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Abstract: - Vibration analysis of beams with multiple intermediate elastic supports and concentrated masses
under an axial force is of theoretical and practical importance. In this work, the mathematical model
governing the vibrations of beams is reformulated and is solved by the shape function method. The exact
and explicit vibration solutions for the non-conventional and conventional boundary conditions are derived,
which are determined by four shape functions and four unknown constants. Parametric studies are
performed to show that the conventional boundary conditions can be represented by the non-conventional
elastic boundary conditions. Besides, the vibrations of multi-span continuous beams can also be simulated
with the proposed method by increasing the stiffnesses of the intermediate elastic supports. The results
reported in this work are potentially useful in structural health monitoring and damage detection.

Keywords: - SFM, frequency, Laplace transform, Euler-Bernoulli beam

1. INTRODUCTION

A beam with multiple intermediate elastic
supports, concentrated masses, non-conventional
boundary conditions under an axial force is of wide
practical interest in civil engineering and mechanical
engineering. The vibration responses of the above-
mentioned beam are related to many factors, in
particular, the intermediate supports [1-3], the
magnitude of the attached masses [4], the axial load,
and the boundary conditions. Investigations
combinations of these factors on the vibrations of an
Euler-Bernoulli beam have been presented in the
references [5-12].

The theoretical approaches in the literature can be
roughly categorized into three categories, i.e.,
Rayleigh-Ritz method, transfer matrix method, and
Green’s function method. The free vibration analysis
of a continuous beam with multi-masses under an
axial force was investigated by Laura et al. [13] and
an approximate solution was achieved with the help
of the classical Rayleigh-Ritz method. Bapat and
Bapat [5] adopted the transfer matrix method to
investigate the natural frequencies of a straight beam
with multiple collocated translational and torsional
supports, as well as lumped masses. To obtain the
exact solution, the continuities of the displacement
and slope, and the relationship between the shear
force and moment at the intermediate support was
implemented. Based on the work of Bapat and Bapat,
Lin and Bapat [14] further studied the free and forced
vibrations of a multi-supported beam.

Some of the representative investigations with the
Green’s function method can be found in reference

[7-9, 15-19]. Green’s function method was adopted
by Kukla [7, 8, 16, 20] to carry out a series of
vibration analysis of Euler-Bernoulli beams. Kukla
[7] applied the Green’s function method to study the
vibration frequencies of beams with arbitrarily
located intermediate elastic supports. In a follow-up
study [20], Kukla investigated the frequency
responses of a beam with collocated intermediate
elastic supports and concentrated masses under a
constant axial force. The beam was first discretized
into N + 1 segments by the N intermediate supports
or masses. Then the frequency equation was
expressed by a determinant of order N. However,
there are two major limitations of Kukla’s
investigation. First, the non-conventional elastic
boundary conditions were not handled. Second, the
order of the determinant is the same as the number of
intermediate supports or masses, which is inefficient
when the number of elastic supports is large.

In a recent investigation, based on the contribution
of Kukla [7], Ronéevi¢ et al. [9] studied the vibrations
of Euler-Bernoulli beams with multiple intermediate
elastic supports with non-conventional boundary
conditions. Applying the Green’s function method,
the natural frequencies and mode shapes were
obtained for 49 different sets of boundary conditions,
which were yielded by combining seven boundary
conditions: pinned, clamped, sliding, free,
translational spring, rotational spring, and combined
translational-rotational ~ spring. However, the
concentrated masses and the axial force were not
incorporated in their model. The Shape Function
Method (SFM) was introduced by the author to
investigate the free vibration of a beam with multiple
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elastic supports in a previous paper [21]. However, in
the work, only the elastic supports were considered.

The research on vibration analysis of a beam with
elastic supports, lumped masses, non-conventional
boundary conditions under axial force is meaningful
in many applications. For instance, the frequencies
and mode shapes obtained by the vibration analysis is
essential in structural health monitoring [22-29],
damage detection [11, 30-35], vehicle-bridge
interaction study [36-39].

The purpose of this study is to overcome the
above-mentioned limitations of the Green’s function
method [7, 9] and extend the SFM [21, 40] to include
the concentrated masses and axial force. The shape
function method is adopted to obtain the frequency

and mode shape equations of the free vibrations of
Euler-Bernoulli beams with an arbitrary number of
intermediate elastic supports, concentrated masses,
and non-conventional boundary conditions under an
axial force.

2. Equation of motion

The typical Euler-Bernoulli beam with arbitrary
elastic supports and concentrated masses under axial
force is shown in Figure 1, and it is assumed that
boundary conditions of the beam are simulated by
translational-rotational elastic supports.

Figure 1. A beam with arbitrary intermediate elastic supports, concentrated masses, and an axial force under non-
conventional boundary conditions

The beam segment with arbitrary intermediate
supports, concentrated masses, and an axial force
undergoing transverse vibration is shown in Figure

Xsi

2(a). The forces acting on an infinitesimal element of
length dx are presented in Figure 2(b).

| P+AP/dxdx

— dy=0y/Oxdx

IM~+0M/ Oxdx

V+0V/Oxdx

(b)

Figure 2. A beam with arbitrary translational elastic supports and concentrated masses under axial force. (a) A segment
of a beam with elastic boundary conditions. (b) Forces on an infinitesimal element

When the amplitudes of vibration are small, the
variation of the length of the beam element in Figure
2 (b) is approximated as

2
ds —dx =./dx* +dy? —dx = %(%) dx (1)
Assuming the small displacement of the vibration
does not result in changes in the axial force P(x,t)
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and the transverse distributed force f(x,t) [41], the
work due to the axial force against the variation of the
length of the beam element can be written as

1L (3y(xD))?
Wy =3 P(35) ax @
The work done by the transverse load and the
intermediate translational elastic support is

W, = [} [Fo Oy e - S50 K 8(x -

x,)y? (x, )] dx 3)
Therefore, the total work due to the axial force, the
transverse load, and the translational elastic support
is given by
W=Ww,+Ww, 4)
In Eq. (3), Dirac’s delta function &(x)D is
introduced, which is different from the conventional
functions and has unique properties [21].
Besides, the strain energy of the beam is expressed
as

2y (x,6)\ 2
=2 [ E@I@) (252 dx (5)

and the kinetic energy is written as

T= [y [2pGoace) (222) + 15tn M, 6(x -

6 X,
m]) }’( t) ] dx (6)
According to the extended Hamilton’s principle,
8ftt12(T—H +W)dt =0 (7)

Note that, fully aware of the abuse of the notation
0, this symbol is also used to represent the Dirac’s
delta function as in M; §(x — x,,;) and k;8(x — x;),
which should be clear to the reader.

Each of the three terms in Eq. (7) can be evaluated
separately as follows. For the term with kinetic
energy,

8ft2Tdt J ftz[p(x)A(x) +Z "M, §(x —
m,-)] D02 (8y(x,t))dt dx (8)

Assuming §y(x, tl) = 8y(x,t,) = 0, integration by

parts of Eq. (8) yields

8 [2Tdt = — [ [[[p(x)Ax) + Z)m M; 8(x -
xm,)] YD sy(x, Hdxdt )
Similarly, for the term with strain energy,
8[nde = [ [JE@I(x ) Lyt “"”8(" 200)dxdt
(10)

Integration by parts twice results in

Sftzl'ldt— f”z [E(x)l( )" y(“) 9

(Sy(x t))| -
2 (E@Ix )‘"’ YC0) dy(x t>|

o 2 (B = ”"”) Sy(x, dx] dt (11)
The variation of the work is evaluated as

8 fttlz wdt = fttlz foL [_P%i't) + f(x, t) — Z?’:sl k; 8(x —

x)y(x, t)] Sy(x, t)dxdt (12)

Integration by parts of the first term in the right-
hand side yields

L
Sf‘ZWdt=—ft2PM8y(x,t)| dt +
f[Pay(“)+f(x £) — 3 k; 8(x —

xs,-)y(x, t)] Sy(x, t)dxdt (13)
Substituting the obtained results in Egs. (9),
(11), and (13) into Eq. (7) gives
2 X,
N { [ (RA(x) + 2™ M; 8(x — xm,)]a ;ﬁz B _
(E(x)l(x)a y(“)) +Pa Y(xt) +f(x,t) —

Z ki 6(x — x5)y(x, t)} Sy(x t)dxdt—
12 [P0 - (Bt B35 sy ] e -

ftzE(x)I(x)a YCD 2 (sy(x, t))| dt = 0(14)

As the variation Sy(x, t) in Eq. (14) is arbitrary,
the general differential equation governing the free
transverse Vibration of a beam is obtained as

[E(x)I(x) oyt 0+ p(0)A(x) o X9 +
Z "M, 8(x — xm])a y(xt)+2 ki 8(x—

x)y(x, ) — P20 = ¢ (15)
in which y(x, t) denotes the displacement, I(x) and
A(x) denote the moment of inertia and area,
respectively, and E(x) and p(x) denote Young’s
modulus and density, respectively, x; denotes the
position of the i*" elastic support, k; denotes the
translational stiffness of the it elastic support and N
denotes the total number of supports, x,,; is the

position of the it"
position X, j, P denotes the axial force and is assumed
to be constant. In the present work, E (x)I(x) = E,l,
and p(x)A(x) = poA, are assumed.
Assuming the following expression is valid,
y(x,t) = Y)W (1) (16)
Insert Eq. (16) into Eq. (15), performing the
technique of separation of variables yields
Eol oY) (x) — w?poAoY (x) — @ Z "M, 8(x —
X )Y (X) + 20, Ky 8(x — x)Y (x) — PY"(x) = 0
(17)
By introducing the non-dimensional coordinate
&= )L—C and noticing that 0 < & < 1 [42], the following
non-dimensional position parameters are defined

mass, M; denotes the mass at

Emj =2 (18)
fsi = xT (19)
P =2 (20)

Using the above non-dimensional variables, Eq.
(17) can be rewritten as

(€)= B — B X7 1y 8(§ — &my) D) +
Yooy Ki 8§ — E)p(§) — 2" (§) = 0 (21)
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. . 4 wzpoAOL‘l‘ M]
in which g = Folo > TMi T SoacL

represents the

. . TL?
non-dimensional mass parameter, ' = EYN denotes
ofo

. . . k;L3
the non-dimensional axial force, and K; = E’— denotes

[OR0]

the non-dimensional stiffness of the i support.

3. EXACT AND EXPLICIT MODE SHAPE
SOLUTION

Carrying out Laplace transform on Eq. (21) gives,

s*®(s) — s*¢(0) — s?¢’ (0) —s¢"(0) —¢"'(0) -

B4¢(S) B4 Zl 1 nm] ¢(§m])e_sfmj +

Yoo Ky p(Es)es5si — 2T [s2@(s) — sp(0) — ¢'(0)] =

0 (22)

where ®(s) = L{¢(§)}, and ¢'(0) i = 0,1,2,and 3
are the derivatives of ¢p(&) at & = 0.

To simplify the calculation, the following two

variables are introduced,

a= /mn (23)
y= /W—F (24)

Introducing the following definitions for the
inverse Laplace of the terms in Eq. (22) as follows

3
_1 s _ a? cosh(a §)+y? cos(y §) def
L {54—2F52—B4} SO(E)

aZ+y?
-1 {s4—2;22_34} _ asmh(aai):yyzsm(yf) “ §.(8) (25)
26
B Y
(27)
£ {54—2F1.sz—ﬂ4} - ysml;(: go),zryszl;(ya = 83(9)
(28)

Applying the inverse Laplace transform and
adopting the foregoing defined functions yields the
solution of Eq. (21) as

= P(0)[So(§) — 2I'S2 ()] + ¢’ (0)[S1($) -
2F53(E)] +¢"(0)5,(5) + ¢ (0)S5(5) +
ﬁ4 ] 177] S3(E fm])(p(fm])H(f fm])
27:1 Ksl S3 (f E51)¢(ESJ)H(f fsl) (29)
Substituting ¢ = &; (i = 1,2,...,N;) into Eq. (29)
yields a system of Ny equations,

G (&) + X2 K; S3(8i — &) (&) H (8 — &) —

o169

N4:64

&

ﬁ4 Zz;nl Nk S3 (gsi - é'mk)d)(%‘mk)H(Esi - fmk) =
P(0)[So(Esi) — 2IS2(Es)] + @'(0)[S1(Ssi) —

2I's3 (&1 + ¢ (0)S2(§s0) + ¢ (0)S3(&50)
(30)

Similarly, substituting £ = &,,; (i = 1,2, ..., Ny,)
into Eq. (29) yields a system of N,,, equations,

¢($m1) + Z K SS(?mL Esj)d’(fsj)H(fmi - fsj) -

ﬁ4 Zk=1 Nk 53 (Emi fmk)q)(fmk)H(gmi - Emk) =
P (0)[So(§mi) — 2TS2(Ema)] + @' (0)[S1 (&) —

2IS3(Em)] + @"(0)52(Emi) + @' (0)S3(Em)
(31)

Egs. (30) and (31) give a total of Ng+ N,
equations, which is equal to the number of unknowns,
ie., ¢(&;) and ¢(&y;). Thus, the explicit solution of
Eq. (21) can be achieved. However, in engineering
applications, some of the concentrated masses may be
collocated with the translational elastic supports, i.e.,
&j = Emu, leading to ¢(&;;) = ¢(&mi), which would
reduce the number of unknowns. In order to minimize
the number of unknowns, one needs to renumber the
intermediate supports and concentrated masses, as
well as the corresponding positions of them.

Assuming there are N, concentrated masses and
elastic supports that are located at the same positions,
Then the number of concentrated masses that are not
collocated with elastic supports are N,, — Ny,,, and the
number of elastic supports that are not collocated with
concentrated masses are N; — N,,,,. The author labels
the elastic supports and concentrated masses, together
with the positions of the supports and masses,
according to the following rules.

First, label the collocated concentrated mass and
elastic supports with the same number. Second, label
the elastic supports that are not collocated with the
concentrated masses. Lastly, label the non-collocated
concentrated masses.

For a beam with three elastic supports and three
concentrated masses with one collocated mass and
elastic support as shown in Figure 3, i.e., N, =3,
N,, = 3, Ny, =1, the labels of the elastic supports and
concentrated masses as well as the corresponding
positions are presented according to the above rules.
In Figure 3, the elastic support K; and mass n; share
the same position &;.

7Ns,és

Figure 3. The labels of the elastic supports and concentrated masses
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Based on the above rules, Egs. (30) and (31) can
be incorporated into one form as shown in the
following equation (Eq. (32)),

O + DT [K; — BHn]Ss(8 — &) () H(E: -
f]) + Zk Ny +1 Kk S3(§i —E)PEH (& — &) —
p* ii%ﬁ’i; Nom, $3(& — EDPENH(E — &) =
P (0)[So(§;) — 2I'S(§)] + ¢'(0)[S1(E) —
2I'S5(8)] + @' (0)S,(§) + @' (0)S5(§;) (32)

In Eq. (32), the second term on the left-hand sides
denotes the contribution of the collocated elastic
supports and concentrated masses, the third term
represents the influences of the non-collocated
intermediate supports, and the fourth term denotes the
contribution of the non-collocated concentrated
masses.

Or concisely in matrix form,

1

Qp =@ (33)
where Q0 denotes a matrix of the size (Ny+ N, —

Nsm) X (Ns + N — Nsm)a ¢ =
[P(&), (&), ..., D (Engany,—ngy,)]T s @ column vector
of size (Ng + N, — Ngp,) X 1 and @ =

[©(61), @(2), -, @(Engtn-ngy )] i @ column vector
of size (Ng + N,,, — Ny) X 1, and the superscript T
indicates transpose of the vector.
In Eq. (33), the unknown deflections at the elastic
supports and concentrated masses can be rewritten as
i =¢E) (34)
and the column vector on the right-hand side of Eq.
(33) is defined as
= ¢(0)[So(§)) — 2T'S2(§;)] + ¢ (0)[S4(§;) -
21'85(§))] + ¢ (0)S5(§) + ¢ (0)55(£,) (35)
Besides, in element form, ( can be written in Eq.
(36),

ifi=j
1K= Bnylss (i = §)H(E - 3)) ifi#j(1<j<Ng
@ = K;S3(5i— §)H(&: - &) ifi#j(Nsm+1=<j<Njy) )
_34,1],53(&. — fj)H(fi — fj) ifizj(Ns+1<j<N,+N;—Ng,)

The displacements of the elastic support and/or
concentrated masses can be obtained as ¢ = Q7. In
element form, and adopting the Einstein convention,
the unknown deflections at the elastic supports and

() = $(0)[So() — 2I'Sz (] + ¢’ (0)[$1(8) -

the concentrated masses are solved as ¢; = Q;;' ;.
Introducing ¢;into Eq. (29), the explicit mode shape
can be written in Eq. (37)

2S5 (8] + ¢ (0)S,(8) + ¢ (0)S3(8) — ZNsm[K _

BiS3(§ — EDQG @ HE — &) — S0y 1 KiS3(E — &) @ H(E — &) +B* Xy 7V omm $5(8 —

Performing some simple algebra manipulations
gives the exact and explicit solution in Eq. (38),

§)Q; @ H(E — &) (37)

B(§) = B(0)[So(§) — 2T'S,(§) — LT [K; — B*milSs (£ — £)957" (So(§;) — 2TSx(8) ) H(E - &) —

Yion. +1 Ki S3( — £)951 (So(§;) — 2TS,(§)HE — &) + B* Xy s m; $3(8 — £)951 (So (&) —
218, (& )H(E — £)] + ¢'(0)[S1(8) — 2I'S5(9) — 7K, — B*ni1S3(§ — §)0" (51(8)) — 27S5(8) ) H (¢ -
&) — St 1 KiS3(€ — £095"(51(&) — 2TS5(§))HE — &) + BT V7V omm $3(8 — £005 (51(§)) -
2rS3(&)HE — £ + ¢ (0)[S2(8) - ZN""[K — B*11S3(§ — £)Q5'S,(§)HE - &) — T Vo +1 KiS3(§ —
£)951S,(§)H(E - f)+ﬁ4zf’";;i’; Nom 1y, S3(8 — f,)n;sz(f,)ﬂcf ED]+ 9" (0)[S3(5) —

YomK; — BAn)S3 (€ — £)Q5'S3(§)HE — ) — S0y 1 KiS3(8 — §)Q5"S3(§)HE - &) +

4. BOUNDARY CONDITIONS

B Sl 58 — §0935'S3(§)H(E — £)] (38)
kotl® _ korL _ kel
where Ko = Eoly * 0T Eoly’ 1t T Egly’ and
kel
Kir =4 1o

According to [21], the general boundary
conditions of a beam (see Figure 1) with translational
and rotational elastic supports at the two ends can be
written as

¢"'(0) = —Ko¢(0) (39)
¢"(0) = Ko ¢'(0) (40)
¢"'(1) = K1, (41)
¢"(1) = -K1,¢'(1) (42)

5. Frequency equation and mode shape
function

Assuming the mode shape can be simplified as
$(§) = p(0)F($) + @'(0)P1(S) + " (0)F,(S) +
¢ (0)¥3($) (43)
where W;(§) = S;(§) (j = 0,1,2 and 3) are defined
as

Wo(§) = So(§) — 2I'S,(§) — TVmIK, — BmilSs (€ — £005" (So(§) — 2T'S,(§) ) HE — &) —
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Yion. 1 Ki S3(€ — £)951(So(§;) — 2TS,(§)HE — &) + B+ Xpm sV mm; $3(8 — £)951 (So (&) —
2TS, (fj))H(f - &) (44)

P,(§) = 51(8) —2r8;(9) - Z&T[Ki - B*nlS3(& - fj)ﬂi_jl (51(fj) - 2FS3(fj)) H(¢- §) -
Z?l—_stm+1 K;S3(§ — §)95 (51(§;) — 2IS5(§;))H(E — &) + B* Zﬁ"&tfiwsm 1:53(§ — §)95" (51(§;) -
2rS3(§))H(E — §) (45)

W,(8) = 5,8 — Z;‘V:T[Ki — B*n;1S3(¢ - fi)ﬂi_jlsz(fj)H(f —§)— E?,:SNsmH K;53(§ — fi)ﬂi_jlsz(fj)H(f —-&)+
B I NsTNmy, S4(8 — £)9551S2(§)H(E — &) (46)

W, (§) = 83(8) — 0K — Bl Sy (8 - §)9;'S3(§)H(E - &) — E;\’:stm+1 K;S3(§ — §)95'S5(§)HE - §) +
BTN S3(8 — 09583 (&) HE - &) (47)
The above four functions are termed as the shape  under an axial force. Combining Eq. (43) and Egs.

functions of a Euler-Bernoulli beam with multiple (39) — (42), yields Eq. (48), the form of which is the
translational elastic supports and concentrated masses  same as Ref. Applying the frequency equations [21],

W' (0) + Ko, w;"(0) w;"(0) ¥3"(0) ¢(0) 0
w;'(0) w;'(0) - Ko, w;'(0) vy (0) #© ) _[0
¥y’ (1) = Wo(DKy, W1' (1) — W1 (DK, W' (1) = P2 (1D)Kye W5"(1) — W3(DK1e || ¢70) 0
¥y'(D + ¥ (DK, ¥1(D) +Pi DKy, W' (D) + W2 (DK, W5'(1) + W3 (DK, | \ 7O 0
(48)
The characteristic equation of the frequency is
written as
P, (0) + Ko, wi"(0) w,"(0) w,(0)
¥ (0) ¥ (0) - Ko, ¥ (0) WO o
W' (1) — Po(DK; P1'(1) — 1 (DK W' (1) — Y2 (DKy, W3 (1) — P3(DKy,
Wy (1) + W (DK W1(1) + W (DK, W1 (1) + P (DKy, (1) + (DK,
According to [21], the frequency equation and
mode shape function for the conventional boundary (3): Clamped-Free
conditions can be written as. Characteristic equation (frequency)
(1): Pinned-Pinned
Characteristic equation (frequency) " "
! e W) WD s

(1) ()| _ (50) v
'@ v Mode shape function

Mode shape function o) = ¢N(0)l}:12 (&) + ¢ (0)W5(8) (55)
4): Cl d-Pi

@) = d'(0)WP1(5) + " (0)¥3(D) (51) (4): Clamped-Pinne

(2) Clamped-Clamped Characteristic equation (frequency)

Y (1) W(1)
Characteristic equation (frequency) q;ézf(l) ‘PZ’(I) =0 (56)

V(1) W3(1)| _
v,(1) ¥3(1)
Mode shape function — " (0¥, (&) + & (0¥ 57
D) = ¢V () + ¢ (OW, (&)  (53) PO~ OGO TITORE  OD
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It is worth noting that these frequency equations
and mode shape functions share the same form as in
[21], although the beams are different.

6. VERIFICATION

Two numerical examples are demonstrated in this
section to show the validity of the developed
theoretical model and the proposed shape function
method (SFM). The first example comes from the
published literature, which was solved by the Green’s
function method (GFM) by Kukla [20]. The obtained
results by the current shape function method are
compared with the original solutions by the Green’s
function method.

In the second example, a beam with 100
intermediate elastic supports and 100 concentrated
masses under axial force is solved by implementing
the shape function method. This example is purposely
designed to illustrate that the proposed shape function
can be applied to a large number of elastic supports
and concentrated masses. Since it is known that when
the numbers of elastic supports and masses are large
and are evenly distributed along the beam, the
vibration frequencies and mode shapes by the shape
function method should be approaching to those of a
beam on an elastic foundation with equivalent
stiffness and mass.

6.1. Numerical example 1

As the first example, the symmetric beams with
two intermediate translational elastic supports and
two concentrated masses under axial force as shown
in Figure 4. The numerical calculations are obtained
for beams with different sets of boundary conditions,
i.e., Pinned-Pinned (P-P) and Clamped-Clamped (C-
O).

To examine the effects of the non-dimensional
axial load I' and concentrated masses 17, = 1, on the
first four frequencies, the position parameter &; is
continuously varied from 0 to 0.5. The stiffness of the
supports K; = K, = 1000 are adopted. Besides, two
cases of the axial force I' are considered, i.e.,
['=500r250. The frequency response curves
corresponding to three different cases of concentrated
masses, i.e., 1, =1, = 0,0.1, or 0.5, are calculated.
Applying Egs. (50) and (52), the obtained frequency
response curve of the first four modes for the P-P
beam and C-C beam are shown in Figure 5 and Figure
6, respectively. To justify the validity of the proposed
shape function method, the results obtained by the
Green’s function method in the literature [20] are also
presented. As is observed from Figure 5 and Figure 6,
the results by the shape function method comply very
well with those of the Green’s function method.

(b)
Figure 4. A beam with two intermediate translational elastic supports and two concentrated masses under axial force.
(a) P-P. (b) C-C
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6.2. Numerical example 2

The vibration frequencies and mode shapes for a
Clamped-Pinned (C-P) beam on an elastic foundation
under axial force as shown in Figure 7(a) can be

\

approached by those of a C-P beam with 100
intermediate translational elastic supports and 100
concentrated masses under the axial force in Figure
7(b), as is demonstrated in this example.

Elastic foundation K¢

(a)

(b)
Figure 7. A C-P beam under an axial force. (a) On elastic foundation. (b) With 100 intermediate elastic supports and
100 concentrated masses

Assuming the stiffnesses of the elastic supports
K; = K, = K3 = -+ = Ky and the magnitude of the
concentrated masses n; =1, =13 = *=* = )10 are
known, then the equivalent stiffness of the elastic
foundation and the additional equivalent non-
dimensional mass due to the concentrated masses are
obtained as

K;=K;/A
Ny =1n:/4

(i=1,2,...,100)
(i=1,2,...,100)

(58)
(39)

where Ky is the equivalent stiffness of the elastic
foundation, K; is the stiffness of each elastic support,
A is the space between the elastic supports as shown
in Figure 7(b), 15 is the additional equivalent mass of
the elastic foundation, and 5; is the magnitude of each
non-dimensional concentrated masses.

The governing equation of vibration of the beam
on an elastic foundation shown in Figure 7(a) is
formulated as,

¢ (&) —2Tp"(§) — Bep(§) = 0 (60)
the solution of which can be obtained by the Laplace
transform method, which has a similar form as in Egs.
(43) - (47), excluding the terms involving the Dirac’s
delta function. After [, is obtained, the non-
dimensional vibration frequencies of the beam on
elastic foundation in Figure 7(a) can be achieved by

4 4
B = Bf::f , and the corresponding vibration mode
f
shapes can be graphed.

Two cases of axial force are considered in this
example, i.e., [ = 50 or 250, and the magnitude of

the  non-dimensional masses n; =0.1(i=
1,2,...,100) is adopted. To consider the influences of
the stiffnesses of the elastic supports, five different
levels of stiffness are considered, ie., K;
1,5,25,100,and 500. Applying Egs. (50) and (51)
the first four vibration frequencies of the beam with
100 evenly-distributed intermediate elastic supports
and 100 concentrated masses under axial force
(Figure 7(a)) are tabulated in

Table 2 and Table 3, together with the solutions of the
beam on an elastic foundation (Figure 7(a)).

The normalized vibration mode shapes for the
beam with 100 evenly-distributed intermediate elastic
supports and 100 concentrated masses under axial
force by the shape function method and the mode
shapes of the beam on an elastic foundation are
graphed in Figure 8.

It is observed in

Table 2, Table 3, and Figure 8 that the frequency
responses and mode shapes of the proposed shape
function method are in excellent agreement with the
solution of the vibration of an equivalent beam on an
elastic foundation, suggesting that the shape function
method could handle a large number of elastic
supports and concentrated masses. It is worth noting
that the order of the frequency equation of the beam
in Figure 7(a) by the current shape function method is
2. However, for the Green’s function method, the
order of the frequency equation is 100, which is the
same as the number of the intermediate supports or
masses. The efficiency of the shape function method
is justified.
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Table 2. Non-dimensional frequency comparison between the SFM and the solution on an elastic foundation for a C-P
beam with 100 intermediate elastic supports and 100 concentrated masses under axial force I' = 50

Method Stiffness Mode No.
1 2 3 4

SFM K;=1 3.374462 4984277 6.543467 8.124326
K, =5 3.589767 5.056189 6.575705 8.141241
K; =25 4319246 5376425 6.730183 8.224276
K; =100 5.665775 6.241902 7.231089 8.515170
K; =500 8.266694 8.474468 8.935084 9.712068

Elastic foundation K; =1 3.374462 4984277 6.543467 8.124327
K, =5 3.589767 5.056189 6.575705 8.141242
K; =25 4319246 5376425 6.730184 8.224277
K; =100 5.665775 6.241902 7.231089 8.515171
K; =500 8.266694 8.474468 8.935084 9.712069

Error (%) Ki=1 3.39E-07 1.84E-06 5.58E-06 1.34E-05
K, =5 2.49E-07 1.71E-06 5.45E-06 1.32E-05
K; =25 8.48E-08 1.26E-06 4.87E-06 1.26E-05
K; =100 2.77E-09 5.44E-07 3.39E-06 1.06E-05
K; =500 7.14E-08 1.49E-08 9.13E-07 5.27E-06

Table 3. Non-dimensional frequency comparison between SFM and the solution on an elastic foundation for a C-P
beam with 100 intermediate elastic supports and 100 concentrated masses under axial force I' = 100.

Method Foundation stiffness _Mode No.
1 2 3 4
SFM K =1 3.874091 5.616343 7.190808  8.740892
Ki=5 4.021905 5.667015 7.215156  8.754485
K; =25 4.589408 5901974 7.333344  8.821518
K; =100 5.792835 6.598537 7.732213  9.060182
K; =500 8.308677 8.625571 9.216078 10.093165
Elastic foundation K; =1 3.874091 5.616343 7.190808  8.740893
Ki=5 4.021905 5.667015 7.215156  8.754486
K; =25 4.589408 5901975 7.333345  8.821520
K; =100 5.792835 6.598537 7.732213  9.060183
K; =500 8.308677 8.625571 9.216078 10.093165
Error (%) K =1 6.32E-07 2.99E-06 8.16E-06  1.80E-05
Ki=5 5.26E-07 2.86E-06 8.05E-06  1.79E-05
K; =25 2.60E-07 235E-06 7.42E-06 1.72E-05
K; =100 431E-08 1.30E-06 5.71E-06  1.52E-05
K; =500 3.52E-08 1.59E-07 2.09E-06  8.58E-06
% %’ 1 7
2 = £ & ).
% £ 050 et A
z -1 22 & : Z 1 7N - IS i T X
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Non-dimensional coordinate & Non-dimensional coordinate &
(a) (b)

First mode (SFM)

¥ First mode (Elastic foundation)
— — —Second mode (SFM)

0 Second mode (Elastic foundation)

Third mode (SFM)
Third mode (Elastic foundation)
---------- Fourth mode (SFM)
A Fourth mode (Elastic foundation)

Figure 8. The first four mode shapes for a beam with 100 intermediate elastic supports and 100 concentrated masses
under axial force by the shape function method and for a beam on an elastic foundation with equivalent stiffness and

mass. (a) ' = 50.(b) T = 100
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7. PARAMETRIC STUDY

In this section, beams with three intermediate
translational elastic supports and three concentrated
masses with varied sets of boundary conditions as
shown in Figure 9 are investigated. The magnitudes
of the non-dimensional masses n, = n, = n, and the
stiffnesses of the supports K; = K, = K;. The relative
positions of the elastic supports and the concentrated
masses are ¢&; =0.25,& =0.75, é&3=0.5,and ¢, =
0.375. It is worth pointing out that only two masses
(n1 and 1) are colocated with two elastic supports

(K; and K,), while the position of the third mass 1,
is different from that of K; (see Figure 9). The purpose
of this arrangement is to show that the position of the
intermediate elastic support can be different from that
of the concentrated mass, overcoming the limitations
of the Green’s function method developed by Kukla
[20], in which the position of the supports and the
masses must the same.

In this parametric study, the influences of the
boundary conditions, the stiffness of the intermediate
elastic supports, and the axial force on the vibration
frequencies and mode shapes are investigated.

| .61 Na.és

M2,&2 ‘

Na,Ea

1,64

(b)

Na,éa

YIRS

7.1. Elastic boundary conditions

In order to show that the general solution in Egs.
(43) - (49) can accommodate many sets of boundary
conditions, the conventional boundary conditions
(CBC) are approached by the elastic boundary

(d)
Figure 9. A beam with three intermediate elastic supports and three concentrated masses under axial force. (a) P-P. (b)
C-C.(c)C-F. (d) C-P

conditions (EBC) by increasing the stiffness of the
translational and rotational springs as shown in Figure
10. The magnitudes of the non-dimensional masses
M. =1, =7, =01 and the stiffnesses of the
supports K; = K, = K; = 1000 are applied,
assuming I' = 50.
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N80 Naséa

Figure 10. A beam with three intermediate elastic supports and three concentrated masses under axial force subjected to
translational and rotational elastic boundary conditions

Applying Egs. (50) - (57), the first four vibration
frequencies of the beams in Figure 9 are tabulated in
Table 4 and the first four mode shapes are
demonstrated in Figure 11. Applying Egs. (43) and
(49), the first four vibration frequencies of the beam
with three intermediate translational elastic supports
and three concentrated masses are presented in Table
4 as well as the percentage errors between the CBC
and EBC, and the corresponding mode shapes are
graphed in Figure 11. It is observed in Table 4 that for
the P-P, C-F, and C-P beam when the stiffnesses of
the boundary translational and/or rotational spring are
10, the errors between the EBC and CBC are
insignificant. However, for the C-C beam, the

stiffnesses of the translational and rotational spring
need to be 1012, which is much higher. Besides, the
first four vibration mode shapes of the beam under
CBC and EBC are in good agreement. Based on the
above analysis, it is remarked that the conventional
boundary conditions (P-P, C-C, C-F, and C-P) can be
represented by the elastic boundary conditions with
sufficient translational and/or rotational stiffnesses,
i.e., Kot, Kor, K1t, and Ky,. In fact, the conventional
boundary conditions can be simulated by setting
Ko¢ = 0, Ky = ©,K;y > o0, and K, - oo. The
interested readers may refer to Ref. [9] for more
details.

Table 4. Non-dimensional frequency comparison between CBC and EBC for a beam with 3 intermediate elastic
supports and 3 concentrated masses

Mode number Label CBC (EBC) Non-dimensional frequency
CBC EBC Error (%)
First mode (a) Pinned-Pinned (K, = Ky = 10°, 8.027521  8.027458  7.74E-04
Kt = K = 0,T = 50)
(b) Clamped-Clamped (Ko = Ko, = 102, 8.324123  8.324114  9.86E-05
K = K;; = 10%2,T = 50)
() Clamped-Free (Ko = K, = 109, 4319628 4319628 2.31E-06
Kt = K = 0,T = 50)
(d) Clamped-Pinned (K, = Ko, = 10°, 8.147256  8.147044  2.60E-03
K. = 10%K;. = 0,T = 50)
Second mode  (a) Pinned-Pinned (K, = Ky = 10°, 9.074543  9.074293  2.75E-03
Kt = K = 0,T = 50)
(b) Clamped-Clamped (Ko = Ko = 102,  9.692121  9.692164  4.44E-04
K = K;y = 10'2,T = 50)
(c) Clamped-Free (K, = K, = 108, 8.292576  8.292324  3.04E-03
Kt = Ky = 0,T = 50)
(d) Clamped-Pinned (Ky; = K, = 10°, 9.390856  9.390002  9.10E-03
K. = 10%K;. = 0,T = 50)
Third mode (a) Pinned-Pinned (K, = Ky = 109, 11.563899 11.563107 6.85E-03
Kt = K = 0,T = 50)
(b) Clamped-Clamped (Ko = Ko = 102, 12.342462 12.342052 3.32E-03
K = K;y = 10'2,T = 50)
(c) Clamped-Free (K, = K, = 108, 9.686742  9.685987  7.80E-03
Kt = K = 0,T = 50)
(d) Clamped-Pinned (Ky; = K, = 10°, 11.937200 11.935461 1.46E-02
K. = 10%K;. = 0,T = 50)
Fourth mode  (a) Pinned-Pinned (K, = Ky = 109, 14.206056 14.203810 1.58E-02
Ki; = K3 = 0,T = 50)
(b) Clamped-Clamped (Ko = Ko = 102, 15.339018 15.346741 5.03E-02
K = K;r = 10'2,T = 50)
(c) Clamped-Free (Kp = K, = 109, 12.356885 12.355437 1.17E-02
Ki; = K3+ = 0,T = 50)
(d) Clamped-Pinned (K, = Ko, = 10°, 14.723988 14.720109 2.63E-02

Klt = 106, KII‘ = 0, I'= 50)
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Figure 11. The first four mode shapes for a beam with 3 intermediate elastic supports and 3 concentrated masses under
the CBC ((a) P-P, (b) C-C, (c) C-F, and (d) C-P) and EBC ((a) K¢y = K1¢ = 10, K, = K1, = 0,T = 50, (b) Ko, =
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7.2. Influence of axial force

The influences of the axial force on the vibration
frequencies and mode shapes are studied in this
section. The same position parameters of the supports
and masses, and the non-dimensional stiffnesses K; =
1000 (i = 1,2,and 3) of the elastic supports and
non-dimensional masses 7; = 1000 are adopted in
this investigation. Six scenarios of the axial force are
considered for the P-P beam and C-P beam, i.e., [ =
0,50,100, 150,200, and 250.

Applying the frequency equations in Egs. (50) and
(56), the calculated vibration frequencies are
tabulated in

Table 5. To better visualize the trend of the
frequency change due to the increase of the axial
force, the calculated frequencies in

Table 5 graphed in Figure 12. Implementing the
mode shape equations in Egs. (51) and (57), the
obtained first four mode shapes of the beam with
different axial forces are presented in Figure 13 and
Figure 14.

Table 5. Non-dimensional frequency of a beam with three concentrated masses and three intermediate elastic supports
under different boundary conditions and varied axial forces

Boundary condition ~ Support stiffness Mode No.
1 2 3 4
P-p =0 12.465287 12.493507 12.566371 13.000278
['=50 12.974863 12.993773 13.882409 14.206056
['=100 13.178955 13.384021 14.731551 15.418762
I'=150 13.326022 13.733378 15.421708 16.398376
['=200 13.455018 14.042854 16.004181 17.228469
I'=250 13.572191 14.323529 16.511628 17.953415
C-P =0 12.471909 12.538358 12.982844 14.524617
['=50 12.984807 13.213472 14.030045 15.398398
['=100 13.226804 13.582392 14.992418 16.237103
I'=150 13.387615 13.922463 15.712748 17.023595
['=200 13.521927 14.225851 16.293163 17.746045
I' =250 13.641767 14.501211 16.788192 18.405007
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Figure 12. The first four vibration frequencies versus the axial force. (a) P-P beam. (b) C-P beam

As is shown in Figure 12 (a) and (b), the vibration
frequencies increase when the axial tensile force
increases for both the P-P beam and the C-P beam.
However, the increasing rates of the higher modes are
higher than that of the lower modes. For example, the
increase rate of the second mode is higher than the
first mode as is shown by the slope of the curve. For
the same level of the axial force, the vibration
frequencies of the first four modes of the C-P beam
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are higher than those of the P-P beam. This indicates
that stronger restraint of the boundary conditions may
result in higher vibration frequency. When the axial
force is increased from 0 to 250, the vibration
frequencies of the first four modes of the P-P beam
are increased by approximately 8.88%, 14.65%,
31.40%, and 38.10%, respectively. The frequency
increases for the C-P beam are approximately 9.38%,
15.71%, 30.28%, and 29.85%, respectively.
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Figure 13. The first four mode shapes for a P-P beam with 3 concentrated masses and 3 intermediate elastic supports
under varied axial forces. (a) T = 0. (b) I = 50.(¢)I' =100. (d) ' = 150. () ' = 200. () I = 250

RJAV vol 17 issue 1/2020

70 ISSN 1584-7284



Non-dimensional mode shape
o

0.4 0.6
Non-dimensional coordinate &

(a)

0 0.2

Non-dimensional mode shape
o

0.4 0.6

Non-dimensional coordinate £

Non-dimensional mode shape

Non-dimensional mode shape Non-dimensional mode shape

Non-dimensional mode shape

0 0.2 0.4 0.6

(b)

0.4 0.6
Non-dimensional coordinate £

(d)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Non-dimensional coordinate £ Non-dimensional coordinate £
(e) ®
’ First mode = - —Second mode —---- Third mode -+ Fourth mode‘

Figure 14. The first four mode shapes for a C-P beam with 3 concentrated masses and 3 intermediate elastic supports
under varied axial forces. (a) ' = 0. (b) I’ = 50. (c)T' =100. (d) T = 150. () ' = 200. (f) T = 250

7.3. Influence of stiffness of elastic supports

In order to study the influences of the stiffness of
the intermediate translational elastic supports, the
same magnitude of masses, axial force, and position
parameters as in section 7.1 are adopted. However,
the stiffnesses K; (i = 1,2,and3) of the elastic
supports are varied from 10 to 10® with a multiple of
10 for the P-P beam, C-C beam, C-F beam, and C-P
beam as shown in Figure 9.
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Applying the frequency equations and mode
shape equations in Egs. (50) - (57), the vibration
frequencies and mode shapes are calculated. The
obtained vibration frequencies are tabulated in Table
6 for varied stiffness of the supports and different
sets of boundary conditions. To better visualize the
trend of the frequency change due to the increase of
the stiffness of the intermediate elastic supports, the
calculated frequencies in Table 6 are illustrated in
Figure 15. The mode shapes corresponding to varied
stiffness of the elastic supports for different
boundary conditions are illustrated in Figure 16 -
Figure 19.
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Figure 15. The first four mode shapes for a beam with 3 concentrated masses and 3 intermediate elastic supports under
different boundary conditions. (a) P-P. (b) C-C. (c) C-F. (d) C-P

Table 6. Non-dimensional frequency of a beam with three concentrated masses and three intermediate elastic supports
under different boundary conditions and varied stiffness

Boundary condition  Support stiffness Mode No.
1 2 3 4
P-P K; =10 5.529174  7.926972 10.942645 14.206056
K; = 102 5925715  8.054925 11.005923 14.206056
K; =103 8.027521  9.074543  11.563899 14.206056
K; = 10* 12.974863 12.993773 13.882409 14.206056
K; = 10° 14206056 14.874086 16.340404 17.766600
K; = 10° 14206067 14.976411 16.734468 18.579453
C-C K; =10 6.190090  8.746541 11.719352 15.320517
K; = 102 6.492628  8.847138 11.781368 15.322128
K; =103 8324123  9.692121 12.342462 15.339018
K; = 10* 13.186767 13.250319 15.155463 15.622310
K; = 10° 14923560 16.550246 18.168472 18.633160
K; = 10° 14981614 16.754597 18.622211 19.510984
C-F K; =10 1.603461  6.234513  8.800337 11.747663
K; = 107 2777852  6.509005  8.891559  11.808000
K; =103 4319628  8.292576  9.686742  12.356885
K; = 10* 5346419 13.168978 13.235240 15.141204
K; = 10° 5.584345 14.939694 16.554166 18.131201
K; = 10° 5.612357 14.997638 16.755698 18.590831
C-p K; =10 5.830057  8.345915 11.332046 14.690724
K; = 102 6.178115  8.459445 11.393225 14.693499
K; =103 8.147256  9.390856  11.937200 14.723988
K; = 10* 12.984807 13.213472 14.030045 15.398398
K; = 10° 14390460 15.620686 17.245443 18.474704
K; = 10° 14411490 15.796760 17.715547 19.259297

It is observed in Figure 15 that when the stiffness
of the elastic supports increases from 10 to 10° with
amultiple of 10, the corresponding first four vibration
frequencies tend to increase. This suggests that when
the stiffnesses of the translational elastic supports
increases, the vibration frequencies of the beam tend
to increase. The frequency variations among the four
modes, except the first mode of the C-F beam in
Figure 15(c), are the smallest when the stiffness of the
elastic support is 10* for all four boundary
conditions. When the stiffness of the supports is 10°,

the vibration displacements at the elastic supports are
approximately zero for the P-P beam, C-C beam, C-F
beam, and C-P beam, as shown in Figure 16(f), Figure
17(f), Figure 18(f), and Figure 19(f) indicating that
the three elastic supports can be regarded as rigid
supports. Therefore, the shape function method
developed in this work could be implemented to
obtain the vibration frequencies and mode shapes of
a continuous beam with multi-span and an arbitrary
number of concentrated masses under an axial force.
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Figure 16. The first four mode shapes for a P-P beam with 3 concentrated masses and 3 intermediate elastic supports of
varied stiffness. (a) K; = 10. (b) K; = 102. (c) K; = 10%. (d) K; = 10*. (¢) K; = 10%. (H K; = 10° (i = 1,2,

Non-dimensional mode shape

Non-dimensional mode shape

0.4 0.6
Non-dimensional coordinate £

0.4 0.6
Non-dimensional coordinate £

(©)

and 3)

Non-dimensional mode shape

Non-dimensional mode shape

0.4 0.6
Non-dimensional coordinate £

(b)

0.4
Non-dimensional coordinate &

(d)

0.6 0.8 1

RJAV vol 17 issue 1/2020

73

ISSN 1584-7284



Non-dimensional mode shape

0.4 0.6
Non-dimensional coordinate &

(¢)

Non-dimensional mode shape

0.6

Non-dimensional coordinate &

®

|

First mode = = =Second mode

Third mode

Fourth mode ‘

Figure 17. The first four mode shapes for a C-C beam with 3 concentrated masses and 3 intermediate elastic supports of
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Figure 18. The first four mode shapes for a C-F beam with 3 concentrated masses and 3 intermediate elastic supports of
varied stiffness. (a) K; = 10. (b) K; = 102. (c) K; = 10%. (d) K; = 10*. (e) K; = 10%. (H K; = 10° (i = 1,2,

and 3)
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Figure 19. The first four mode shapes for a C-P beam with 3 concentrated masses and 3 intermediate elastic supports of
varied stiffness. (a) K; = 10. (b) K; = 10%. (c) K; = 103. (d) K; = 10*. () K; = 10%. (f) K; = 10° (i = 1,2,and 3)

8. CONCLUSIONS

Theoretical study of Euler-Bernoulli beams with
arbitrary intermediate elastic supports and arbitrary
concentrated masses under an axial force is of great
interest. The exact and explicit solutions of the
frequencies and mode shapes of the above-mentioned
beams for the non-conventional and conventional
boundary conditions are generalized by the SFM. Four
new shape functions are defined. Although the
concentrated masses and the axial force are included in
the mathematical model, the frequency equation and
mode shape function could be written in the same form
as in Ref. [21], and the order of the frequency equation
is still four, which does not dependent on the number
of masses or the axial force.

The parametric study suggests that the conventional
boundary conditions can be simulated by the non-
conventional elastic boundary conditions with large
boundary translational and rotational stiffnesses.
Besides, the vibrations of multi-span continuous beams
can be approached by increasing the stiffness of the
intermediate elastic supports with the proposed
method. The derived solutions are verified by the

Green’s function method in the literature, and
vibrations of a beam under an axial force on an elastic
foundation, in which good agreements are
demonstrated. The proposed method in this work is
potentially useful in structural health monitoring and
crack detection [1-3].
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