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Abstract: - This paper analyses the dynamics of a rigid solid, the main goal being the obtaining of the matrix
differential equation of motion. The rigid solid is a constrained one and it is acted by conservative forces.
The approach is a multibody one and it is valid for the general case. We also deal with the planar motion
of the rigid solid. As a particular case we discuss the equilibrium of the rigid solid. Some comments are

also presented.
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1. INTRODUCTION

Many authors present the multibody theory [1 — 5]
and, after the obtaining of the matrix differential
equation of motion, they discuss simple examples.
Usually, these examples can be solved by using the
classical theorems of mechanics (theorem of
momentum and theorem of moment of momentum).
The general solution of the matrix differential
equation of motion is usually avoided by the reason
that the inertial matrix is not always invertible. A
method by which a rotational schema is transformed
in another one in order to avoid the singularity of the
inertial matrix is described in [6]. For the case of
conservative forces authors prefer the equations of
motion obtained from the second order Lagrange
equations. They also consider simple examples. The
particular case of planar systems are treated in [4],
while some cases referring the robots are discussed in
[5]. Generally speaking, the systems are resulted from
the consideration of some particular mechanisms, the
solution obtained from the multibody approach being
compared to that obtained by classical methods.

Usually, the constraints are considered to be
bilateral, but there are also references that deal with
unilateral constraints [7]. The great challenge in this
case is that the number of constraints is variable so
that the calculation program must consider all
possible situations.

Some aspects concerning the simulation of the
multibody systems are presented in [I — 12]. The
authors discuss the major problems that may appear
in the simulation, but no calculation program is
presented. This disadvantage has as its main cause the
length of these calculation programs, so that the
books would become huge. The problems which
include both multibody systems and their nonsmooth
behavior are discussed in [13, 14].

The general case of conservative forces is
discussed in [15], while the equation of motion is
obtained from the second order Lagrange equations.
The situation when the rigid solid is constrained is not
discussed. The particular case of linear springs is
treated only for the determination of the equilibrium
position.

In this paper we obtain the matrix differential
equation of motion in a multibody form for the
situation of many conservative forces acting upon the
rigid solid. The equilibrium positions are also
obtained.

2. PROBLEM FORMULATION

Let us consider a fixed frame O XYZ (Fig. 1), the
rigid solid and the mobile reference frame Oxyz

rigidly connected to the body. We denote by C the
center of weight of the rigid solid. At the point A the
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rigid solid is acted by the force F which is
conservative, that is, there exists the potential V' so
that

F:—VVz—(a—Vio +a—VjO

ov
+2k, |,
Oox oy Oj 1

Oz

where i, j, and k, are the unit vectors of the fixed
axes OyX , O,Y and O,Z .

zZ

Figure 1. Rigid solid acted by conservative forces.

The unit vectors of the mobile axes are denoted by
i, jand k.
One knows the mass m of the rigid solid, the

moments of inertia J,, J,, J,, J,,, J, J, ofthe
rigid solid relative to the mobile axes, the coordinates
Xc, Yoo zo of the center of weight relative to the
mobile frame, and the coordinates x,, y,, z, of the

point A relative to the mobile axes.
One asks for the determination of the motion of
the rigid solid.

3. NOTATIONS

We consider that the rotational schema is a Bryan
one given by the order x, y, z.

We denote [15]:
— the angles of rotation y , 6, ¢ about the axes x

, v, z to which correspond the matrices

1 0 0
[\|1]= 0 cosy —siny |,
0 siny cosy
[ cos® 0 sind
bl=| o 1 o0 | )

|—sin® 0 cosH
[cosp —sing 0
lo]=

sing cos¢p O0];
0 0 1

— the matrix of rotation

[A]=[v]o]o]=

cOco —cOs s0 3
sysOco + cysp  —sysOsp +cycp  —sych |; )
cysOco +sysp  cysOse+sycp  cych

—the parameters X, Y,, Z,, v, 0, ¢ that give

the position of the rigid solid for which correspond
the column matrices

{S}:[Xo Yy Zo]Ts{B}:[\V 0 (P]Ta 4)
al=[xo Y% Z, v 0 ol; (%)

— the matrix [S] given by

0 —mze My
[S] =| mz. 0 —mxe |; (6)
—-my. M 0

— the matrix of the moments of inertia

Jx - ‘]xy - ‘]xz
[JO ] =~ Jyx Jy - Jyz > (7)
- sz - Jzy Jz
— the matrix [m] given by
m 0 0
[m]=|0 m o} (8)
0 0 m

— the column matrices
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 f=l0 0 o] dugh=[o 1 0],

fuJ=fo o 1 ®
— the matrix [Q] given by
[Q=[oT [o fu,} {uo} fu,ff: (10)
— the square matrices
0 0 O 0 0 1
[u,]=[0 o —1],[u]=| 0 0 of,
01 0 -1 00
0 -1 0 (D
u]=|1 o ol
0 0 O
— the matrices
=|U ,10,]1={U, 0],
b, =10, Il b =Bl

l(pp J = lUcp [(P];
— the partial derivatives of the rotational matrix

A, =, Jolo]. [A,]=[v]e, Jo].

A, |=[w]o]o, : (13)
— the partial derivatives of the matrix [Q]
[Q,]=lo, T [oT {u,} fua} fu, (14)

[Qu]=[oT[0,]'u,} {0} fo}]

— the derivative of the matrix [A] with respect to
time

[A]=v[a, ]+ 6[A, ]+ oA, ]: (15)

— the derivative of the matrix [Q] with respect to
time
(] ole, |+ 6le, (16)

— the matrices {o} and [®] corresponding to the
angular velocity

S )
o, o, 0
— the matrix of inertia
Mol ool 0
— the matrices {F, |, {F}, | given by
. }=-[AlsT[o]+ [AlsT [1f}. (19)
fy}= eI Jol+ T ol Jolls): o)
— the matrix of constraints [B];
— the conservative force
Fl=[r, £/ F[. P2))

where F, =F,(X,.Y,.,Z,), F,=F,(X,.Y,.Z,),
Fz:FZ(XAaYAaZA)-

— the matrices [r,] and {r,} given by

0 —Z4 JVa
[rA]: Zy 0 —x,
22
—Ya Xy 0 @2)

{rA}: [xA Ya ZA]T'

4. MATRIX DIFFERENTIAL EQUATION
OF MOTION

Denoting with X ,, Y, , Z, the coordinates of the

point A relative to the fixed reference frame, one way
write the matrix relation

Xy Xo
Y, |=| ¥ +[A]{r } (23)
Z, Z,
Since
6XA=1,8YA=1,GZA=1, (24)
0X, 0y, oz,
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oV oV ox, oV _ ov oy,
X, o0X,o0X, oY, oY,ov,’
v oV oz,
oZ, 0Z,0Z,’

(25)

it results the generalized force that acts upon the rigid
solid at the point 4

oV ov
FX() = — = — ,
0X, oX ,
o ey, oy,
Foo_ ov._ oV oz,
ooz, 0z,0Z,
We also have
oV _or 8XA+6V 6YA+8V 0z,
oy 0X, oy oY, oy 0OZ, oy’
oV _ov oX, oV oY, oV oZ,
- = + + ) (27)
00 ox, 06 oY, 66 0Z, 0O
oV _or 6XA+8V 8YA+ oV oz,
op 0X, 0p 0OY, O0p 0OZ, O
and one gets
_FXO_
AT A, |,
oy o
FZO
_FX -
oV ¢
=t AL B, | (28)
00 ©
FZ(,
_FXO_
Z_V_ {rA}T[Acp]T FYO ;
¢ F,
consequently
ov oV ov
Fy=——, Fy=—— Fy=——. (29)
oy 00 16/0)

The matrix {F} takes the form

T
{F}:_ ov.ov. ov or or or (30)
oX, oY, 0Z, oy 00 Op

or, equivalently,

FX(,
FYo : (3 1)
F.

Zo

{F, |= F)= [[Q]T [E]][A]T}

According to [15], the matrix differential equation
of motion reads

W e
) {c}=[B}a) (33)
f-[®] &) (4

and {k} is the column matrix of Lagrange multipliers.
If the rigid solid is acted by many forces F,, F,,
..., F;,atthe points 4,, 4,, ..., 4,, then one has to

calculate the matrices {Fq} , {Fq}z, cee {Fq}z

corresponding to each force, using formulae similar
to equation (31) and to sum these column matrices in
order to obtain the column matrix {Fq} The
calculation may now continue obtaining the matrix
differential equation of motion.

5. PARTICULAR CASES

If the origin of the mobile reference system is
takes at the center of weight of the rigid solid, then
the matrix [S] = [0]; consequently

] D]
M- orbu ol 63

F,}={o}=[0 o of. (36)

S

For the Bryan rotational schema we have

[ cospcos® sing O]

[Q]=

—singpcos® cosp O],
sin O 0 1

(37

 cos pcos 0+ Osin 1

{o}=| —sinpcosO+Hcoso |. (38)

ysin0+ ¢
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If the axes of the mobile frame are chosen as the
principal central axes of inertia, then

J, 0 0
bel=fo v, 0, (39)
0 0 J,
hence
[Q]'[.]e]=
(chz(p+Jysz(p) (Jz —Jy) 750
c’0+J.s%0 spcecO
J —J
( ! d stz(p+chz(p 0 (40)
spcoch
J_s6 0 J,

For the planar motion of the rigid solid,
considering that the origin O of the mobile frame
coincides with the center of weight, the mobile axes
are central principal axes of inertia, and the motion
takes place in the O, XY plane, one may write

cos¢p —sing 0

[wl=0). b1-11). ol sine coso 0|
0 0 1
[A]=[o]. [s]=10]; (42)
00 0
[Jo]=10 0 of; (43)
00 J
cosp sing O]
[Q]=|-sing cosp O; (44)
0 0 1]
0 0 O]
[Qf'[s.JQ]=[0 0 of; (45)
00 J]
0 —¢ 0
fo}=[0 0 o], [0]=|¢ 0o of; (46)

0 0 0

m 0 0 0 0 O
0 m 0 0 0 O
[M]_OOmOOO‘ 7
100 000 Of )
0 0 0 00O
100 0 0 0 J|
0 0 vy,
=] 0 0 —x,; (48)
-y X, 0
XA XO
v, |=| Y |+[Aln]: (49)
ZA ZO
X,=X,+x,c080—-y,sinQ,
Y, =Y, +x,sinp+y,cosp, Z,=2,=0; (50)
[Q['[r,JAT =
0 0 yAco.scp+
X SinQ
0 0 yAsin(p—; (&2))
X ,CO8Q
—y,C08¢— —y,sinQ+ 0
| x,SInQ X ,COSP |
F
[1] }XO
F (= F, |=
) {[Q]T[rA][A]T "
Zo
_ r, _
b, (52)
0
0 ;
0
(—yAcosq)—xAsin(p)FXO+
| (—yA sin(p+xAcoscp)Fy0 |
si=[xo ¥ of.fj=[0 0 o s 3
=[x, 7 of Bj=lo o ofs 4
)=l o o (55)
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—sing cosp O
[Q]=('p—coscp —sing 0]; (56)
0 0 0
0 00
[RI'scJel=|o o of; (57)
0 0 0
0 0 0
[ [ JQ]=[0 0 of; (58)
0 0O
Fyf=fo o of; (59)
F.J=lo 0 0 0 0 of; (60)
_ Fy -
F,
0
{Fq}+{Fq}: 0 (61)
0
(—yAcoscp—xAsin(p)FXOJr
i (—yAsin(p+xACOS(p)FYU |

and the matrix differential equation of motion takes
the simplified form

fm 0 0 X,
0 m o -[B]'||7Y,
0 0 J é
| [B] o] | {n
(62)

Fy,

Fy,
(—yAcoscp—xAsin(p)FX0+ i
(—yAsin(p+xAcoscp)FY0

Bl

Let us observe that if [B]z [0], then one gets the
equations of motion of the free rigid solid,

mXO =Fy, , mYO =K,

Jp=
(— yAC(p—xAS(p)FXO + (— yAS(p+xAC(p)Fy0.

(63)

6. EQUILIBRIUM POSITIONS

In this case one obtains the equation
{F, |+ [B] )= {0},

at which one has to add the matrix function of
constraints

(64)

£(@1.925-a,) ] [0
T S I I

f@.45.-09,)| |0

(65)

It results a system of non-linear equations from
which one may determine the position of equilibrium
and the reactions.

Denoting

X, o, .
ARSI
b -2, L
[Bzo]=aa[ZBlT, [Bw]=%, - @
.- 2L
Ei=le) - k) (68)
B )=Bs, Jot - [, J] (©9)

and using a variant in finite differences for the
Newton-Raphson method, one gets the matrix
equation

"l

7. CONCLUSIONS

In our paper we presented a general multibody
method by which one may study the dynamics of a
rigid solid with general constraints and acted by
conservative forces. The formulae obtained here can
be directly used in practical problems. As one may
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easily see, the great challenge is to determine the
column matrix {Fq}. At this moment we made no

assumption about the matrix of constraints

The paper is a generalization of the cases
presented in [15] where the study is reduced to the
equilibrium positions, these equilibrium positions
being obtained from the second order Lagrange
equations.

A great problem is the non-singularity of the left-
hand term matrix in equation (32). If one wants to use
this equation for the study of a planar case (instead of
using equation (62)), then one may observe that the
matrix is not an invertible one. A possible way to
determine the motion is to eliminate some rows and
columns from the left-hand term matrix in relation
(32) to obtain an invertible matrix. A second variant
is to directly use the relation (62). Even in the general
case it is possible to obtain non-singular matrix (for
instance, when the system has an useless degree of
freedom).

Generally speaking, the mechanical system may
have zero, one or multiple equilibrium positions. The
convergence of the algorithm presented above for the
determination of the equilibrium positions is assured
only if the initial values are selected sufficiently
closed to one of the equilibrium position. In this
situation, different initial values may lead to different
solutions or the algorithm may offer no solution (the
algorithm is divergent).

In the second part of the paper we will present
some examples in order to highlight the theory.
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