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Abstract: - This paper is the second part of our previous one. We present here two examples which highlight
the theory. The first example is a spatial one, the conservative forces being the weight and linear elastic
forces. The second example is a planar one and it involves as conservative forces the weight, a linear elastic
force and a non-linear elastic force. Different constraints are considered and the calculation of the
corresponding matrices of constraints is detailed. We present the main steps in solving the problems and

discuss different way in approaching of the solutions.
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1. INTRODUCTION

This paper presents some examples in order to
highlight the theory described in [16]. The first
example is a spatial one and involves a redundant
degree of freedom. The second one is a planar one and
the solution is obtained either from the general spatial
one, or from the equations deduced in [16]. The
conservative forces are given by the weight and by
springs (which are not necessary linear as one may
see in the case of planar example).

We consider that the constraints are described by
the conditions that some points of the rigid solid has
to be situated on fixed curves or surfaces. The
calculations of the matrices of constraints are also
presented.

The problem of the elimination of Lagrange
multipliers is often discussed in the literature. An
excellent presentation is given in [17]. Other variants

of this problem treated in a multibody approach are
presented in [15, 16].

2. EXAMPLE 1

The homogeneous bar AB of length 2/, center of
weight C and mass m is constrained (Fig. 1) to move
its end B on the straight line (d) of equations

X=0,Y=2. (1)

The bar is linked to three linear elastic springs.
The first spring has the stiffness k,, connects the
points A and Pl(0,0,l), and its non-deformed length

is /. The second spring connects the points C and
P,(1,1,1) having the stiffness k, =2k and the non-
deformed length /, while the third spring connects
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the points 4 and P, (0,21 ,21 ) , has the stiffness k; =k
and the non-deformed length 2/ .

(d)
B
x

L —
B

VA

z
Figure 1. Example 1.
The potential V' for an arbitrary spring is
k[
v=-2(-4). @)

2

where " is the length of the deformed spring, while
[, is the length of the spring at rest.

Assuming that the spring connects the points Q,
and O, (point O, belonging to the rigid solid), one

where & is the stiffness of the generic spring.
Let X., Y. and Z. be the coordinates of the

point C relative to the fixed frame O XYZ, and let
v, 0 and ¢ be the rotational angles according to the
Bryan rotational schema. We have

1 0 0
[\|1]= 0 cosy —siny |,
0 siny cosy
[ cos® 0 sind
bl=| o 1 o | (6)

|- sin® 0 cosO

[cosp —sing 0

[(p]z sinpg cose O],
| 0 0 1
[a]=[v]e]o]=
cOecp -cOs@ sO
sysOco+cysp  —sysOsp+cycp —swycb |. )
—cysBecp+sysp  cysOsp+sycp  cych

The coordinates of the point B are x, =1,
v =0, z5;=0 (relative to the mobile reference
system) resulting

may write Xp Xe¢ [
Y, |=| Yo |+[A]o], (8)
00, =1 = ) Zy | | 2. 0
\/(XQZ_XQ)Z*(YQZ_YQI)ZJF(ZQZ_ZQI)Z’ :
that is
the components of the elastic force reading X, = Xq+lcosy,
Xy - X, YB=YC+Z(sin\|/sin9005(p+coswsin(p), 9)
Fy = k(Qle —Zo)ﬁ ; Zy=27Z +l(— cosy sinBcos @+ sin\usin(p).
12
Y, -7, . . .
Fy = k(Qle =1y )—QZ 2 , (4) Since the point B has to move along the straight
0,0, line (d ) , it results the constrain functions
Z, —Z
_ V%2 T4
Fz—k(Qle lo) 0,0, : fi(XCaYCWZC’\Vaea(p):XB:
X +lcosBcosp=0, 0
It results (X Yo, Zoy,0,0)=Y, —21 = (10)
{F}— YC+l(sin\ysinecoscp+coswsin(p—2)=0,
. Xy, —X wherefrom
Koo -u)[ M 1E e o)
00 |[QIf JaT | >~
Zo, =2,
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h | Oy O _
oX. oY, < 0Z.

% %

=—/sinBcos¢p, — =—I[cosOsinp,
9

N

2 allj

b

(1

afZ =0 afZ —
X, = or

9% _
oy

coswsinecoscp—sin\ysin(p),

5 (12)
% =[sinycosBcoso,
2

5 = l(— sin\ysinesin(p+coswc05(p),
¢

the matrix of constraints reading

[B]=

—IsBco
Isy
cOco

1 00 0
01 0 [ (cwchcp
—syso)

—[cBsp
Z(— sysOso |

+eyeop)

(13)

The coordinates of the point 4 are x,=-/,
y,=0, z,=0 (relative to the mobile reference
frame Cxyz) and it results

X, Xc -1
v, |=| Y. [+[A] 0|, (14)
Z,| |z, 0
wherefrom
X, ,=X-—Icosycoso,
Y, =YC—l(sin\psinesin(p+coswsin(p), (15)

Z,=2Z. —l(coswsinGCOS(ersin\usin(p).

One may write

AP = (X, ~x, F+(v, -1, P+(z, -2, ) .

CP, =\/(sz X J Y, -Y P+ (2, -2 P (16)

AP =\, X P (v, v, F+(z, -2, .

cospcosO sing 0
[Q]z —sin@cos® cosg O],

sin O 0 1

(17

0 Z, V4 0 0 O

r,J=| z, 0 -x,|=|0 0 1],
-y, Xy 0 0 -/ 0

0 -z yo] [0 00

r]=| z2 0 —x. {o 00
-Ye  Xc 0 0 0 0

[T [r, JaT =1

- 00 s@(— sysOsp — se(cwsescp_
sfc
(S(p 3 S\I/) + C\VC(P) + S\I’C(P)
+s7yc?o —syeyc’o
sOcoe —sycOep cychecp |,
o0 sysOso —cysOse
¢ 0] —syco
0 00
[QI'lrcJAT" =|0 0 of,
0 0 0
X, -X
ot e I N I
an (I JaT )
Zp-Z,

{F}, :Mm );: j |

CP, [0] Zp ~Z¢
SICTE L
Fh=""00 {[Q]T Ir, ][A]T} zYi —Z

J. 0 0
bl=| 0o J, o],
0 0 J.
ml?
A

b

(18)

(19)

(20)

21

(22)

(23)

24

(25)

(26)

27
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m 0 0
[m]=|0 m o],
0 0 m
[s]=[o].
[QI'lIcIQl=
L e+ J. —J 1
(2 2 2) ( y) J,s0
J,87pc 0 +5°0)  spcech
(.-, J 5%
spcoco +ch2(p
J,s0 0 J,

[
M- ] orb.Iol

\y cos pcos 0 + Osin @

mx
{m}: —\sin@cos®+0cos@ | = o,
ysin@+ ¢ O,
0 -0, o,
[(D]: (Dz 0 _(DV 2
-0, O, 0

F.j=[o o o],

—sinpcos® cosp O
[Q(P]z —cos@cos® —sing O],
0 0 0

—cos@esin® 0 O
[Q,]=| singsin6 0 0],
cosO 0 0

@)= olo, ]+ 80, ],

F, =o' b Jo)+ [elols Jolfi!.

= 2.0

(28)

(29)

(30)

€2))

(32)

(33)

(34

(35)

(36)

(37

(3%)

(39)

(40)

110 0 0 0 h b

[8]- o e, (41)
0 0 0 by by by

515 =—10cosOcosp+IpsinOsin @, (42)

1516 = 16sin Osin p—IpcosOcos @, (43)

b,, = I(—sinysin O cos @

+ 9.005 \ C(?S 0 c'os 0} (44)
—(cosysinOsin@
—\i/coswsin(p—(bsiHWCOS(p),

1525 =Z(\|'/ cos\ycosOcosp
—0OsinysinHcos@ (45)
—('psin\ucosﬁcoscp),

1526 =l(—\ilcosx|1sinecoscp
—ési.n\yc?sesin(p (46)
—(@sinysinOcos @

—\i/sin\VCOS(p—('pcoswsin(p),
a=[x, ¥, 2z, v 0 of,
{} [ o Yo 4o ] @7

X, 7, 7, v 6 ¢f.

tal

The matrix differential equation of motion reads

¥ _%oB]]T}[m{{F—q[}E]{fﬂ'

(48)

For the equilibrium positions one has to solve the

equation
{F, |+ [B] b= {0}, (49)
that is
Fql _bl 1 b21 1 _0_
qu blZ b22 0
F‘Iz + bl3 b23 _}\‘1:| — 0 (50)
FC]4 bl4 b24 _7\‘2 0
F‘]s blS b25 0
_F g | LB D 10

At this equation one adds the rotations

fl(XC,YC,ZC,\V,G,(p):XC +lcosOcosp=0, (51)
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fZ(XC’YCsz’\V’e’(P)ZYC +

52
l(sin\usinecosq)Jrcoswsin(p—2)=O, (52)

obtaining a system of eight non-linear equations with
axis Cx 1is an useless degree of freedom. One may
choose one of the following selections:

i) one eliminates the parameter ¢ from all

matrices erasing the corresponding line and column;
ii) one considers that J #0 and the initial

conditions ¢, =0, ¢, =0 resulting (p(t) =0 for any
time 7.

3. EXAMPLE 2

The homogenous quadratic shell ABCD of
dimension 4B =2/ is situated in a vertical plane and
is connected to the spring AF and DP,, where
B(0,31), P,(31,41). The point O (center of weight) is
constrained to move along the straight line (d) of
equation

Figure 2. Example 2.

Y=X. (53)
The mass of the shell is m and the non-deformed
lengths of the springs are / and 2/.

The first spring is a non-linear one, the elastic
force being

F =k, Al + k13(All )3 5 (54)

while the second spring is a linear one, the elastic
force writing

F =k,AlL . (55)

In this situation, one gets for the first spring

{F), = {M{w [[;]][A]T} :

AR

L Ks(4R-1)
DP,

1]

[T [r,IaT

Xp =X,

Z, -7,

A

while for the second spring one obtains

(¥}, = ky(DP, - 21)
DF,

We have

{[Q]T [EIA]][A]T} );P E

F,=[0 -mg 0 0 0 o],

{Fq}: {F1}+{F2}+{F3}:

cos P
[A]=| sino

0

0

[s]=[o].

fo}=Do o ol

—singp 0
cosp O],

1

(56)

B

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(67)

Since point O belongs to the straight line (d ) one

gets the constrain function
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S (X0,Y0,0)=Y, = X, =0, (68)
wherefrom
The matrix of constrain reads
B]=[-1 1 o], (70)
hence
B]=[0 0 o]. (1)

We denote by {F*} the matrix obtained from

{F a }+ {iq} retaining only the first, the second and the

sixth line.
It results the matrix differential equation of motion

m 0 0 1]X,

0 m 0 1% | {{F}} -
0 0 J, 0] ¢ 0

-1 1 0 0] a

One may choose to use all the equations
considering that the system is a spatial one. In this
case one has to use the following constrain functions

S1(X0.Y0.Z5,9.0,0)=Y, - X, =0, (73)
f2(X0.Y9.20,9,0,0)=Z, =0, (74)
[(X0.Y,20,9.,0,0)=2, =0, (75)
[i(X0.Y0,Z5,1,8,9)= 2, =0. (76)

The constrain functions f; and f, are equivalent
to the following ones

1 (X0, Y5, Z5,v,0,0)=y =0, (77)

. 78
f4(XO,Y0,Z0,\|/,9,(p)=9=O (78)

Using the last functions, one obtains the matrix of
constraints

4. NUMERICAL RESULTS

For the first example we consider the following
[=02m, m=1.0kg, szl.Okgmz,
ml* ml*
Jy =7 Jz =T
3 3

simulation is performed for a period of time equal to

values:

k=50.0N/m. The

to = 1.0, the step of integration being At=10"s
. The initial values are: Xg =0m, YOO =02m,
Zg=0.2m, w0=0rad, 0°=0rad, (pozgrad,
X)=0m/s, Y2 =0m/s, Z) =0m/s, y° =0rad/s
, 6°=0rad/s, p=0rad/s.

The results of the simulation are captured in the
next diagrams.

0.35

0.3

0.25

0.2

0.15

0.1

0.05

XO (blue), YO (green), ZO (red) [m]

0

-0.05

-0.1
0

Figure 3. Time histories X, = X, (t), Yo=Y, (t) and
Zo=2Z,(t).

dot )% (blue), dot Y0 (green), dot ZO (red) [m/s]

1100 0 0
[B*]— 0 01000 Zo=2Zot)
1o o010 of (79)
0 00O0T120
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Figure 6. Time histories y = \y(t) , 0= G(t) and ¢ = (p(t)

For the second example we will discuss the
equilibrium positions. We reformulate the problem as
follows: Is it possible a particular solution? Which are
conditions to be fulfilled by the input parameters in
order to obtain that equilibrium position?

L4 (blue), 1, (green) [N]

Figure 7. Time histories A, =A,(z) and A, =4, (¢).

We will start with the position characterized by
Xo,=1, Y,=1, ¢=0. In this position we get

X,=0, Y, =21, X,=21, Y,=21, AP=I,
DP, =I5,
{F}=[0 o of, (80)
I
{Fz}=l—)k“/§_2 21 |, 1)
V5 32
{Fj=[0 -mg o], (82)
{N}=. -1 o], (83)

where N is the normal reaction at the point O .
From the equation of equilibrium

{Fj+{R -+ {R j+ (Np=[0 0 o], (84)
retaining only the third line, one obtains
d@ 3/2=0 (85)

7 :

wherefrom &, =0, that is an impossible value. It

results that this equilibrium position can not be
achieved.

Another case which will be considered in this
paper is that one characterized by X, =/, Y, =1/,

¢ = %rad . In this situation one gets X , = l(l—\/E ),

Y, =1, Xp=1, Y,=l1++2), 4R =1/1-42,

DP, =I\15-632 ,

")
/2-1)

l:kn(APl_l)Jrkla(AR_lf} R RN
4R AR 122++2)
k,(DP, —1) .
== o -42) |. 87)
* | Ply2-2)
=0 -mg of, (88)
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N}=[» -» o]. (89)
Denoting
4= KldR=0) k(AR =) ©0)
AP, AP,
k,(DP, 1)
B — 2 2
~op (91)
one gets the system
(W2 -1)ar+281-2 =0,
241+(3-2)BI-mg+1.=0, 92)
L++2)a> +(3v2-2)Br> = 0.
This system leads to
mg
B= >0,
22
L, Bl-32)_ mg(2—3\/5)<03
2442 4li+42) 93)

%= A2 1)+ 281 =
mg(2—3x/5X\/5—1)+E
4(1-1-\/5) V2

Taking into account the previous expressions, one
gets the relations

. = mg\/15—6\/§
’ Zlﬁ(\/15—6\/5—1j’

94)

knz( 7-2 —1) k13l3(m —1)3

V742 e ™
mg(2—3\/5),

that is

ky ~ 0.5813$, (96)

0.5769%k, 1 +1.0724k,,I> ~ —2.2426mg . (97)

This equilibrium position is possible if the
relations (96) and (97) hold true. The condition

k<0 that first soft

characteristic.

implies spring has a

For instance, assuming m=3.0kg, /=0.15m,

the gravitational acceleration g =9.8065 m/ s*, and
k,, =k, , it results the values k, ~114.0104 N/m,
ki, =k, ~114.0104N/m, k5 ~—-70.7218 N/m’,

A =~17.9727 N, while the reactions at the point O are
Ny =—-A=-179727N, Ny, =A=179727N,

N =22 ~25.4173N.
5. CONCLUSIONS

In this paper we presented two examples, the first
a spatial one and the second a planar one, in order to
highlight the theory described in our previous paper.
A great attention is paid to the obtaining of the matrix
of constraints.

Because of the errors of calculation, the simulation
has to be limited to small values of the variable time.
Some quasi-periodic evolutions may be observed for
certain variables.

The initial conditions have to be considered
according to the constraint functions. In the general
case this is a huge problem.

The second example shows that there is the
possibility of existence of some positions which
verify the constraints but they cannot be equilibrium
positions. It is the case of the first situation in
Example 2. The second case highlights the situation
in which a equilibrium is possible only for particular
values of the input parameters.

Taking into account the non-linearity of the
system used for the determination of the equilibrium
positions and the results presented above, one may
state that in the general case the system may have
zero, one or several equilibrium positions.
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