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Abstract: - This work investigates the free vibration of a cracked Euler-Bernoulli beam. The governing
equation of motion is formulated by using the stiffness reduction factor and the generalized function to
consider the degree of stiffness loss and the location of the crack, respectively. By implementing the
centered finite difference method, the singularity problem of the curvature at the cracked cross-section is
addressed. The effect of crack location and stiffness reduction factor on the frequencies and the modal
shapes is investigated. The proposed method is simple and practical for analyzing the cracked beam.
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1. INTRODUCTION

Crack is an important indicator of damage in civil
engineering, mechanical engineering, and aerospace
engineering. As a result of the accumulation of
cracking in structures, the frequencies and modal
shapes will change due to the degradation of the
integrity of the structures. Because of this correlation
between cracks and frequencies and modal shapes,
intensive investigations have been conducted on the
direct problem and inverse problem of the vibration-
based crack detection technique. The former is
defined as analyzing the changes of the dynamic
responses of the structures as a result of cracking, and
the latter is formulated as detecting the location and
depth of the cracks using the measured vibration
parameters of the cracked structures. In order to study
the reverse problem with high accuracy, the
understanding of the effects of the cracks on the
vibration responses of structures is critical. As one of
the important components in  engineering
structures, the cracked beam has been actively studied
for the past three decades. Many researchers
contribute to this topic and some important results
are achieved.

The fracture-mechanics-based model was
developed to simulate the local stiffness reduction. In
this model, the open edge crack was simulated by a
massless rotational spring based on the observation
that beam stiffness will be reduced in the vicinity of a
crack tip. The relationship between the crack depth
and the equivalent stiffness massless rotational spring
stiffness was constructed to account for the varied
strain energy functions obtained via the tests [1, 2].
The massless rotational spring model was
implemented by Rizos et al. [3] to link the segments
of sub-beams of a cantilever beam separated by the
cracks. The equation of motion of each sub-beam was
built separately and the four compatibility conditions

at the cracking cross-section were considered to find
the natural frequencies by solving an eighth-order
determinant equation. When the crack number is
increased, a significant challenge is imposed for
computing efficiency because the order of the
determinant would be 4n+4 for a beam with n cracks.
To reduce the order of determinant and enhance
computing efficiency, Shifrin and Ruotolo [4]
reported a new smooth function method to degenerate
the order of the determinant to n+2.

The finite element method is an important tool to
study the dynamic responses of the cracked beam.
Finite element method was adopted by Shen and
Pierre [5] to study the natural frequencies of a cracked
beam with symmetrical open cracks. Negru et al. [6]
studied the distortion effect of the cracking on the
neutral axis by the finite element method. The
relationship between frequency shift and deflection
increase was observed. Implementing the finite
element method, Tufisi [7] studied the stiffness
degradation effect of branched cracks and
investigated the influence of cracking on natural
frequency drop. The problem with the finite element
method is that the frequencies may change for varied
mesh sizes.

The famous Rayleigh-Ritz method was adopted by
Fernandez-Saez et al. [8] to investigate the
fundamental frequencies of a cracked simply
supported beam and a polynomial function was
combined with the intact beam to address the varied
crack geometries and depths. Zhong and Oyadiji [9]
further developed this technique to study the natural
frequencies of the arbitrary mode of a cracked simply
supported beam impacted by a moving mass.

Most of the above methods were aiming at finding
the frequency and did not report the explicit closed-
form solution of the modal shape of a cracked beam.
Ghannadiasl and Ajirlou [10] studied the dynamic
response of the cracked beam by the Green Function
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Method, the discontinuity of the beam was simulated
by the rotational spring. However, the discontinuity
of the slope at the crack cross-section was determined
by transmitted bending moment and the massless
rotational spring, but the stiffness of which must be
determined by tests from fracture mechanics and
there are several formulas for rectangular cross-
section only.

To obtain the closed-form solution of a vibrating
beam with cracks, many mathematical models were
proposed. The generalized functions (Heaviside and
Dirac’s delta function) were utilized and proved to a
useful tool to simulate the discontinuities at the crack
cross-section of a beam.

Caddemi et al. [11-23] actively investigated the
dynamic response of cracked beam by superimposing
a sequence of generalized functions to the flexural
stiffness to consider the discontinuity at the crack
cross-section. The resulted equation of motion can be
solved by the virtual of Laplace transform pairs,
making the procedure of integration unnecessary. The
modal shape can be determined by the boundary
conditions. This method is novel and adopted by
many researchers, for instance, Yan et al. [24]
adopted the generalized functions, the ‘damage
parameters’ and the relationship between the ‘damage
parameter’ and the equivalent rotational stiffness. A
closed-form solution was reported in Yan’s work by
giving four recursive formulas. The problem with this
method is that the curvature at the crack cross-section
would be infinity. To address this problem, the not-
well-defined 8%(x — x,) was required and the
relation 62%(x — xy) = AS(x — x,) was used, where
A is a constant.

This paper intends to formulate the equation of
motion of a cracked beam with the stiffness reduction
factor and resolve the singularity of the curvature and
the crack cross-section by finite difference method to
consider the reduction effect of cracking on stiffness.
The proposed method in this paper is efficient and
simple to implement. The purpose of this work is to
present that the analytical solution can be obtained for
the Euler Bernoulli beam with singularity by using
finite difference to resolve the curvature singularity
problem at the position of the crack.

Compared with the methods used by Yan et
al.[24], the ‘damage parameters’ and equivalent
rotational stiffness of the damaged cross-section are
unnecessary for this method. Therefore, the relation
between the damage parameter and equivalent
rotational stiffness will not be used. Besides, the
definition of §2(x — x,) adopted by Yan et al. is
unnecessary. The object of this paper is to propose a
new simple and practical analytical technique to
determine the natural frequency and the modal shape
for a locally weakened Euler-Bernoulli beam and

address the curvature singularity problem at the
cracked cross-section.

2. EQUATION OF MOTION OF CRACKED
BEAM

The governing equation of motion for free
vibration of a cracked Euler-Bernoulli beam
considering the stiffness reduction effect is shown in

Eq. (1).

8%y(x,t)

82 %y(xt)
Bt 225 =

|+ podo =232 = 0 (1)

where: y and x are the deflection and the coordinate
along the beam, respectively; E, and p, are Young’s
modulus and the density of the beam, respectively;
I(x) is the moment of inertia, depending on the
position; A, is the area of the cross-section; t is the
time variable.

The abrupt reduction of the stiffness in the beam
cross-section due to cracking is simulated by Dirac’s
delta function. The definition of the Dirac delta
function and its first derivative are shown in Eq. (2)
and (3) [25].

_ (oo (x = x¢)
8 =0 = {0 (11 > 1 @
0 (x| > x0)
Fa-x) =1 Y )
0 (x=xp)

Replacing the I(x) in Eq. (1) by
I(x) = Io[1 - §6(x — xo)] 4

where [, is the stiffness of the intact beam;
0 < xy < L is the position of the crack and L is the
total length of the beam; the parameter 0 < & < 1, is
the stiffness reduction factor. The stiffness reduction
increases with &; when & = 0, the beam is intact;
when € is close to 1, the stiffness of the beam at x, is
lost. It should be pointed out that the stiffness
reduction factor £ in this paper is different from the
‘damage parameter’ in the work of Yan et al. [24].
The stiffness reduction factor directly reflects the
degree of stiffness lost while the damage parameter is
related to the equivalent rotational stiffness, which
should be determined separately.

Considering the discontinuity imposed to the
governing equation (1), the following equation of
motion is obtained

9% %y(x,
2 {Eolo[1 - £8(x — x0)] 222} +

. ax?
“y(x,t)
PoAo—3 ;=0 (5)
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By the method of separation of variables, the form
of solution is assumed to be

y(x, ) = y(x)e'* (6)
Substitution of Eq. (6) into (5), and introduce

A= 4/0)2 ‘;0—?0, Eq. (6) can be expressed as
o‘o

2 2 X
:7{[1 —§6(x — xo)] %(2)} —y(x) =0 (7)
3. ANALYTICAL SOLUTION BY
LAPLACE TRANSFORM

The analytical solution of Eq. (7) can be found by
the Laplace transform, which is a powerful tool for
solving differential equation with Dirac’s delta
function.

First, define the term in the curly bracket of Eq.
(7) by

2
Y(®) = [1 - §8(x — x0) 1 557 (8)

ax2
where y(0) = y"(0) and y'(0) =y"'(0) can be
achieved by utilizing Eq. (3) and (4).
Performing the Laplace transform of Eq. (8) gives

I(s) = L{y(x)} = s?Y(s) — sy(0) — y'(0) —
$e™*0y" (xo) ©)

where Y(s) = L{y(x)}.
Similarly, the Laplace transform of Eq. (7) results

s*I'(s) —sy(0) —y'(0) —AY(s) = 0 (10)

Combination of Eq. (9) and (10), Eq. (11) is
obtained.

3 y 2 5—sxQ ! !
Y(s) =2 y(0)+s%y'(0)+¢s :4_;3' (x0)+sv(0)+y'(0) (1)

where the four variables y(0), y'(0), y"(0), and
y'""(0) can be treated as constants and represent the
deflection, slope, moment and shear force,
respectively. And y"' (x,) and y(x,) are the moment
and deflection of the beam at x,, respectively; both
can be determined then the modal function y(x) is
found.
Performing the inverse Laplace transform, the

modal shape function in Eq.(12) is derived

1/4 1/4
y(x) = y(0) [cos(l x)+zcosh(l x)] n
, sin(A/%x)+sinh(A1/4x)
y (0) [ 221/4 ] -
1 1
cos(ﬂx)—cosh (A%x)

y'(0) :

222

sin()&x)—sinh (ll%x)
y"'(0) 3
214

+y" (x)§H (x —

1

sin[}ﬁ(x—xo) 3
)

+sinh [lz(x—xo)

(12)

1
224

To simplify the expression in Eq. (12) and
facilitate the following calculations the following
four functions are defined

cos(Ax)+cosh(Ax)

So(Ax) = 5 (13)
S, (Ax) = sin(/lx);inhux) (14)
5, () = —cos(/lx;-;osh (%) (15)
5, () = —sin(/lx;-;:inh (Ax) (16)

Based on definitions in Eq. (13) - (16) the
following relations can be easily checked.

% [S3(A%)] = S5(A%) (17)
% [S,(A%)] = S;(A%) (18)
% [S1(Ax)] = So(Ax) (19)
% [So(Ax)] = A*S5(Ax) (20)

The relationships between the fourth derivative of
the equations in Eq. (13) - (16) and the definition are
as follows

[S3(Ax)]™ = 24S5(Ax) (1)
[S2(Ax)]" = A%S,(Ax) (22)
[$1(Ax)]? = 2*5,(Ax) (23)
[So(Ax)]? = 245y (Ax) (24)

Notice that the following results can be easily
checked.

50(0) =1,51(0) = 52(0) = 55(0) = (25)
By applying the above definitions, Eq. (12) is
simplified

y(x) = y(0)So(4x) + y'(0)S1(4x) +
y"(0)S2(Ax) + y""(0)S3(Ax) +

Y (x0)§H(x — x¢)S1(Ax — Axp) (26)
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Taking the second derivation of Eq. (26) and using
the property of Dirac’s delta function, the curvature
at x is written as

Y (xg) = 2*y'(0)S3(Ax) + y"' (0)S1(Axo) +
2y" (%) [ 82 (x — x0)So(Ax — Axo) dx +
Aty (x9)& fOL H(x — x9)8(x — x¢)S3(Ax —
Axg)dx +y" (x0)§ [y 8 (x — x)8(x —
X9)S1(Ax — Axy)dx (27)
It can be observed from the third term in Eq.
(27) that y"'(x,) is infinity. In order to address this
problem, Yan et al. [24] adopted the definition
85%(x — xo) = A8(x — x,), which was proposed by
Biondi and Caddemi [23, 24]. However, §2(x — x,)
is an open question and is not well defined, although
the exact value of the constant A was not used in their
papers. In this paper, the curvature at x, is
approached by the centered finite difference

" _ )"(xo+h)—y'(xo—h)
y'(x0) = 2h

(28)
where h is the step-size.

4. ILLUSTRATION OF SIMPLY
SUPPORTED BEAM

To show how to find the frequencies and modal
functions with the proposed method, a simply
supported beam is illustrated in this section.

Assuming the length of the beam is L, and the four
boundary conditions are

y(0) =y(L) =y"(0) =y"(L) =0

Substituting y(0) = y''(0) = 0 into Eq. (11), we
arrive at

y(x) =y'(0)S;(Ax) + y"'(0)S3(Ax) +
Y (x0)§H(x — x9)S1(Ax — Ax)

(29)

(30)

Considering the boundary conditions in Eq. (31)
and the property of the Dirac delta function in Eq.
(32), Eq. (33) - (36) are obtained.

y(L) = y'(0)S1(AL) + y"'(0)S3(AL) +

Y (x9)§S1(AL — Axy) = 0 (33)
y"'(L) = y'(0)A*S3(AL) + y""' (0)S(AL)

+9"" (x0)EA*S3 (AL — Axy) = 0 (34)
y'(xo + h) =y'(0)Sy(Ax¢ + Ah) +
y'""(0)S2(Axg + Ah) + y" (x0)§S¢(Ah) (35)
y'(xg —h) =y'(0)Sy(Axy — Ah) +
y"'(0)S2(Axg — Ah) (36)

Solving for y(xg) and y''(xy), Eq. (37) is
obtained and solving for y(L) and y''(L), Eq.
(39) is arrived at.

(y)”’( :9?3)) =C (y);:’( ?3))

where C is defined as

C=[C11 C12]
C21 (2

(37)

(38)

in which C;; = S;(Axy), C12 = S3(Ax,),

Cy1 = [So(Axy + Ah) — So(Axy — AR)]/[2h —
§So(Ah)],

Cyy = [S2(Axg + Ah) — S, (Axg — AR)]/[2h —
$So(Ah)

(y):’( 3)) =4 (;::,( ?3)) +B (y):’( ?9?3))

where

(39)

S1(AL)  S3(AL)
A*S;(AL)  S,(AL)
0 fSl (AL - AXO)
0 &A*S3(AL — Axy)

A= [ (40)

B = [ 41
Substituting Eq. (37) into (39) and setting the
determinant equal to zero, Eq. (42) is obtained.

det(4 + BC) = 0 (42)

It is worth noting that after A is solved from Eq.
(42), the frequencies of the cracked beam can be
determined correspondingly.

In order to find the modal shape function, Eq. (43)

y(x)| =0 is selected from Eq. (39)
{2t G
Y (®)lx=p =0 y(L) =y (0)A1; +¥" (0)A12 = 0 (43)
foL y(x)8(x — L)ydx =0 where
L_, _ — A11 = Sl(lL)[Zh - fSO(Ah)] + fSl(AL -
Lfo y'(0)5(x - Lydx =0 (32)  Ax0)[So(Axo + Ah) — So(Axg — Ah)] (44)
Jo Y(0)8(x — x9)dx = y(x0)
L_, 7 AlZ = SS(AL)[Zh - fs(](lh)] + fsl(ll' -
Jo ¥ (0)8(x — x0)dx = y" (x0) Ax0)[S2 (Axg + AR) — S5 (Axg — Ah)] (45)
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Assuming /y'(0)% + y""(0)? = 1, then y"'(0)
and y'(0) are obtained.

nr A
y"'(0) = ——= (46)
1I"lgz""‘lﬂ
A12 (47)

y'(0) = ——=
1/A§2+A§1

In view of Eq. (44) - (47), the modal shape
function is

y(x) = y'(0){S1(4x) + §H(x — x¢)S1 (Ax —
AxO)[SO(AxO + A.h) - So(lxo - Ah)]/[Zh -
§So(AR)]} + ¥y (0){S3(4x) + §H (x —

xo)sl(lx - Axo)[SZ (Axo + Ah) - SZ (Axo -
Ah)]/[2h — §So(AR)] } (48)

5. NUMERICAL EXAMPLE

To illustrate and verify the proposed method, a
cracked concrete beam is investigated in this section.
The properties of the simply supported beam are as

follows: length L =20m, Young’s modulus
Eo =20GPa, width b=0.8m, and height
ho =1m.

Three crack locations are considered: 0.1L, 0.3L
and 0.5L. The stiffness reduction factors for each
crack location are: 0.15, 0.3, 0.45, and 0.6.

Table 1 First natural frequency (Hz)

This Rayleigh-  Error  This Rayleigh- Error  This  Rayleigh-  Error
paper Ritz (%) paper Ritz (%) paper Ritz (%)
Crack position 0.1L 0.3L 0.5L
Stiffness 0 3.27 3.27 0.00 3.27 3.27 0.00 3.27 3.27 0.00
reduction 0.15 327 3.27 0.03 3.25 3.26 0.22 3.24 3.25 0.33
factor 030 3.27 3.27 0.05 3.23 3.24 0.37 3.20 3.22 0.58
045 3.26 3.26 0.06 3.20 3.22 0.46 3.17 3.19 0.72
0.60 3.26 3.26 0.05 3.18 3.19 0.46 3.13 3.16 0.76
Table 2 Second natural frequency (Hz)
This Rayleigh-  Error  This Rayleigh- Error  This Rayleigh-  Error
paper Ritz (%) paper Ritz (%) paper Ritz (%)
Crack position 0.1L 0.3L 0.5L
Stiffness 0 13.09 13.09 0.00  13.09 13.09 0.00  13.09 13.09 0.00
reduction 0.15 13.04 13.05 0.11 12.96 13.00 0.29 13.09 13.09 0.00
factor 0.30 12.99 13.01 0.19 12.84 12.90 0.48 13.09 13.09 0.00
045 12.94 12.97 0.21 12.73 12.80 0.56  13.09 13.09 0.00
0.60 12.89 12.91 0.18 12.62 12.69 0.52 13.09 13.09 0.00
Table 3 Third natural frequency (Hz)
This Rayleigh-  Error  This Rayleigh- Error  This Rayleigh-  Error
paper Ritz (%) paper Ritz (%) paper Ritz (%)
Crack position 0.1L 0.3L 0.5L
Stiffness 0 29.45 29.45 0.00 2945 29.45 0.00 2945 29.45 0.00
reduction 0.15 29.24 29.30 021 2942 29.43 0.03  29.13 29.23 0.32
factor 030 29.03 29.13 034  29.39 29.41 0.05  28.84 28.99 0.53
0.45 28.83 28.94 037  29.37 29.38 0.05 2857 28.75 0.62
0.60 28.64 28.72 028  29.34 29.36 0.05  28.33 28.49 0.57

The eigenvalues corresponding to the natural
frequencies can be solved from Eq. (42). The
numerical values for the first three natural frequencies
are shown in

Table 1 - Table 3. The Rayleigh-Ritz method [8]
is used to calculate the frequencies for comparison,
and the calculated results are tabulated in the table.
The results suggest that the proposed method in this
paper works well, as the calculated frequencies are
close to that by the Rayleigh-Ritz method.

It is observed that the natural frequency is
decreasing when the stiffness reduction factor is

increasing except for the third natural frequency when
the crack is at the middle point of the beam. This is
because the cracked cross-section is the inflection
point of the third mode [24]. For the same stiffness
factor, the first and second natural frequency is
decreasing when the crack is moving from the end to
the middle of the beam, which indicates cracking in
near the center of the beam tends to produce a more
significant influence on the first and second natural
frequency of the beam.
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Figure 2. (a, b) The modal shape of the second frequency. (a) x, = 0.1L, (b) x, = 0.3L

RJAV vol 16 issue 2/2019

171

ISSN 1584-7284



Normalized modal shape
o

10 20

Position along the beam (m)

(©)

Figure 2. (c) The modal shape of the second frequency. (c) x, = 0.5L.

Normalized modal shape

10

20
Position along the beam (m)
(a)
[0 1 T T T
=3 / AN £=0.15
< / \
@ o5k — — —£=030] |
g ' \ £=0.45
o4 £=0.60
€ / \ .
B / \ /
N / \ /
a / \\ / -
£
o
b4 i .
10 15 20
Position along the beam (m)
(b)
' ' £=0.15
— — —¢=0.30] |
£=0.45
e §= 0.60

Normalized modal shape

10

Position along the beam (m)

(©)
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The modal shapes are achieved by implementing
Eq. (48), and the modal shapes for the three crack
locations corresponding to varied stiffness reduction
factors are shown in Figure 1- Figure 3.

6. CONCLUSIONS

In this paper, the crack in a Euler-Bernoulli beam
is simulated by a generalized function and Laplace

transform pairs are implemented to derive the modal
shape function. In formulating the governing equation
of motion, the stiffness reduction factor is introduced
to consider the level of stiffness loss. The proposed
method is verified by utilizing the Rayleigh-Ritz
method. The main results achieved by this
investigation are summarized as follows: (a) the
singularity of the curvature of the beam at the cracked
cross-section is addressed by utilizing the centered-
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finite difference method; (b) the stiffness reduction
factor is directly utilized to represent the stiffness loss
in the governing equation of motion; (c) the
frequencies and modal shapes corresponding to
varied stiffness reduction factors and different crack
locations can be obtained by the proposed method.
The method in this work is simple and practical and
potentially useful for identifying cracking in a beam.
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