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Abstract: - In this work, vibration and stability analysis of multi walled piezoelectric nanoresonator 
(MWPENR) based on cylindrical nano-shell is investigated using the Gurtin–Murdoch surface/interface 
theory and also other nonclassical theories such as nonlocal (NLT) and nonlocal strain gradient (NSGT) 
approaches. The nanoresonator is embedded in visco-Pasternak medium, the nonlinear van der Waals 
(vdW) and electrostatic forces. Hamilton’s principle is used for deriving of the governing equations and 
boundary conditions and also the assumed mode method is used for changing the partial differential 
equations into ordinary differential equation. The influences of the surface/interface effect, piezoelectric 
voltage, boundary conditions, the length to radius ratio, the nanoresonator gap width and other parameters 
are studied on the frequency and stability analysis of MWPENR. It is found that in all boundary conditions, 
higher surface/interface densities leads to reduction of MWPENR stiffness, as a result cause to decreasing 
of the dimensionless natural frequency and pull in voltage compared to case of without S/I effects. Also, 
with increasing of 𝑏/𝑅ଷ ratio and the piezoelectric voltage 𝑉ത௣, and decreasing of 𝐿 𝑅ଷ⁄  ratio, due to 
increasing of MWPENR stiffness, the pull-in voltages of the piezoelectric nanoresonator is increased. 
 
Keywords: - Multi walled piezoelectric nanoresonator; Gurtin–Murdoch surface/interface theory; Nonlocal 
strain gradient; Stability analysis, electrostatic excitation; Visco-Pasternak medium; Van der Waals force.  

 

 
Nomenclature: Notation and symbols 

symbols Description symbol Description 

ℎே௡ Thickness of nanoshell (NS) ℎ௣௡ Piezoelectric layer thickness  

𝐿 piezoelectric nanoshell Length 𝐸௣௡ Young modulus of piezoelectric layer 

𝑅௡ The mid-surface radius  𝜐௣௡ Poisson ratio of piezoelectric layer 

𝑥 Axial direction 𝜌௣ Mass density of piezoelectric layer 

𝜃 Circumferential direction 𝑒ଷଵ௣௡, 𝑒ଷଶ௣௡ Piezoelectric constants 

𝑧 Radius direction 𝜂ଷଷ௣௡ Dielectric constant 

𝐸ே௡ Young modulus of nanoshell 𝑠௞௡ Piezoelectric inner and outer surface  

𝜐ே௡ Poisson ratio of nanoshell 𝜆௦ೖ೙, 𝜇௦ೖ೙ Lamé’s constants of piezoelectric layer 

𝜌ே௡ Mass density of nanoshell 𝐸ത௣௡ Electric field 

𝐼௞௡  Nanoshell Inner and outer surface 𝐷௭௣௡ Electric displacement 

𝜆ூೖሺ೙ሻ, 𝜇ூೖሺ೙ሻ Lamé’s constants of nanoshell 𝜏଴
௦ೖ೙ Residual stress of piezoelectric layer 

𝜏଴
ூೖሺ೙ሻ Residual stress of nanoshell 𝑒ଷଵ௣௡

௦ೖ , 𝑒ଷଶ௣௡
௦ೖ  Surface piezoelectric constants  

𝜌ூೖሺ೙ሻ Nanoshell interface mass density 𝜌௦ೖ௡ Piezoelectric surface mass density 

𝐶௜௝ே௡ Elastic constant of nanoshell 𝐶௜௝௣௡ Elastic constant of piezoelectric layer 

𝜎௜௝ே௡ Middle stress of nanoshell 𝜎௜௝௣௡ Middle stress of piezoelectric layer 

 𝜅ሺ௫,ఏሻ Curvature components 𝑉௣௡ Piezoelectric voltage 

𝜀ሺ௫,ఏሻ
଴ ,𝛾௫ఏ

଴  Middle surface strains 𝜋௡ Total strain energy 

𝑢 Displacement of 𝑥 direction 𝑇௡ Total kinetic energy 

𝑣 Displacement of 𝜃 direction 𝐼௡ Mass moments of inertia 

𝑤 Displacement of 𝑧 direction 𝐶௪௡ Damping coefficient  
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symbols Description symbol Description 

𝛻 Laplace operator 𝐾௪௡ Winkler modulus 

𝜔 Natural frequency 𝐾௣௡ Pasternak Shear modulus  

𝑀 Total mass matrix 𝑊௡ Total work 

𝐶 Total damping coefficient 𝐾௡ Total stiffness matrix 

𝐹ത Loads by piezoelectric voltage 𝑏௡ The nanoresonator gap width 

𝑉஽௡஼ direct electric voltage 𝐶̅௩ௗ௪௡
௅  Linear van der Waals coefficient 

𝐶̅௩ௗ௪௡
 ே௅  Nonlinear van der Waals coefficient 𝜇 Nonlocal scale parameter 

𝜂 Material length scale parameter   

 
1. INTRODUCTION 
 

Piezoelectric materials are widely used in modern 
engineering due to its direct and inverse effects and 
play an important role for nano structures such as 
nanomechanical resonators [1-3]. On the other hand, 
due to excessive use of nanoresonator, especially 
piezoelectric nanoresonator in vibration devices, 
modeling their mathematical modeling and vibration 
behaviors are essential. In spite of a large number of 
studies on nano resonators dynamics, just a very small 
number of these works is related to the analysis of 
vibration and stability analysis of piezoelectric 
nanoresonator based on multi walled nano shell 
(MWNS) that are structurally built by multi 
concentric single-walled nano shell (SWNS) and 
those mechanical properties are superior to the 
mechanical properties of SWNS. As a result, 
MWNSs are preferred, in some applications such as 
nanoresonator. Also, as behavior of nanostructures, is 
greatly affected by their surface parameters and the 
results of the experimental observation show that the 
existence of surface and the size dependent effects are 
crucial for precisely determining the size-dependent 
parameters of the nano-structures which should be 
included in theoretical models. For this reason, 
surface/interface elasticity, which was brought up by 
Gurtin and Murdoch, is taken into consideration [4]. 

Many studies have been carried out on the 
vibration and stability analysis of nanostructure that 
some of them are reviewed here. Hajnayeb and 
Khadem studied forced vibrations of a double-walled 
carbon nanotube (DWNT) subjected to an 
electrostatic actuation and the nonlinear form of the 
interlayer van der Waals (vdW) force [5]. In this 
work, the frequency response, stability analysis and 
bifurcation points are obtained. Also, based on 
nonlocal piezoelasticity cylindrical shell theory, 
Ghorbanpour Arani et al. studied nonlinear vibration 
and instability of the embedded double walled boron 
nitride nanotubes conveying viscous fluid and 
electro-thermo-mechanical buckling of double-
walled boron-nitride nanotube (DWBNNT) 
embedded in bundle of CNTs [6, 7]. Tadi Beni et al. 
investigated on pull-in behavior of nanostructures 

using nonclassical theories such as modified couple 
stress theory [8]. Recently, Hashemi Kachapi et al. 
presented Gurtin–Murdoch surface/interface theory 
to investigate the effects of the surface/interface 
energy on the linear and nonlinear vibration and 
stability analysis of piezoelectric nanostruacures [9-
14]. They showed that increasing or decreasing of 
surface/interface parameters lead to increasing or 
decreasing the natural frequency, resonance 
amplitude, resonant frequency, the system's 
instability, nonlinear behavior and bandwidth. 
Nonlinear transient isogeometric and bending and 
buckling analyses are investigated by Phung-Van, 
Thanh and etc. on micro and nano plates and shells 
based on nonclassical theories [15-21]. 

To the best knowledge of the author that Gurtin–
Murdoch surface/interface theory and also other 
nonclassical theories such as nonlocal (NLT) and 
nonlocal strain gradient (NSGT) approaches are used 
to investigate vibration and stability analysis of multi 
walled piezoelectric nanoresonator (MWPENR) 
subjected to visco-Pasternak medium, the nonlinear 
van der Waals (vdW) and electrostatic forces has not 
been studied yet. In current study. For this purpose, 
Hamilton’s principle and the assumed mode method 
combined with Lagrange–Euler's is used to achieve 
influences of the surface/interface effect, 
piezoelectric voltage, boundary conditions, the length 
to radius ratio, the nanoresonator gap width and other 
parameters on the frequency and stability analysis of 
MWPENR. 
 
2. MATHEMATICAL FORMULATION 
 

A schematic diagram of multi walled piezoelectric 
nanoresonator embedded with two piezoelectric 
layers and visco-Pasternak medium in outer layer is 
shown in Figure 1 (a-c). The geometrical parameters 
of the cylindrical shell are the length 𝐿, the mid-
surface radius 𝑅௡ with nano shell thickness 2ℎே௡ and 
coated by two piezoelectric layers with total thickness 
2ℎ௣௡ for the outer walled and also the mid-surface 
radius 𝑅௞ାଵ and nano shell thickness 2ℎேሺ௞ାଵሻ for the 
other inner walled layers.  
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(a) Illustration of vdW forces between two adjacent 
tubes of a multiple shell cross section of a multi walled 

carbon nanotube (MWCNT) 

(b) Modelling of 1 … 𝑘 ൅ 1 tube of MWCNT as a 
nanoresonator with surface model 

(c) Modelling of last tube of MWCNT as a piezoelectric 
nanoresonator with surface/interface model

Figure. 1. Multi walled piezoelectric nanoresonator 
(MWPENR) based on cylindrical nano-shell

 
2.1. Non- classical shell theory 
 

Based on the Gurtin–Murdoch surface/interface 
elasticity theory, the normal stresses 𝜎௫௫ and 𝜎ఏఏ can 
be written as [4, 9-14] 

(1)
𝜎௫௫ሺே,௣ሻ ൌ 𝐶ଵଵሺே,௣ሻ𝜀௫௫ ൅ 𝐶ଵଶሺே,௣ሻ𝜀ఏఏ 

െ𝑒ଷଵ௣𝐸ത௫௣ ൅
𝜐ሺே,௣ሻ𝜎௭௭ሺே,௣ሻ

1 െ 𝜐ሺே,௣ሻ
,

(2)
𝜎ఏఏሺே,௣ሻ ൌ 𝐶ଶଵሺே,௣ሻ𝜀௫௫ ൅ 𝐶ଶଶሺே,௣ሻ𝜀ఏఏ 

െ𝑒ଷଶ௣𝐸തఏ௣ ൅
𝜐ሺே,௣ሻ𝜎௭௭ሺே,௣ሻ

1 െ 𝜐ሺே,௣ሻ
,

(3)𝜎௫ఏሺே,௣ሻ ൌ 𝐶଺଺ሺே,௣ሻ𝛾௫ఏ, 

where based on nonclassical continuum model, 𝜎௭௭ is 
expressed as following 

(4)

𝜎௭௭ ൌ 

𝑧
ℎே௡ ൅ ℎ௣ଶ

⎝

⎜
⎜
⎛

൫𝜏଴
௣௦ ൅ 𝜏଴

ேூ൯ ൈ

ቆ
𝜕ଶ𝑤
𝜕𝑥ଶ ൅

1
𝑅ଶ

𝜕ଶ𝑤
𝜕𝜃ଶ ቇ

െሺ𝜌௣௦ ൅ 𝜌ேூሻ
𝜕ଶ𝑤
𝜕𝑡ଶ ⎠

⎟
⎟
⎞

, 

 
in all following formulations, all of the piezoelectric 
parameters (the materials and geometrical 
parameters) are neglected for first layer and to be zero 
and all of the materials and geometrical parameters of 
nanoshell in the first layer are similar to the second 
layer of nanostructure.  

Also all coefficients and phrases of Eqs. (1)- (4) 
such as nonlinear deflection, displacement fields and 
curvatures, relations of Gurtin–Murdoch 
surface/interface elasticity theory and etc. can be 
expressed in full detail in reference [11-14, 22-27]. 
 
2.2. GOVERNING EQUATIONS  
 

In this section, at first the governing equations of 
motion of the piezoelectric cylindrical nanoshell are 
obtained by applying the Hamilton's principle, and 
then discretized form of the equation of motion is 
obtained by applying the assumed mode method and 
combination of Lagrange- Euler's equations. The total 
strain energy considering the TWPENR with surface 
stress effect is expressed as: 

(5)

𝜋௡ ൌ
1
2

න න න 𝜎௜௝ே𝜀௜௝

௛ಿ

ି௛ಿ

ଶగ

଴

௅

଴
𝑅𝑑𝑧𝑑𝜃𝑑𝑥 

൅
1
2

න න න ൬
𝜎௜௝௣𝜀௜௝

െ𝐸ത௭௣ଶ𝐷௭௣
൰

௛ಿା௛೛

௛ಿ

ଶగ

଴

௅

଴
𝑅𝑑𝑧𝑑𝜃𝑑𝑥 

൅
1
2

න න ൭
ቀ𝜎௜௝

௦మ𝜀௜௝ െ 𝐸ത௭௣𝐷௜
௦మቁ ൈ

൫𝑅 ൅ ℎே ൅ ℎ௣൯
൱

ଶగ

଴

௅

଴
𝑑𝜃𝑑𝑥 

൅
1
2

න න 𝜎௜௝
௦భ𝜀௜௝

ଶగ

଴
ሺ𝑅െℎேሻ𝑑𝜃𝑑𝑥

௅

଴
ൌ 

1
2

න න

⎩
⎪
⎨

⎪
⎧ 𝑁௫௫௡𝜀௫௫

଴ ൅ 𝑁ఏఏ௡𝜀ఏఏ
଴ ൅

𝑁௫ఏ௡𝛾௫ఏ
଴ ൅ 𝑀௫௫௡𝜅௫௫ ൅

𝑀ఏఏ௡𝜅ఏఏ ൅ 𝑀௫ఏ௡𝜅௫ఏ

൅𝜂ଷଷ𝐸ത௭௣
ଶ ℎ௣ ⎭

⎪
⎬

⎪
⎫

ଶగ

଴

௅

଴
𝑅௡𝑑𝜃𝑑𝑥 

 
In Eq. (5), the forces (𝑁) and moment (𝑀) 

resultants are defined in Hashemi Kachapi et al. [12] 
for SWPENR. And, as explained, all the sentences 
mentioned in reference [12] belong to the last wall (in 
this article, the third wall), which is considered a 
nanoshell with two piezoelectric layers, and in the 
other walls (in this article, the first and second walls) 
are not considered piezoelectric effects. 



 

RJAV vol 17 issue 2/2020                                          138                                                        ISSN 1584-7284 

The kinetic energy of the nanoshell may be written 
as: 

(6)𝑇௡ ൌ
1
2

ඵ 𝐼௡

⎝

⎜
⎜
⎜
⎛

൬
𝜕𝑢௡

𝜕𝑡
൰

ଶ

൅ ൬
𝜕𝑣௡

𝜕𝑡
൰

ଶ

൅ ൬
𝜕𝑤௡

𝜕𝑡
൰

ଶ

⎠

⎟
⎟
⎟
⎞

𝑅௡𝑑𝜃𝑑𝑥
 

where  

 

𝐼௡ ൌ න 𝜌ே

௛ಿ

ି௛ಿ

𝑑𝑧 ൅ න 𝜌௣

ି௛ಿ

ି௛ಿି௛೛

𝑑𝑧 

൅ න 𝜌௣

௛ಿା௛೛

௛ಿ

𝑑𝑧 ൅ 𝜌ௌ,ூ ൌ 2𝜌ேℎே 

൅2𝜌௣ℎ௣ ൅ 2𝜌௣௦ ൅ 2𝜌ேூ 
 

The work done by the surrounded viscoelastic 
medium including the visco-Pasternak medium and 
viscous damping and also the nonlinear van der 
Waals interaction and the nonlinear electrostatic force 
for example for three walled piezoelectric 
nanoresonator (TWPENR), respectively, can be 
expressed as [9-14, 28, 29] where I made in my 
previous works: 

(7) 

𝑊௩ௗ௪ ൌ 

න න න

⎝

⎜
⎛

𝐶௩ௗ௪ሺଵଶሻ
 ௅ ൈ

ሺ𝑤ଶ െ 𝑤ଵሻ
൅𝐶௩ௗ௪ሺଵଶሻ

 ே௅ ൈ

ሺ𝑤ଶ െ 𝑤ଵሻଷ
⎠

⎟
⎞

𝑑𝑤ଵ

௪భ

଴

ଶగ

଴

௅

଴
𝑅ଵ𝑑𝜃𝑑𝑥 ൅ 

න න න

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝐶௩ௗ௪ሺଶଷሻ
 ௅ ൈ

ሺ𝑤ଷ െ 𝑤ଶሻ

൅𝐶௩ௗ௪ሺଶଷሻ
 ே௅ ൈ

ሺ𝑤ଷ െ 𝑤ଶሻଷ

െ ൬
𝑅ଵ

𝑅ଶ
൰ ൈ

⎝

⎜
⎛

𝐶௩ௗ௪ሺଵଶሻ
 ௅ ൈ

ሺ𝑤ଶ െ 𝑤ଵሻ
൅𝐶௩ௗ௪ሺଵଶሻ

 ே௅ ൈ

ሺ𝑤ଶ െ 𝑤ଵሻଷ
⎠

⎟
⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞

௪మ

଴

ଶగ

଴

௅

଴
𝑑𝑤ଶ𝑅ଶ𝑑𝜃𝑑𝑥

െ න න න

൬
𝑅ଶ

𝑅ଷ
൰ ൈ

⎝

⎜
⎛

𝐶௩ௗ௪ሺଷଶሻ
 ௅ ൈ

ሺ𝑤ଷ െ 𝑤ଶሻ ൅
𝐶௩ௗ௪ሺଷଶሻ

 ே௅ ൈ

ሺ𝑤ଷ െ 𝑤ଶሻଷ
⎠

⎟
⎞

𝑑𝑤ଷ

௪య

଴

ଶగ

଴
𝑅ଷ𝑑𝜃𝑑𝑥

௅

଴
,

(8)

𝑊௩௠ ൌ 

െ න න න

⎝

⎛

𝐾௪𝑤ଷ

െ𝐾௣𝛻ଶ𝑤ଷ

൅𝐶௪
𝜕𝑤ଷ

𝜕𝑡 ⎠

⎞ 𝑑𝑤ଷ𝑅ଷ𝑑𝜃𝑑𝑥
௪య

଴

ଶగ

଴

௅

଴
, 

(9)

𝑊௘ ൌ 

න න න

ሺ𝜋Υሺ𝑉஽஼ ൅ 𝑉஺஼ cosሺ𝜔𝑡ሻሻଶሻ ൈ
𝑑𝑤ଷ𝑅ଷ𝑑𝜃𝑑𝑥

ඨ
ሺ𝑏ଶ െ 𝑤ଷሻ ൈ

ሺ2𝑅ଷ ൅ 𝑏ଷ െ 𝑤ଷሻ

ൈ ൤coshିଵ ቀ1 ൅
𝑏ଷ െ 𝑤ଷ

𝑅ଷ
ቁ൨

ଶ

௪య

଴

ଶగ

଴

௅

଴
, 

where all coefficients and phrases of Eqs. (7)- (9) can 
be seen in references [9-14] where I made in my 
previous works. The equations of motion and 
corresponding boundary conditions of the 
piezoelectric shell can be derived from Hamilton’s 
principle 

(10)න ൬
𝛿𝑇௡ െ 𝛿𝜋௡ ൅ 𝛿𝑤௩௠

൅𝛿𝑤௩ௗ௪ ൅ 𝛿𝑤௘
൰ 𝑑𝑡 ൌ 0,

௧

଴
 

and substituting Eqs. (5)- (10) into it, the governing 
equations of motion and boundary conditions for 
TWPENR respectively are obtained as follows: 

(11)𝛿𝑢௡ :
𝜕𝑁௫௡

𝜕𝑥
൅

1
𝑅௡

𝜕𝑁௫ఏ௡

𝜕𝜃
ൌ 𝐼௡

𝜕ଶ𝑢௡

𝜕𝑡ଶ , 

(12)𝛿𝑣௡ :
𝜕𝑁௫ఏ௡

𝜕𝑥
൅

1
𝑅௡

𝜕𝑁ఏ௡

𝜕𝜃
ൌ 𝐼௡

𝜕ଶ𝑣௡

𝜕𝑡ଶ , 

(13)

𝛿𝑤௡ :
𝜕ଶ𝑀௫௡

𝜕𝑥ଶ ൅
2

𝑅௡

𝜕ଶ𝑀௫ఏ௡

𝜕𝑥𝜕𝜃
 

൅
1

𝑅௡
ଶ

𝜕ଶ𝑀ఏ௡

𝜕𝜃ଶ െ
𝑁ఏ௡

𝑅௡
൅ 𝑁௫௡

𝜕ଶ𝑤௡

𝜕𝑥ଶ  

൅
𝜕𝑁௫௡

𝜕𝑥
𝜕𝑤௡

𝜕𝑥
൅

𝑁ఏ௡

𝑅௡
ଶ

𝜕ଶ𝑤௡

𝜕𝜃ଶ  

൅
1

𝑅௡
ଶ

𝜕𝑁ఏ௡

𝜕𝜃
𝜕𝑤௡

𝜕𝜃
൅

2
𝑅௡

𝑁௫ఏ௡
𝜕ଶ𝑤௡

𝜕𝑥𝜕𝜃
 

൅
1

𝑅௡
 
𝜕𝑁௫ఏ௡

𝜕𝑥
𝜕𝑤௡

𝜕𝜃
൅

1
𝑅௡

𝜕𝑁௫ఏ௡

𝜕𝜃
𝜕𝑤௡

𝜕𝑥
 

ൌ 𝐼௡
𝜕ଶ𝑤௡

𝜕𝑡ଶ ൅ 𝑆௡ െ 

𝜋Υሺ𝑉஽஼ ൅ 𝑉஺஼cos ሺ𝜔𝑡ሻሻଶ

ඥሺ𝑏ଶ െ 𝑤ଶሻሺ2𝑅ଶ ൅ 𝑏ଶ െ 𝑤ଶሻ ൈ

ቂcoshିଵ ቀ1 ൅
𝑏ଶ െ 𝑤ଶ

𝑅ଶ
ቁቃ

ଶ

, 

where 𝑆௡ for the inner and outer layer, respectively, 
are:  

(14a)𝑆ଵ ൌ െ ቆ
𝐶௩ௗ௪ሺଵଶሻ

௅ ሺ𝑤ଶ െ 𝑤ଵሻ

൅𝐶௩ௗ௪ሺଵଶሻ
ே௅ ሺ𝑤ଶ െ 𝑤ଵሻଷቇ,) 

  
 

(14b)

𝑆ଶ ൌ 

⎝

⎜⎜
⎛

െ𝐶௩ௗ௪ሺଶଷሻ
௅ ሺ𝑤ଷ െ 𝑤ଶሻ

െ𝐶௩ௗ௪ሺଶଷሻ
 ே௅ ሺ𝑤ଷ െ 𝑤ଶሻଷ

൅ ൬
𝑅ଵ

𝑅ଶ
൰ ቆ

𝐶௩ௗ௪ሺଵଶሻ
 ௅ ሺ𝑤ଶ െ 𝑤ଵሻ

൅𝐶௩ௗ௪ሺଵଶሻ
ே௅ ሺ𝑤ଶ െ 𝑤ଵሻଷቇ

⎠

⎟⎟
⎞
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(14c)

𝑆ଷ ൌ 

⎝

⎜
⎛൬

𝑅ଶ

𝑅ଷ
൰ ቆ

𝐶௩ௗ௪ሺଷଶሻ
 ௅ ሺ𝑤ଷ െ 𝑤ଶሻ

൅𝐶௩ௗ௪ሺଷଶሻ
 ே௅ ሺ𝑤ଷ െ 𝑤ଶሻଷቇ

൅𝐾௪𝑤ଷ െ 𝐾௣∇ଶ𝑤ଷ ൅ 𝐶௪
𝜕𝑤ଷ

𝜕𝑡 ⎠

⎟
⎞

 

and boundary conditions are obtained as follows: 

(15a)𝛿𝑢௡ ൌ 0  𝑜𝑟   𝑁௫௡𝑛௫ ൅
1

𝑅௡
𝑁௫ఏ௡𝑛ఏ ൌ 0, 

(15b)𝛿𝑣௡ ൌ 0  𝑜𝑟  𝑁௫ఏ௡𝑛௫ ൅
1

𝑅௡
𝑁ఏ௡𝑛ఏ ൌ 0, 

(15c)

𝛿𝑤௡ ൌ 0  𝑜𝑟 

⎝

⎜
⎛

𝜕𝑀௫௡

𝜕𝑥
൅

1
𝑅௡

𝜕𝑀௫ఏ௡

𝜕𝜃

൅𝑁௫௫
𝜕𝑤௡

𝜕𝑥
൅

𝑁௫ఏ

𝑅௡

𝜕𝑤௡

𝜕𝜃 ⎠

⎟
⎞

𝑛௫ 

൅

⎝

⎜
⎛

1
𝑅௡

𝜕𝑀௫ఏ௡

𝜕𝑥
൅

1
𝑅௡

ଶ

𝜕𝑀ఏ௡

𝜕𝜃

൅
𝑁௫ఏ௡

𝑅௡

𝜕𝑤௡

𝜕𝑥
൅

𝑁ఏ௡

𝑅௡
ଶ

𝜕𝑤௡

𝜕𝜃 ⎠

⎟
⎞

𝑛ఏ ൌ 0, 

(15d)

𝜕𝑤௡

𝜕𝑥
ൌ 0  𝑜𝑟 

𝑀௫௡𝑛௫ ൅
1

𝑅௡
𝑀௫ఏ௡𝑛ఏ ൌ 0,

(15e)

𝜕𝑤௡

𝜕𝜃
ൌ 0, 𝑜𝑟 

1
𝑅௡

𝑀௫ఏ௡𝑛௫ ൅
1

𝑅௡
ଶ 𝑀ఏ௡𝑛ఏ ൌ 0,

 
The following dimensional parameters are also 

used to dimensionless equations of motion and 
boundary conditions. 

 

(16)

𝑢ത௡ ൌ
𝑢௡

ℎே௡
, 𝑣̅௡ ൌ

𝑣௡

ℎே௡
, 𝑤ഥ௡ ൌ

𝑤௡

ℎே௡
, 

𝜉௡ ൌ
𝑥௡

𝐿
, 𝑏ത௡ ൌ

𝑏௡

𝐿
, 𝐴̅௜௝ே௡ ൌ

𝐴௜௝ே௡

𝐴ଵଵே௡
, 

𝐵ത௜௝ே௡ ൌ
𝐵௜௝ே௡

𝐴ଵଵே௡ℎே௡
, 𝐷ഥ௜௝ே௡ ൌ

𝐷௜௝ே௡

𝐴ଵଵே௡ℎே௡
ଶ , 

𝐴̅௜௝௣௡ ൌ
𝐴௜௝௣௡

𝐴ଵଵே௡
, 𝐴̅௜௝௡

∗ ൌ
𝐴௜௝௡

∗

𝐴ଵଵே௡
, 

𝐵ത௜௝௣௡ ൌ
𝐵௜௝௣௡

𝐴ଵଵே௡ℎே௡
, 𝐵ത௜௝௡

∗ ൌ
𝐵௜௝௡

∗

𝐴ଵଵே௡ℎே௡
, 

𝐷ഥ௜௝௣௡ ൌ
𝐷௜௝௣௡

𝐴ଵଵே௡ℎே௡
ଶ , 𝐷ഥ௜௝௡

∗ ൌ
𝐷௜௝௡

∗

𝐴ଵଵே௡ℎே௡
ଶ  , 

𝐹തଵଵே௡
∗ ൌ

𝐹ଵଵே௡
∗

𝐴ଵଵே௡ℎே௡
, 𝐹തଵଵ௣௡

∗ ൌ
𝐹ଵଵ௣௡

∗

𝐴ଵଵே௡ℎே௡
, 

𝐸തଵଵே௡
∗ ൌ

𝐸ଵଵே௡
∗

𝐴ଵଵே௡ℎே௡
ଶ , 𝐸തଵଵ௣௡

∗ ൌ
𝐸ଵଵ௣௡

∗

𝐴ଵଵே௡ℎே௡
ଶ , 

𝐽ଵ̅ଵே௡
∗ ൌ

𝐽ଵଵே௡
∗

𝜌ே௡ℎே௡
ଶ , 𝐽ଵଵ௣௡

∗ ൌ
𝐽ଵଵ௣௡

∗

𝜌ே௡ℎே௡
ଶ , 

𝐺̅ଵଵே௡
∗ ൌ

𝐺ଵଵே௡
∗

𝜌ே௡ℎே௡
ଷ , 𝐺ଵଵ௣௡

∗ ൌ
𝐺ଵଵ௣௡

∗

𝜌ே௡ℎே௡
ଷ , 

𝑁ഥ௫௣௡
∗ ൌ

𝑁௫௣௡
∗ 𝑉଴

𝐴ଵଵே௡
, 𝑁ഥఏ௣௡

∗ ൌ
𝑁ఏ௣௡

∗ 𝑉଴

𝐴ଵଵே௡
, 

𝑀ഥ௫௣௡
∗ ൌ

𝑀௫௣௡
∗ 𝑉଴

𝐴ଵଵே௡ℎே௡
, 𝑀ഥఏ௣௡

∗ ൌ
𝑀ఏ௣௡

∗ 𝑉଴

𝐴ଵଵே௡ℎே௡
, 

𝜏଴̅
௦௡ ൌ

𝜏଴
௦௡

𝐴ଵଵே௡
, 𝑅ത௡ ൌ

𝑅௡

𝐿
, 𝑚଴௡ ൌ

𝐿
𝑅௡

, 

𝑚ଵ௡ ൌ
𝐿

ℎே௡
, 𝑚ଶ௡ ൌ

ℎே௡

𝑅௡
ൌ ℎതே௡ , 

ℎത௣௡ ൌ
ℎ௣௡

𝑅௡
, 𝑚ଷ௡ ൌ

𝐼௡

2𝜌ே௡ℎே௡
, 

𝑚ସ௡ ൌ
ℎ௣௡

ℎே௡
 , Ω୬ ൌ ඨ

𝐴ଵଵே௡

2𝜌ே௡ℎே௡𝐿ଶ, 

𝜏௡ ൌ Ω୬𝑡௡, 𝜔ഥ௡ ൌ
𝜔௡

Ω୬
, 𝐾ഥ௪ ൌ

𝐾௪𝐿ଶ

𝑚ଷ𝐴ଵଵே
, 

𝐾ഥ௣ ൌ
𝐾௣

𝑚ଷ𝐴ଵଵே
, 𝐶௪̅ଶ ൌ

𝐶௪Ω𝐿ଶ

𝑚ଷ௡𝐴ଵଵே௡
, 

𝐶௩̅ௗ௪௡
 ௅ ൌ

𝐶௩ௗ௪௡
 ௅ 𝐿ଶ

𝑚ଷ௡𝐴ଵଵே௡
, 

𝐶௩̅ௗ௪௡
 ே௅ ൌ

𝐶௩ௗ௪௡
 ே௅ 𝐿ଶℎே௡

ଶ

𝑚ଷ௡𝐴ଵଵே௡
, 𝑉ത஽஼ ൌ

𝑉஽஼

𝑉଴
, 

𝑉ത஺஼ ൌ
𝑉஺஼

𝑉଴
, 𝑉ത௣ଶ ൌ

𝑉௣ଶ

𝑉଴
, 𝐹ത௘ ൌ

𝜋𝑚ଵ
ଶ𝑉଴

ଶΥ
𝑚ଷ𝐴ଵଵே

, 

 
where V଴ is a reference voltage, set to 1 Volt 
throughout this study [12]. 

 
In current study, the electrostatic force Eq. (9) can 

be expressed as a polynomial form that is solved by 
nonlinear curve-fitting problem of lsqcurvefit 
function in Matlab Toolbox using least-squares. 
Therefore, the dimensionless electrostatic work can 
be written as follows: 

 

(17)

𝑊௘ ൌ 

න න න

𝐹ത௘ ቆ
𝑉ത஽஼ ൅

𝑉ത஺஼ cosሺ𝜔ഥ𝜏ሻ
ቇ

ଶ

ൈ ቌ
𝐶ଵ̅ ൅ 𝐶ଶ̅𝑤ഥଷ

൅𝐶ଷ̅𝑤ഥଷ
ଶ ൅ ⋯

൅𝐶௡̅𝑤ഥଷ
௡ିଵ

ቍ

௪ഥయ

଴
𝑑𝑤ഥଷ

ଶగ

଴

௅

଴
𝑅തଷ𝑑𝜃𝑑𝜉

 
which 𝐶ଵ̅ െ 𝐶௡̅ are constant. In according to Figure 2, 
the nonlinear term of electrostatic force is close to the 
exact solution for polynomial function with order 
three and greater. For this figure 𝑅 ൌ 1 nm, 𝐿 ൌ
10 nm, ℎே ൌ 0.01 nm and 𝑏 ൌ  0.05 nm are used. 
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Figure. 2. Comparison between the lsqcurvefit function 
approximation and the exact value of the nonlinear term 

of electrostatic force 
 
 
2.3. Solution procedure 
 

By using the following shear deformation and 
displacement in the assumed mode method [12, 23] 

 

(18)

቎
𝑢௡ሺ𝑥, 𝜃, 𝑡ሻ
𝑣௡ሺ𝑥, 𝜃, 𝑡ሻ
𝑤௡ሺ𝑥, 𝜃, 𝑡ሻ

቏ ൌ ෍ ቎
𝑢௠,଴ሺ𝜏ሻ𝜒௠଴ሺ𝜉ሻ
𝑣௠,଴ሺ𝜏ሻ𝜙௠଴ሺ𝜉ሻ
𝑤௠,଴ሺ𝜏ሻ𝛽௠଴ሺ𝜉ሻ

቏

ெమ

௠ୀଵ

൅ 

෍ ෍

⎣
⎢
⎢
⎢
⎢
⎢
⎡ቈ

𝑢௠,௝,௖ሺ𝜏ሻ cosሺ𝑗𝜃ሻ
൅𝑢௠,௝,௦ሺ𝜏ሻ sinሺ𝑗𝜃ሻ቉ 𝜒௠௝ሺ𝜉ሻ

ቈ
𝑣௠,௝,௖ሺ𝜏ሻ sinሺ𝑗𝜃ሻ

൅𝑣௠,௝,௦ሺ𝜏ሻ cosሺ𝑗𝜃ሻ቉ 𝜙௠௝ሺ𝜉ሻ

ቈ
𝑤௠,௝,௖ሺ𝜏ሻ cosሺ𝑗𝜃ሻ

൅𝑤௠,௝,௦ሺ𝜏ሻ sinሺ𝑗𝜃ሻ቉ 𝛽௠௝ሺ𝜉ሻ
⎦
⎥
⎥
⎥
⎥
⎥
⎤

ே

௝ୀଵ

ெభ

௠ୀଵ

 

ൌ ෍ ቎
𝑢௡௜ሺ𝜏ሻ𝜒௡௜ሺ𝜉ሻ𝜗௡௜ሺ𝜃ሻ
𝑣௡௥ሺ𝜏ሻ𝜙௡௥ሺ𝜉ሻ𝛼௡௥ሺ𝜃ሻ
𝑤௡௦ሺ𝜏ሻ𝛽௡௦ሺ𝜉ሻ𝜓௡௦ሺ𝜃ሻ

቏ ,

ெమାெభൈே

ሺ௜,௥,௦ሻୀଵ

 

 
And using dimensionless strain and kinetic 

energies Eqs. (5) and (6) and dimensionless applied 
works Eqs. (7)- (9) and substituting of the Lagrange-
Euler equations, the following reduced-order model 
of the nonlinear equations of motion are obtained: 
 

(19)
ሾሺ𝑀ሻ௨

௨ሿ௡ሼ𝑢തሷ ௡ሽ ൅ ሾሺ𝑀ሻ௨
௪ሿ௡ሼ𝑤ഥሷ ௡ሽ 

൅ሾሺ𝐾ሻ௨
௨ሿ௡ሼ𝑢ത௡ሽ ൅ ሾሺ𝐾ሻ௨

௩ ሿ௡ሼ𝑣̅௡ሽ 
൅ሾሺ𝐾ሻ௨

௪ሿ௡ሼ𝑤ഥ௡ሽ ൅ ሾሺ𝑁𝐿ሻ௨
௪ሿ௡ሼ𝑤ഥ௡

ଶሽ ൌ 𝐹ത௨௡, 

(20)

 
ሾሺ𝑀ሻ௩

௩ሿ௡ሼ𝑣̅ሷ௡ሽ ൅ ሾሺ𝑀ሻ௩
௪ሿ௡ሼ𝑤ഥሷ ௡ሽ 

൅ሾሺ𝐾ሻ௩
௩ሿ௡ሼ𝑣̅௡ሽ ൅ ሾሺ𝐾ሻ௩

௨ሿ௡ሼ𝑢ത௡ሽ 
൅ሾሺ𝐾ሻ௩

௪ሿ௡ሼ𝑤ഥ௡ሽሾሺ𝑁𝐿ሻ௩
௪ሿ௡ሿሼ𝑤ഥ௡

ଶሽ ൌ 𝐹ത௩௡,

(21)ቂሾሺ𝑀ሻ௪
௪ሿ௡ ൅ ൣሺ𝐾ሻ௪ଶ

௪ሷ ൧
௡

ሼ𝑤ഥ௡ሽቃ ሼ𝑤ഥሷ ௡ሽ 

൅ሾሺ𝑐ሻ௪
௪ሿሼ𝑤ഥሶ ௡ሽ ൅ ሾሺ𝐾ሻ௪

௨ ሿ௡ሼ𝑢ത௡ሽ 
൅ሾሺ𝐾ሻ௪

௩ ሿ௡ሼ𝑣̅௡ሽ 
൅ሾሾሺ𝐾ሻ௪

௪ሿ௡ െ 𝐹ത௘ଶሺ𝐾௘ሻ௪
௪ሿሼ𝑤ഥ௡ሽ 

൅ሺെ1ሻ௡𝑞ଵ ቆ
𝑅ത௡ିଵ

𝑅ത௡
ቇ

௠భ

𝐶௩̅ௗ௪൫ሺ௡ିଵሻ௡൯
 ௅ ൈ 

൫ൣሺ𝐾ሻ௪ଵ௡
௩ௗ௪൧ሼ𝑤ഥ௡ሽ െ ൣሺ𝐾ሻ௪ଶ௡

௩ௗ௪൧ሼ𝑤ഥ௡ିଵሽ൯ 

൅ሺെ1ሻ௡𝑞ଶ ቆ
𝑅ത௡

𝑅ത௡ାଵ
ቇ

௠మ

𝐶௩̅ௗ௪൫௡ሺ௡ାଵሻ൯
 ௅ ൈ 

൫ൣሺ𝐾ሻ௪ଷ௡
௩ௗ௪൧ሼ𝑤ഥ௡ାଵሽ െ ൣሺ𝐾ሻ௪ସ௡

௩ௗ௪൧ሼ𝑤ഥ௡ሽ൯ 

൅ሺെ1ሻ௡𝑞ଵ ቆ
𝑅ത௡ିଵ

𝑅ത௡
ቇ

௠భ

ቀ𝐶௩̅ௗ௪൫ሺ௡ିଵሻ௡൯
 ே௅ ቁ ൈ 

ቆ
ൣሺ𝑁𝐿ሻ௪ଵ௡

௩ௗ௪൧𝑤ഥ௡
ଷ െ 3ൣሺ𝑁𝐿ሻ௪ଶ௡

௩ௗ௪൧𝑤ഥ௡
ଶ𝑤ഥ௡ିଵ

൅3ൣሺ𝑁𝐿ሻ௪ଷ௡
௩ௗ௪൧𝑤ഥ௡𝑤ഥ௡ିଵ

ଶ െ ൣሺ𝑁𝐿ሻ௪ସ௡
௩ௗ௪൧𝑤ഥ௡ିଵ

ଷ ቇ

൅ሺെ1ሻ௡𝑞ଶ ቆ
𝑅ത௡

𝑅ത௡ାଵ
ቇ

௠మ

ቀ𝐶௩̅ௗ௪൫௡ሺ௡ାଵሻ൯
 ே௅ ቁ ൈ 

ቆ
ൣሺ𝑁𝐿ሻ௪ହ௡

௩ௗ௪൧𝑤ഥ௡ାଵ
ଷ െ 3ൣሺ𝑁𝐿ሻ௪଺௡

௩ௗ௪൧𝑤ഥ௡ାଵ
ଶ 𝑤ഥ௡

൅3ൣሺ𝑁𝐿ሻ௪଻௡
௩ௗ௪൧𝑤ഥ௡ାଵ𝑤ഥ௡

ଶ െ ൣሺ𝑁𝐿ሻ௪଼௡
௩ௗ௪൧𝑤ഥ௡

ଷ ቇ 

൅ሾሺ𝑁𝐿ሻ௪
௨ ሿሼ𝑤ഥ௡𝑢ത௡ሽ ൅ ሾሺ𝑁𝐿ሻ௪

௩ ሿሼ𝑤ഥ௡𝑣̅௡ሽ 
൅ሾሺ𝑁𝐿ሻ௪ଶ

௪ െ 𝐹ത௘ଷሺ𝑁𝐿ଶ௘ሻ௪
௪ሿሼ𝑤ഥ௡

ଶሽ 
൅ሾሺ𝑁𝐿ሻ௪ଷ

௪ െ 𝐹ത௘ସሺ𝑁𝐿ଷ௘ሻ௪
௪ሿሼ𝑤ഥ௡

ଷሽ 
ൌ 𝐹ത௪௘ ൅ 𝐹ത௪௡ 

൅𝐹ത௘

⎩
⎪
⎨

⎪
⎧ ቆ

ሺ𝑉ത஺஼𝑐𝑜𝑠𝜔ഥ𝜏ሻଶ

൅2𝑉ത஺஼𝑉ത஽஼𝑐𝑜𝑠𝜔ഥ𝜏
ቇ ൈ

ቆ
𝐶ସ̅ሺ𝑁𝐿ଷ௘ሻ௪

௪ ൅ 𝐶ଷ̅ሺ𝑁𝐿ଶ௘ሻ௪
௪

൅𝐶ଶ̅ሺ𝐾௘ሻ௪
௪ ൅ 𝐶ଵ̅𝐹തଵ

ቇ
⎭
⎪
⎬

⎪
⎫

 

 
In Eqs. (19)-(21), for 𝑛 ൌ 1: 𝑚ଶ ൌ 𝑞ଵ ൌ 0 ; 𝑞ଶ ൌ

1; for 𝑛 ൌ 2: 𝑚ଶ ൌ 0; 𝑚ଵ ൌ 𝑞ଵ ൌ 1; 𝑞ଶ ൌ െ1;and 
for 𝑛 ൌ 3: 𝑞ଶ ൌ 0; 𝑚ଵ ൌ 1; 𝑞ଵ ൌ െ1. Also, 
ሾሺ𝐾ሻ௪

௩ௗ௪ሿ௡ is stiffness matrix for van der Walls effect. 
All coefficients of Eqs. (19) - (21) are presented in 
Appendix 1 and 2. 
 
 
3. RESULTS AND DISCUSSIONS 
 

In this section, the surface/interface energy effect 
on the vibration analysis and stability analysis of a 
MWPENR with arbitrary boundary conditions is 
investigated. In order to simplify the presentation, C-
C, S-S, C-S and C-F represent clamped edge, simply 
supported edge, clamped-simply supported edge and 
clamped-free edge, respectively.  

The material properties for the different layers of 
nano-shell (Al) and piezoelectric layer (PZT-4) are 
shown in Tables 1 and 2 [10]. 
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Table 1. Surface and bulk properties of Al 
𝐸ேሺ𝐺𝑃𝑎ሻ 𝜐ே 𝜌ேሺ𝑘𝑔/ 𝑚ଷሻ  𝜆ூሺ𝑁 𝑚⁄ ሻ

70 0.33 2700 3.786
𝜇ூሺ𝑁 𝑚⁄ ሻ  𝜏଴

ூ ሺ𝑁 𝑚⁄ ሻ 𝜌ூሺ𝑘𝑔 𝑚ଶ⁄ ሻ  
1.95 0.9108 5.46 ൈ 10ି଻  

 
Table 2. Surface and bulk properties of PZT-4 
𝐶ଵଵ௣ሺ𝐺𝑃𝑎ሻ  𝐶ଶଶ௣ሺ𝐺𝑃𝑎ሻ 𝐶ଵଶ௣ሺ𝐺𝑃𝑎ሻ  

139 139 77.8 

𝐶ଶଵ௣ሺ𝐺𝑃𝑎ሻ 𝐶଺଺௣ሺ𝐺𝑃𝑎ሻ 𝐸௣ሺ𝐺𝑃𝑎ሻ  

77.8 30.5 95 

𝜐௣ 𝜌௣ሺ𝑘𝑔 𝑚ିଷሻ  𝜂ଷଷ௣ሺ10ି଼ 𝐹 𝑚⁄ ሻ  

0.3 7500 8.91 

𝜆ௌሺ𝑁 𝑚⁄ ሻ 𝜇ௌሺ𝑁 𝑚⁄ ሻ 𝜏଴
ௌሺ𝑁 𝑚⁄ ሻ 

4.488 2.774 0.6048 

𝑒ଷଵ௣ሺ𝐶 𝑚ଶ⁄ ሻ  𝑒ଷଶ௣ሺ𝐶 𝑚ଶ⁄ ሻ  𝑒ଷଵ௣
ௌ ሺ𝐶 𝑚⁄ ሻ 

െ5.2 െ5.2 െ3 ൈ 10ି଼ 

 𝑒ଷଶ௣
ௌ ሺ𝐶 𝑚⁄ ሻ 𝜌ௌሺ𝑘𝑔 𝑚ଶ⁄ ሻ  

െ3 ൈ 10ି଼ 5.61 ൈ 10ି଺  

 
The others geometrical parameters for bulk and 

surface of MWPENR in all following results are 
shown in Table 3 [10]. 

Of course, the geometrical parameters can be 
varying according to the type of problem. In this 
work, the results are presented in dimensionless form 
and thus the results are not limited to a particular type 
of matter. The data presented in the form of sample 
data to approximate the values used in the actual 
range. 
 

Table 3. The material and geometrical parameters. 

𝑅ଵሺ𝑚ሻ 𝑅ଶሺ𝑚ሻ 𝑅ଶሺ𝑚ሻ
1 ൈ 10ିଽ 1.5 ൈ 10ିଽ 2 ൈ 10ିଽ

𝐿 𝑅⁄ ଵ  ℎேሺభ,మ,యሻ
𝑅⁄

ଵ
  ℎ௣య

𝑅⁄
ଵ
 

10 0.01 0.005
 𝑏ଷ 𝑅⁄ ଷ  𝐾௪య

ሺ𝑁 𝑚ଷ⁄ ሻ  𝐾௣య
ሺ𝑁 𝑚⁄ ሻ 

0.1 8.9995035
ൈ 10ଵ଻

2.071273 

𝑉௣య
ሺ𝑉ሻ 𝑉଴ଷ 𝑉஺஼య

ሺ𝑉ሻ 
1 ൈ 10ିଷ 1 10 
𝑉஽஼య

ሺ𝑉ሻ  𝐶௪య
ሺ𝑁. 𝑆 𝑚⁄ ሻ 𝐶௩ௗ௪య

 ௅ ሺ𝑁 𝑚ଷ⁄ ሻ 

15 1 ൈ 10ିଷ 9.91866693
ൈ 10ଵଽ

𝐶௩ௗ௪య
 ே௅ ሺ𝑁 𝑚ଷ⁄ ሻ   

2.201667 ൈ 10ଷଵ   
 
3.1. Verification and comparison 

 
In this subsection, the method proposed in this 

paper is validated by comparing the present results 
with previously published in the literature of 
nonclassical theories. In the first case, we compare 
the results that Ghorbani et al. [30] achieved based on 
the classic, nonlocal, strain gradient and nonlocal 
strain gradient theories with and without surface 
elasticity theory for natural frequencies of SS 

cylindrical nanoshell with material and geometrical 
parameters according to Table 4. 

 
Table 4. Material and geometrical parameters for 

comparison 

𝐸ሺ𝐺𝑃𝑎ሻ 𝑣 𝜌ሺ𝑘𝑔/ 𝑚ଷሻ   𝜆௦ሺ𝑁 𝑚⁄ ሻ
210 0.24 2331  െ4.488

𝜇௦ሺ𝑁 𝑚⁄ ሻ 𝜏଴
௦ሺ𝑁 𝑚⁄ ሻ 𝜌௦ሺ𝑘𝑔 𝑚ଶ⁄ ሻ  ℎேሺ 𝑛𝑚ሻ

െ2.774 𝑁 0.605 3.17 ൈ 10ି଻  1

𝑅 ℎே⁄ 𝑚 𝑛 
2.5 3 3 

 
In this case, we neglect the nonlinear electrostatic 

excitation, harmonic force, structural damping and 
piezoelectric layers. This comparison is presented in 
Table 5.  

 
Table 5. Comparison of dimensionless natural 

frequencies calculated based on the present SS nanoshell 
model and by the model of Ghorbani et al. [30] based on 

different continuum mechanics theories  

Theory With surface effect Without surface 
effect

 Present 
study 

Ghorbani 
et al. 
[30] 

Present 
study 

Ghorbani 
et al. 
[30]

Classic 0.072453 0.072410 0.017094 0.017016 

Nonlocal 0.014042 0.014035 0.003310 0.003298 

Strain 
gradient

0.103102 0.103033 0.024267 0.024213 

Nonlocal 
strain

0.019990 0.019971 0.004734 0.004693 

It can be observed from Table 5 that the present 
results agree very well with the reference solutions, 
which indicates that the method presented in this 
paper is suitable and of high accuracy and the 
insignificant differences in the results may be caused 
by the different shell theories and solution 
methodology used in the literature and in this paper. 
 
3.2. Frequency and stability analysis 

 
The main purpose of this section is to obtain 

dimensionless natural frequency (DNF) and stability 
analysis considering to the surface/interface effect, 
piezoelectric voltage, boundary conditions, the length 
to radius ratio, the nanoresonator gap width and other 
parameters. 

In Figure 3, the effects of all surface and interface 
parameters is shown on DNF versus different 
MWPENR length to radius ratio 𝐿/𝑅ଵ and for two 
case of surface density corresponding to Table 6 (due 
to the surface/interface densities play an important 
role in analysis of natural frequency and nonlinear 
frequency response). 
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Table 6. Two case of surface density 

Case 1 
𝜌ூሺ𝑘𝑔 𝑚ଶ⁄ ሻ 𝜌ௌሺ𝑘𝑔 𝑚ଶ⁄ ሻ
5.46 ൈ 10ି଻ 5.61 ൈ 10ି଺

Case 2 
𝜌ூሺ𝑘𝑔 𝑚ଶ⁄ ሻ 𝜌ௌሺ𝑘𝑔 𝑚ଶ⁄ ሻ
5.46 ൈ 10ି଼ 5.61 ൈ 10ି଻

 
It can be seen that with ignoring the 

surface/interface density 𝜌ሺௌ,ூሻೖ, the inertia of the 
system will greatly decrease and due to increasing of 
MWPENR stiffness, the system will have a maximum 
DNF compared to other cases. 

 

 
Figure 3. The surface/ interface effects on DNF versus 

𝐿 𝑅ଵ⁄  ratio 
Also when the surface/interface effects are taken 

into account corresponding to case 2 of Table 5, due 
to increasing of nano shell stiffness, it has a higher 
dimensionless natural frequency  than the case of 
without taking into account all the S/I effects. 
According to this Figure, regardless the Lamé’s 

constants 𝜆ሺௌ,ூሻೖ and S/I stress (𝜏଴
ሺௌ,ூሻೖ) slightly lead to 

increasing of MWPENR stiffness and as a result, the 
DNF is higher than the case of with all S/I effects 
(case 1). The surface piezoelectric constants (𝑒ଷଵ௣

௦ೖ , 

𝑒ଷଶ௣
௦ೖ ) do not have much effect on the DNF.  

The relationship between the DNF and the 
different MWPENR length to radius ratio 𝐿/𝑅ଵ is 
shown in Figure 4 for three vibrational modes. It is 
observed that for all modes, the DNF decreases when 
the 𝐿/𝑅ଵ ratio increases. Also, the DNF for mode 3 is 
higher than that for modes 1 and 2. It is clear from 
this Figure that in the case of higher surface/interface 
densities (case 1), the inertia of the shell is increased 
and its stiffness is reduced that leads to decreasing of 
the DNF compared to case of without S/I effects. 
Also, with decreasing of surface/interface densities 
(case 2), the inertia of the system is increased and 

with increase of stiffness, DNF increases compared to 
case of without S/I effects.  
 

Figure 4. The surface/ interface effects on DNF versus 
𝐿 𝑅ଵ⁄  ratio for three vibrational modes 

 
Dimensionless natural frequencies of MWPENR 

versus 𝐿 𝑅ଵ⁄  ratio with and without surface/interface 
(S/I densities case 2) is presented in Figures 5. It is 
clear from the Figure 5 that in all boundary 
conditions, higher surface/interface densities (case 1) 
leads to reduction of MWPENR stiffness, as a result 
cause to decreasing of the dimensionless natural 
frequency compared to case of without S/I effects. 
Also, with decreasing of surface/interface densities 
(case 2) and as a result increasing of the MWPENR 
stiffness, the dimensionless natural frequency is 
increased compared to case of without S/I effects.  

 

  
Figure 5. The surface/ interface effects on natural 
frequency versus 𝐿 𝑅ଵ⁄  ratio for different boundary 

conditions 
Figure 6 show the influence of the SS MWPENR 

piezoelectric actuation voltages 𝑉ത௣ on DNF versus 
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different MWPENR length to radius ratio 𝐿/𝑅ଵ with 
all surface/ interface effects. As can be seen from 
Figure, voltage 𝑉ത௣ can remarkably influence on DNF 
and with increasing of this voltage, due to increasing 
of MWPENR stiffness, DNF will increase.  

 

 
Figure 6. The effects of the piezoelectric voltage 𝑉ത௣ on 

DNF versus 𝐿 𝑅ଵ⁄  with all S/I effects 
 

The effect of direct pull in voltage DC on the 
natural frequency of MWPENR for different 
boundary conditions is presented in Figure 7. It can 
be seen that the CC boundary condition with S/I 
(case2) has the highest natural frequency and the CF 
boundary condition without S/I has the lowest natural 
frequency. In all boundary conditions, with S/I (case 
2) have maximum natural frequency and pull in 
voltage. In this case, with decreasing of 
surface/interface densities, the inertia of the system is 
increased and with increase of stiffness, natural 
frequency is increased, accordingly the natural 
frequency is increased compared to case of without 
S/I effects.  
 

Figure 7. The effect of direct pull in voltage DC on the 
natural frequency of MWPENR for different boundary 

conditions 

The influence of different the nanoresonator gap 
distance ratio 𝑏/𝑅ଷ and the length to radius ratio 
𝐿 𝑅ଷ⁄  on the natural frequency and pull-in instability 
of SS MWPENR is presented respectively in Figure 
8 and 9. It is clear from this Figure that with 
increasing of 𝑏/𝑅ଷ ratio and decreasing of 𝐿 𝑅ଷ⁄  ratio, 
due to increasing of MWPENR stiffness, the pull-in 
voltages of the piezoelectric nanoresonator is 
increased. In addition, it is found that, the natural 
frequency of actuated SS MWPENR decreases by 
increasing the applied voltage until the natural 
frequency vanishes and the nanoresonator drops to 
the rigid gate.  

 

Figure 8. The effect of direct pull in voltage DC on the 
fundamental frequency of SS MWPENR for different 

𝑏 𝑅⁄ ratio 
 

Also, for zero natural frequency, SS MWPENR 
becomes unstable and the corresponding voltage is 
called the critical voltage named pull in voltage. For 
example, in Figure 8, natural frequency to the lower 
value of 𝑏 𝑅ଷ⁄ ൌ 0.06 sooner than the rest values of 
this ratio is reached to be zero. This physically 
implies that first the PENR in 𝑏 𝑅ଶ⁄ ൌ 0.06 losses its 
stability due to the divergence via a pitchfork 
bifurcation.  

 

Figure 9. The effect of direct pull in voltage DC on the 
fundamental frequency of SS MWPENR for different 

values of 𝐿/𝑅ଵ ratio 



 

RJAV vol 17 issue 2/2020                                          144                                                        ISSN 1584-7284 

Figure 10 show the influence of the piezoelectric 
actuation voltages 𝑉ത௣ on the pull in voltage of SS 
MWPENR, while varying the DC voltage. As can be 
seen from Figure, voltage 𝑉ത௣ can remarkably 
influence the pull-in voltages. As it is shown in Figure 
10, by increasing the applied voltage to the 
piezoelectric layers, the piezoelectric nanoresonator 
stiffens and technically the pull-in voltage increases 
by softening the SS MWPENR.  

 

 
Figure 10. Influence of the piezoelectric voltage 𝑉ത௣ on the 
fundamental frequency of SS PENR versus the direct pull 

in voltage DC 
 

It is noted that piezoelectric actuation can be 
considered as a design parameter to control the 
system pull-in instability. 

Figure 11 show the comparison of three 
nonclassical theories of NLT, NSGT (For more 
information on these methods, refer to reference [9]) 
and GMSIT with classical theory CT on 
dimensionless natural frequency versus ratio 𝐿 𝑅ଵ⁄  
for SS MWPENS. It can be seen from this Figure that 
the highest frequency is related to the GMSIT and 
shows that in this case, the system's rigidity is higher 
than other cases. The lowest frequency is also related 
to nonlocal theory NL and shows that in this case, the 
system hardness is less than other cases. Also, the 
natural frequency of the classical theory is greater 
than the NLT, NSGT and combination of 
GMSIT+NLT and GMSIT+NSGT theories, 
indicating a reduction in the rigidity of the system due 
to the consideration of these theories . This results 
shown that S/I effects lead to increasing of MWPENS 
stiffness and other nonclassical effects lead to 
decreasing of MWPENS stiffness and as a result 
decreasing of DNF. 
 

  
Figure 11. Comparison of nonclassical theories with 
classical theory on dimensionless natural frequency 

versus SS MWPENS 𝐿 𝑅ଵ⁄  ratio 
 

Figure 12 shows the comparison of three 
nonclassical theories of NLT, NSGT and GMSIT 
with classical theory CT on dimensionless natural 
frequency versus different piezoelectric actuation 
voltage 𝑉ത௣ for SS MWPENS.  

All of the results presented in the previous Figure 
on the effects of various theories on natural 
frequencies are clearly seen in this Figure and 
confirm the previous results. In all case, with 
increasing of piezoelectric voltage and as a result 
increasing the rigidity of the system, the frequency 
increases. In theories of CT, GMSIT, GMSIT+NLT 
GMSIT+NSGT, the frequency increases and by most 
increasing of 𝑉ത௣, piezoelectric voltage variations do 
not have a significant effect on the natural frequency 
of the MWPENS. But in NLT and NSGT, with 
increasing of 𝑉ത௣, DNF increases with slightly slop and 
by most increasing of 𝑉ത௣, this increasing of DNF 
considerable. 

 

 
Figure 12. Comparison of nonclassical theories with 
classical theory on dimensionless natural frequency 

versus different piezoelectric voltage 𝑉ത௣ 
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4. CONCLUSION 
 

In current study, vibration and stability analysis of 
multi walled piezoelectric nanoresonator based on 
cylindrical nano-shell is investigated using using 
three nonclassical theories of nonlocal, nonlocal 
strain gradient and Gurtin–Murdoch 
surface/interface. The nanoresonator is embedded in 
visco-Pasternak medium, the nonlinear van der Waals 
(vdW) and electrostatic forces. Hamilton’s principle 
is used for deriving of the governing equations and 
boundary conditions and also the assumed mode 
method is used for changing the partial differential 
equations into ordinary differential equation. The 
influences of the surface/interface effect, 
piezoelectric voltage, boundary conditions, the length 
to radius ratio, the nanoresonator gap width and other 
parameters are studied on the frequency and stability 
analysis of MWPENR. 

Some conclusions obtained from this study are: 
  with ignoring the surface/interface density 𝜌ሺௌ,ூሻೖ, 
the inertia of the system will greatly decrease and due 
to increasing of MWPENR stiffness, the system will 
have a maximum DNF compared to other cases. 
 when the surface/interface effects are taken into 
account corresponding to case 2, due to increasing of 
nano shell stiffness, it has a higher dimensionless 
natural frequency than the case of without all S/I 
effects.  
 Regardless the Lamé’s constants 𝜆ሺௌ,ூሻೖ and S/I 

stress (𝜏଴
ሺௌ,ூሻೖ) slightly lead to increasing of 

MWPENR stiffness and as a result, the DNF is higher 
than the case of with all S/I effects (case 1).  
 The surface piezoelectric constants (𝑒ଷଵ௣

௦ೖ , 𝑒ଷଶ௣
௦ೖ ) do 

not have much effect on the DNF. 
 for all modes, the DNF decreases when the 𝐿/𝑅ଵ 
ratio increases. Also, the DNF for mode 3 is higher 
than that for modes 1 and 2.  
 in all boundary conditions, higher 
surface/interface densities lead to reduction of 
MWPENR stiffness, as a result cause to decreasing of 
the dimensionless natural frequency compared to case 
of without S/I effects.  
  with decreasing of surface/interface densities and 
as a result increasing of the MWPENR stiffness, the 
dimensionless natural frequency is increased 
compared to case of without S/I effects. 
 voltage 𝑉ത௣ can remarkably influence on DNF and 
with increasing of this voltage, due to increasing of 
MWPENR stiffness, DNF will increase. 
 the CC boundary condition with S/I has the 
highest natural frequency and the CF boundary 
condition without S/I has the lowest natural 
frequency.  

 In all boundary conditions, with S/I have 
maximum natural frequency and pull in voltage. In 
this case, with decreasing of surface/interface 
densities, the inertia of the system is increased and 
with increase of stiffness, natural frequency is 
increased, accordingly the natural frequency is 
increased compared to case of without S/I effects. 
 with increasing of 𝑏/𝑅ଷ ratio and decreasing of 
𝐿 𝑅ଷ⁄  ratio, due to increasing of MWPENR stiffness, 
the pull-in voltages of the piezoelectric nanoresonator 
is increased.  
 the natural frequency of actuated SS MWPENR 
decreases by increasing the applied voltage until the 
natural frequency vanishes and the nanoresonator 
drops to the rigid gate. 
 by increasing the applied voltage to the 
piezoelectric layers 𝑉ത௣, the piezoelectric 
nanoresonator stiffens and technically the pull-in 
voltage increases by softening the SS MWPENR. 
 Nonlocal scale parameter 𝜇̅, material length scale 
parameter 𝜂̅ and pull-in voltage DC respectively lead 
to increasing and decreasing of MWPENS stiffness 
and results of lead to increasing and decreasing the 
DNF of MWPENS.  
 the highest frequency is related to the GMSIT and 
shows that in this case, the system's rigidity is higher 
than other cases.  
 the lowest frequency is also related to nonlocal 
theory NL and shows that in this case, the system 
hardness is less than other cases.  
 the natural frequency of the classical theory is 
greater than the NLT, NSGT and combination of 
GMSIT+NLT and GMSIT+NSGT theories.  
 with increasing of piezoelectric voltage in all 
theories, due to increasing the rigidity of the system, 
the frequency increases.  
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