
 

RJAV vol 16 issue 2/2019                                          152                                                        ISSN 1584-7284 

Optimization of Musical Non-Symmetric 3-Strings 
 
Ahcène BRAHMI 
Département de mathématiques et de statistique, Université de Moncton, Moncton,  
N.-B. Canada, E1A 3E9, ahcene.brahmi@umoncton.ca 
 
Claude GAUTHIER 
Département de mathématiques et de statistique, Université de Moncton, Moncton,  
N.-B. Canada, E1A 3E9, claude.gauthier@umoncton.ca 
 
Abstract: - We develop a mathematical method to determine the physical features of non-symmetric 3-
strings maximizing the degree of periodicity of their vibrations, which are generally inharmonic. The 
method is exemplify with two classes of 3-strings whose optimal configurations could be used to build new 
musical instruments. 
 
Keywords: - optimization, differential equations on string networks, musical instruments 

 
 
1. INTRODUCTION  
 

The use of mathematics to describe and 
understand musical sounds begun with the 
Pythagoreans more than 2500 years ago. The modern 
mathematical analysis of sounds produced by 
stringed instruments, such as violins, or pianos, is 
largely based on the wave equation introduced by 
d'Alembert in 1746 [1]. These sounds are generated 
by small amplitude transverse oscillations of a certain 
number of strings fixed at each of their two 
extremities. The mathematical predictions deduced 
from this equation are in good agreement with obser- 
vations (see e.g. [2]).  

In this paper, we consider the idea of building 
musical instruments with networks of strings rather 
than two-extremity strings. Our objective is to 
optimize such a vibrating system, which is not to 
optimize the shape of the musical instrument itself 
(see e.g. [3]). 
 

 
 

 
Figure 1. Schematic of a non-symmetric 3-string. Its 

three extremities connected to a section of wall are fixed, 
whereas the junction point of its three strings, here 

represented by a black dot, is free to move transversely to 
the plane network. 

 

The simplest network of strings is a 3-string. We 
call 3-string any plane network of three stretched 
strings tied together at one common extremity [4-5]. 
This junction point is free to move transversely to the 
plane network while all its other extremities are fixed 
(Figure 1). It is possible to build a 3-string with 
sections of string having different lengths and 
different mass densities. We assume that each of these 
sections of string is subject to no internal nor external 
friction, and is perfectly flexible and with elasticity 
satisfying Hooke's law.  As for almost all musical 
instruments built with ordinary strings, one can study 
the sounds produced by small-amplitude transverse 
vibrations of a 3-string through Fourier analysis. 

We say that a 3-string is symmetric if it is built 
with three identical sections of strings with the same 
tension. Using mathematics, it is possible to show that 
the vibrations of such a 3-string can be as harmonic 
as any ordinary string [5]. However, a perfectly 
symmetric 3-string is physically impossible to 
realize, as it requires first to manufacture  three  
identical  sections  of string, and then to join them so 
as they form three angles equal to 2 3 . Moreover, 

even if this was possible, or if we were satisfied with 
an approximation of this perfect symmetry, the 
geometric configuration of such symmetric networks 
would make it very difficult to use them to build an 
ergonomic musical instrument. 

Musical instruments using non-symmetric                    
3-strings produce sounds with inharmonic 
frequencies as a rule, which is generally unappealing 
to the human ear. The present paper aims to present 
and exemplify a mathematical method to determine 
the values of physical parameters allowing the design 
of musical instruments built with non-symmetric 3-
strings that should produce sounds with maximal 
harmonicity, i.e. vibrations with a maximal degree of 
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periodicity. From the musical point of view, this 
means that the sounds produced by an instrument 
made with such 3-strings would be closer to those 
made with ordinary strings, while keeping in the 
hands of their users the possibility to produce 
inharmonic sound effects, which appeal to a large 
class of music listeners [6]. 

We have organized the rest of this paper as 
follows. In Section 2, we set up the mathematical 
problem related to the description of small-amplitude 
transverse vibrations of any 3-string. We shall 
determine the configurations of maximal harmonicity 
among non-symmetric 3-strings by allowing the 
variation of four sets of factors acting upon their 
modes: (i) the mass density of each of the three 
strings; (ii) their lengths; (iii) the three angles 
between these strings, which influence their tensions; 
(iv) the value of a mass added to the junction point of 
the three strings [7]. Taking into account this last 
factor results from the observation that adding such a 
mass to naturally inharmonic circular membranes can 
allow them to produce quasi-harmonic vibrations, as 
it is the case for tablas [8-11]. In Section 3, we solve 
the above problem for two large classes of non-
symmetric 3-strings. We find out the optimal 
configuration of each of these classes by determining 
the values of the physical parameters that minimize 
the sum of squares of the deviations from harmony of 
their first five modes [12]. Section 4 contains our 
concluding remarks. 
 
2. MATHEMATICAL MODEL 
 

To set up the mathematical framework of this 
problem, let xj be the arc-length parameter for the jth 
string whose length at rest is jl ,  1, 2,3.j   We shall 

use a coordinate system where the junction point of 
the three strings is located at 0jx  ,  1, 2,3.j   

Therefore 0 j jx l  . We denote by ( , )j
ju x t  the 

function describing the transverse displacement from 
its rest position, at time t , of the point at arc-length 
position jx  on the jth string. Also, let j  and j be 

the mass density and tension, respectively, of the jth 
string. We assume that the 3-string has a mass M at 
the junction point of its strings. Thus, each string has 
a mass density given by  
 

( ) ( ), 1, 2,3,
3j j j j

M
x x j       

 
where   is Dirac's distribution. 

Using the calculus of variations, or Newton's 
second law [13], it is straightforward to show that the 

partial differential equations describing the small-
amplitude transverse vibrations of the above loaded 
3-string are 
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We also get the following condition applying to 

the junction point 
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Another condition to be satisfied at the junction 

point is the continuity of displacement of the strings, 
namely 
 

         1 2 3(0, ) (0, ) (0, ).u t u t u t                   (3) 

 
Finally, we have the boundary conditions 

 

        ( , ) 0, 1, 2,3.j
ju l t j                        (4) 

 
A normalization of the three string lengths will 

help us to determine the normal modes of vibration of 
the loaded 3-string. Let j j jx x l  for 1, 2,3.j    

Then 0 x    parametrizes each string. Setting 

( , ) ( , )j j
jv x t u l x t  for 1, 2,3,j   the problem 

formed by equations (1)-(4) becomes 
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        1 2 3(0, ) (0, ) (0, ), 0,v t v t v t t          (7) 

        ( , ) 0, 0, 1,2,3.jv t t j                 (8) 

 
Let us seek for time-harmonic solutions of (5)-(8) 

through the method of separation of variables. To this 
end, we set 
 

    ( , ) ( ) ( ), 1, 2,3.j jv x t X x T t j              (9) 

 
Replacing (9) into equation (5) yields 
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2 22

2 2

( )
( ) 0

j
j j j

j

ld X x
X x

dx

 
 

               (10) 

 
and  

 

    
2

2
2

( )
( ) 0,

d T t
T t

dt
                             (11) 

 

where 2  is the separation constant. By replacing 
(9) into equations (6)-(8), we also get  
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The solution of equation (10) is  

 

cos sinj jj

j j

λl λl
X (x) x x

c π c π


   
       

   
,j jA B  

 
where jA  and jB  are  arbitrary  constants, and 

j j jc   . Taking (14) into account, we obtain  
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j

j
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c
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where jA are arbitrary constants. Replacing (15) into 

equations (12) and (13), we get 
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1
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                                                                       (16) 
 
 and 
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Equations (16) and (17) form a homogeneous 

system of three linear equations for the unknowns    

1A , 2A and 3A , which has a non-trivial solution if and 

only if the determinant of its matrix of coefficients 
equals zero. This leads to the eigenvalue equation 
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Equation (18) has an infinite number of roots 

1 20 ,n         with lim nx



 whose 

actual values depend on the values of  , ,j jM l  and

j . These roots are simple and correspond to 

inharmonic frequencies of the 3-string [2].  
To characterize the physical parameters of a 

loaded non-symmetric 3-string with maximal 
harmonicity now reduces to determine the set of 
values , ,j jM l   and , 1,2,3j j  , so that the terms 

of the sequence  1n  be as close as possible to 

those of the sequence  *,n n N .  

We measure the global deviation from complete 
harmony of the overtones through the function 
 

    1
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( , , , )
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E M l

n


 


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 
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where n represents the overtone rank. We divide each 
deviation from harmony by the rank of the 
corresponding harmonic to take into account the fact 
that the energy of a mode generally decreases with its 
order. The choice of 5 as upper bound in the 
summation, that is the fundamental frequency and its 
first four overtones, is somewhat arbitrary but 
remains consistent with previous studies, higher 
overtones being greatly damped due to the weakness 
of their energies [5, 6, 8-10]. 

 
3. TWO PARTICULAR CLASSES OF NON-
SYMMETRIC 3-STRINGS  
 

To be more specific, let us solve the above 
problem for two particular classes of non-symmetric 
ergonomic 3-strings. For the first class, we set 
 

 1 2 3 ,        

 1 2 32 , ,l l l l l rl   , 

 1 1 32 cos , ,          

 
where r  is any positive real number and   is half of 
the angle between the second and third strings at rest, 
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the two other angles formed by the strings being equal 
to    (Figure 2). Under these conditions, equation 
(18) gives 
 

   

 

 

2
2cos sin sin cos

2cos( )

2
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2
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    

 
 
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 

 

 

where we have set l c   and M M l   for 

c   . 

For each ( , , )r M , where r   ranges from 0.01 to 

2 with a step size of 0.01,    ranges from 0 to                     

89 180  with a step size of 180   and M  ranges 
from 0 to 20 with a step size of 0.05, we find the first 
five  positive  roots  of  (20)  using  Maple  with  the  
 

 
 

Figure 2. Schematic of a 3-string in our first class of  
3-strings. 

 
secant root-finding method with a step size of 0.02. 
Since l c  , the sought eigenvalues n  are these 

roots multiplied by  c l .  

It follows from (11) that the corresponding 
eigenfrequencies of the non-symmetric 3-string are 
given by  2n nf   .  We then apply these 

eigenfrequencies to the function (19), which here 
reduces to 
 

        1

2
5

2

( , , )
nf

f

n

n
F r M

n




 
   

 
                   (21) 

 
Our purpose here is to determine the triplet 

( , , )r M  minimizing (21). We find that this function 

reaches its minimal value of 0.002215 at 

( , , ) (0.56, 6,1.55)r M  . The fundamental 

frequency is then given by 1 1 2f c l  ,  where 

1 1.098289  . Also, 1 1 , 2,3, 4,5n nf f n   , 

are respectively equal to 2.067292, 3.011902, 
3.869350, 4.999067. Since the complete harmony, in 
relation to 1f , of the first four overtones would be to 

have 1nf f n   for 2,3,4,5,n   we see that these 

overtones are very close to be harmonic.  
A function associated with the optimal 

configuration in this set of 3-strings is 
 

*

,
( ) min ( , , )

r M
F F r M   

 
whose graph is shown in Figure 3. This curve being 
smooth in a large neighborhood around 6  , a 

small deviation from this point will have a very small 
effect on the harmonicity of the corresponding 
configuration. The method used to examine the 

behavior of *( )F   near 6    leads to the same 

result when applied to the variables r  and M  near 

0.59r   and 1.55M  , respectively. This allows 

us to conclude that ( , , )r M   does not need to be 

exactly (0.56, 6,1.55)  in order to obtain a 

configuration whose harmonicity is near its 
maximum. 
 

 
Figure 3. The graph of *( )F   for 0 89 180    

 
Note that the particular value of 6    results 

from numerical computations, first to determine the 
roots of the eigenvalue equation, and second to apply 
the weighted least squares method to these roots. It is 
not possible to infer this particular value of   through 
mathematical analysis or physical arguments. A more 
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advanced numerical analysis shows that the 
maximum of harmonicity for other choices of 1 2,l l  

and i   is reached at other values of  . Figure 2 is a 

fair sketch of the actual optimal configuration for this 
class of 3-strings. 

A second class of non-symmetric ergonomic                
3-strings is characterized by 
 

 1 2 3, q         

 1 2 32 , , 6l l l l l l   , 

 1 2 3 ,        

 
where q is any positive real number. The three angles 
formed by the strings at rest are equal to 2 3
(Figure 4). Under these conditions, equa-tion (18) 
becomes 
 

 
 
   

sin(3 )sin 6

sin sin(2 )cos(6 )

sin sin(2 )sin 6 0, (22)
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M q
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   



 

 

 

where  l c   , M M l  and c   .  For 

each ( , )q M , where q   ranges from 1 to 10 with a 

step size of 0.005, and M   ranges from 0 to 2 with a 
step size of 0.005, we find the first five positive roots 
of equation (22) through the secant root-finding 
method with a step size of 0.02. The method was 
programmed with Maple, and we checked this 
process through the calculation of the corresponding 
known roots of the 3-string of the preceding example 
with q =1,  r = 6 and 3  . As for the preceding 

class of non-symmetric 3-strings, the sought 
eigenvalues n    are these roots multiplied by c l  

and the eigenfrequencies are given by 2n nf   .  
 

 
 

Figure 4. Schematic of a 3-string in our second class of  
3-strings 

 
We apply these eigenfrequencies to the function (19), 
which here reduces to   

                 1

2
5

2

( , ) (23)
nf

f

n

n
G q M

n

 
   

 
  

 

We have here to determine the pair ( , )q M  that 

minimizes (23). Figure 5 is the graph of ( , )G q M , 

for 50 ( , ) 10G q M   , 4 10q  , and 

0 2M  . This function reaches its minimal value 

of 99.48 10  at ( , ) (6.045,0.3696)q M  . For 

these values of q  and M ,   the fundamental 

frequency of the 3-string is given by 1 1 2f c l   

where 1 0.191658  . Moreover 1 1n nf f   , n = 

2, 3, 4, 5, are equal to 1.99989, 2.999899, 4.000273, 
4.999872, respectively. Since the surface 

representing ( , )G q M  is smooth in a region around

( , ) (6.045,0.3696)q M  , a  small  deviation  from  

  
Figure 5. The graphs of ( , )G q M ) where the numbers 

along the vertical axis must be multiplied by 610 . This 

function reaches its minimal value of  99.48 10 at 

( , ) (6.045, 0.3696)q M  . 

 
this point will have a very small effect on the 
harmonicity of the corresponding configuration. 

Again, this means that ( , )q M  does not need to be 
exactly that corresponding to the minimal value of 

( , )G q M in order to get a configuration whose 

harmonicity is near its maximum. 
 
4. CONCLUDING REMARKS 
 

By giving different values to   in one or the other 

of the above best configurations, it should be possible 
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to get a set of 3-strings having the same geometry that 
produce sounds with different fundamental 
frequencies. Musical instruments built with such a set 
of 3-strings should produce sounds having more 
musical qualities than all other 3-string 
configurations in their class, while still being able to 
create inharmonic sound effects when wanted.  

The sounds of a 3-string having the optimal 
configuration of our second class will be much more 
harmonic than those produced by a 3-string having 
the optimal configuration of our first class. Notice 
that the fundamental frequency of vibrations of the        
3-strings with maximal harmonicity in the first class 
is 1 1.098289 2f c l , whereas that of the second 

class is 1 0.191658 2f c l . This means that 

musical instruments built with 3-strings having the 
optimal configuration of the second example will 
generally produce sounds having frequencies lower 
than sounds produced by 3-strings based on the first 
example, when the parameters of these sets of                     
3-strings yield the same values for c and l. Therefore, 
if we put regular guitars in correspondence with 
musical instruments built with our first example 
optimal configuration of 3-strings, then those 
associated with our second example could correspond 
to bass guitars. 
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