumscribes all ellipses in ante-resonance £2 </ and
post-resonance 2>1. Also, all ellipses are inclined in
the trigonometric quadrant I.

2.1.4. Specific parameters of the hysteretic
elliptic loop Q - x

The remarkable points for the Q - x ellipse
correspond to the intersection of the ellipse with the
coordinate axes, the maximum values of force O (x)
and the tangent points of the ellipse with straight lines
parallel to the coordinate axes. Significant parametric
values are also the angles formed by the significant
straight or tangent lines to the elliptical loop in
relation to the axes of the reference system Q - x.

Figure 8 shows the hysteretic elliptical loop for
>], where all the remarkable points and
characteristic angles are represented. The evaluation
was made for the following measuring points:
m =10 kg, mer = Skgm, k = 4 -10°N/m,
¢ =5 -10°Ns/m, @ = 300 rad/s, @, = 200 rad/s,
02=1,5,¢=5-10°Ns/m.

a) Coordinates of the remarkable points B, C, M, 1

Point B corresponds to Q when Oz = 0, and based
on relation (4) it emerges
1)

V1+ 682

Point C corresponds to the case when x = x.= 0,
and based on relation (4) we have

0. =0(0)=+cwd = +kAS ©)

®)

XB=iA

Point M corresponds to the case of the maximum

d
value of (@, that is for Q':7?:0 or
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X 1
0'=kFco——mm—H from where Xy = %A
A —x? V1+62

where § = £% . Thus, the maximum force emerges as
O(xy,®) = O™ = +ka1+ 6% (10)

for

1 (1
V1+ 62

Point I correspond to the vertical tangent for
x =x; =*A, from where it emerges

Q; =*kA (12)

that i1s the maximum elastic force, with the
specification that the linear elastic force Q(x) =thx.

xM :iA

b) The angular characteristics of the tangents to
the ellipse in the remarkable points.

Tangent to the ellipse in point B emerges for
x = xp from the condition

0'(vg.)=0'y =22

= =k(1+52)

XB
or

0'(xp.0)=1g = k1 + 6% (13)

Tangent to the ellipse in point C shall be
obtained for x = xc=0 from the condition

d
0cl00)=00= -
t x=0
or
Oc (O, a)) =tga=k (14)
Tangent to the ellipse in point M, for X
=XM=+ 4 it is obtained the maximum value
1+ 62
of Q as

max

WX — 0y = kA1 + 52

Tangent in point M is given by the relation

(15)

N R Xm 16)
tgy=0"y=k¥co (
\A? —x;zw
where by replacing x;, =+ 4 1 , we obtain
1+ 652

tg}/:O,Wlth }/:0

Tangent in point I is given by the relation
all (7

tge=0"1=k¥Fco———
1/A2—x%

where by replacing x; =+ A it emerges
tgg:oo,Wi‘[h g:Z. (18)
2

Figure 8 shows all the previously established
parametric measures.

QIN]

Figure 8. Hysteretic elliptic loop for Q >1

2.2. Intersection of the hysteretic ellipses

The intersection points of two ellipses of the
family of elliptical hysteretic loops are obtained for
the condition Q; = Q;, where i is the value of the
physical parameter of the ellipse of order i, and j is
the discrete value of the same physical parameter p;
of the j order ellipse.

2.2.1. Family of ellipses with k parameter.
a) Dynamic regime in ante-resonance
<1
For two distinct values of the rigidity, that is at &;
and respectively k; forces O; and (O, have the
following expresses

O:(@,k;) = k;x £ con] 47 (k;) - x* (19)
Qj(a),kj)zijica),[Ajz-(kj)—xz (20)

From the condition QOi(w, k) = QOi(w, k) there
emerge the abscissae x4, x 41, x42 and x 42, with the
ordinates corresponding to the forces, respectively
Qur, Q’4a1, Qa2 and Q' 42, represented in figure 9. The
parametric values for which the two ellipses were
raised are as follow: m = 10* kg, mor = Skgm,
¢=5-10°Ns/m, o= 100 rad/s, k,=2-10* N/m, 2,= 0,7,
ks=4-108 N/m, £25=0,5. In this case for points 4;, 4,
A and A, it emerges:
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-5
y Xy =77-10"m . X4, ==7.65-10"m.
1 ’ ?
0, =381-10°N N 0p =-377-10°N

L, =1324007m =-13,12:10"m
| 04, =48-10°N

Oy, =—479-10°N

Q[N]

Figure 9. Intersection of ellipses k4 and ks
in ante-resonance

a) Dynamic regime in post-resonance £2>1

The numerical values of the dynamic model for
two ellipses parameterized by k; and k; are as follows:
m = 10% kg, mor = Skgm, ¢ =5 -10°Ns/m, @ = 100
rad/s, k/=1/9-10° N/m, £2,= 3, k=1/4-10° N/m, £25=2.
In this case the intersection points of the two ellipses
are P, , P’;, P, and P’;,, with the following
coordinates:

Xp =4,41-10m Xp, =438-107m .
Ry ™ > Py ! 4,0
Op =-0,57-10*N Op, =0,60-10"N

Xp =2,76-10"*m | xp. =2,80-107m
A 4477 P ’ 4
Op, =-171-10°N Op, =168-10*N

QIN]

x [m]

Figure 10. Intersection of the ellipses k; and k»
in post-resonance

Figure 10 presents the intersection points of the
ellipses k; and k; in post-resonance for £2;= 3 and
respectively (= 2.

2.2.2. Family of ellipses with parameter ¢
For the case study we will use the parametric
values of the dynamic system, as follows:
m = 10" kg, mor = Skgm, @= 100 rad/s, k&=2-10° N/m,
02=0,7;,¢;=5-10°Ns/m, c; = 10 -10°Ns/m.
Forces Q; and Q; are given by the relations:

Q1(01)=kXiClw\/A12(Cl)—x2 (21)
O(cy)=kxt ey 4 (cy)-x*  (22)

From the condition Q;(c;) = Q2 (cz) it emerges

22 2.
a4 -4

X=xy =% (23)
" o5 —cf
where 4; and A;are
2
\/(k—mw2)2 + i’
2
mora) (25)

A = 4(cy)= \/(

k —ma)2)2 +c§a)2

Based on the relations (21)....(25) and on the
previously established parametric values, we have the
following coordinates for the intersection points:

X, =316-10"m | i ¥ =-316-10"'m
oy, =7.90-10*N " 0, =7.90-10°N

xp, =3,16-10"m o =-316-10"m
oy, =483-10°N " 2| Q) =—485-10°N

1

0.8
0.6
04
0.2

0

Q[N]

-0.2
-0.4
-0.6
-0.8

Figure 11. Intersection of the ellipses c; and ¢,
for the ante-resonance regime Q=0.7
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Figure 11 presents the intersection points for
ellipses ¢; and c;.

2.2.3. Family of ellipses with parameter o

The numeric values of the parameters of the
dynamic model are: m = 10* kg, mor = Skgm, ¢ =5
-10°Ns/m, £~=10® N/m @, = 100 rad/s, @; = 200 rad/s,
=2, @, =300 rad/s, £2= 3. In this case forces Q;,
and O, have the expressions:

0\(@)= ke £ copy 47 (26)
0, ()= kx + cany 43 (27)
with amplitudes 4; and 4, as
4= )= )
\/(m - ka)lz)z + cza)l2
moro3 (29)

A2=A2(a’2):\/( -

m—ka)22)2+c 5

From the condition Q,(w,)= 0,(w,)we obtain

12 20
L (@24 — o 4

X=xp=1%
! »; —of
Based on the relations (26)...(30) it emerges
the coordinates of the intersection points R;, R’;, R,
and R, as follows :

R =4,79. 10‘5m R - ~4,79-107m.
Og, =9.08-10* N Qg =—8.98-10*N
X, =479-107m.  |xp =-479-10"m

R 4 sz 2 4
O, =0.63-10°N Og:, =—0.62-10*N

(30)

Figure 12 shows ellipses @; and @, with the
intersection points for the post-resonance regime.

1
0.8
0.6
0.4
0.2

0

Q[N]

-0.2
-0.4
-0.6
-0.8

Figure 12. Intersection of ellipses w;and w,
for the post-resonance regime

3. CONCLUSIONS

For a complete dynamic system (m, ¢, k) with
linear Voigt-Kelvin viscoelastic connection with the
dynamic  harmonic  excitation by  force

F@) =m0ra)2 sinat, the parametric analysis of the

dynamic response and of the hysteretic loop
families, the following conclusions may be
formulated:

a) the linear dynamic response in displacement is
expressed by the amplitude 4 according to the
continuous or discreet variation of the physical
parameters ¢, k or of the kinematic excitation

parameter @, according to the graphical
representations in figures 2, 4 and 6.
b) the families of hysteretic loops are

characterized by the set of ellipses determined by
physical parameters with discreet variation, in linear
elastic and linear viscous regime. Thus, there were
represented families of ellipses according to the
physical parameters k, ¢ and @ for dynamic regimes
in ante-resonance {2 </ or post-resonance (2> /.

c) the ellipses’ areas, being equal to the energy
dissipated in the viscous linear element, constitute a
significant criterion in the evaluation of the energy
dissipation process for the dynamic harmonic system

excited with force F(?) = mora)2 sinat.

d) the hysteretic loop of elliptical shape is
analytically and graphically characterized based on
the remarkable points and on the angles of the straight
lines tangent to the ellipse in the points of physical
significance.

e) the intersection points of the ellipses show that
for some dynamic regimes, there may be identified
remarkable individual properties of the system (m, &,
¢) excited by the harmonic force F(?).
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