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Abstract: - Vibration analysis of beams with multiple intermediate elastic supports and concentrated masses 
under an axial force is of theoretical and practical importance. In this work, the mathematical model 
governing the vibrations of beams is reformulated and is solved by the shape function method. The exact 
and explicit vibration solutions for the non-conventional and conventional boundary conditions are derived, 
which are determined by four shape functions and four unknown constants. Parametric studies are 
performed to show that the conventional boundary conditions can be represented by the non-conventional 
elastic boundary conditions. Besides, the vibrations of multi-span continuous beams can also be simulated 
with the proposed method by increasing the stiffnesses of the intermediate elastic supports. The results 
reported in this work are potentially useful in structural health monitoring and damage detection. 
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1. INTRODUCTION 
 

A beam with multiple intermediate elastic 
supports, concentrated masses, non-conventional 
boundary conditions under an axial force is of wide 
practical interest in civil engineering and mechanical 
engineering. The vibration responses of the above-
mentioned beam are related to many factors, in 
particular, the intermediate supports [1-3], the 
magnitude of the attached masses [4], the axial load, 
and the boundary conditions. Investigations 
combinations of these factors on the vibrations of an 
Euler-Bernoulli beam have been presented in the 
references [5-12]. 

The theoretical approaches in the literature can be 
roughly categorized into three categories, i.e., 
Rayleigh-Ritz method, transfer matrix method, and 
Green’s function method. The free vibration analysis 
of a continuous beam with multi-masses under an 
axial force was investigated by Laura et al. [13] and 
an approximate solution was achieved with the help 
of the classical Rayleigh-Ritz method. Bapat and 
Bapat [5] adopted the transfer matrix method to 
investigate the natural frequencies of a straight beam 
with multiple collocated translational and torsional 
supports, as well as lumped masses. To obtain the 
exact solution, the continuities of the displacement 
and slope, and the relationship between the shear 
force and moment at the intermediate support was 
implemented. Based on the work of Bapat and Bapat, 
Lin and Bapat [14] further studied the free and forced 
vibrations of a multi-supported beam. 

Some of the representative investigations with the 
Green’s function method can be found in reference 

[7-9, 15-19]. Green’s function method was adopted 
by Kukla [7, 8, 16, 20] to carry out a series of 
vibration analysis of Euler-Bernoulli beams. Kukla 
[7] applied the Green’s function method to study the 
vibration frequencies of beams with arbitrarily 
located intermediate elastic supports. In a follow-up 
study [20], Kukla investigated the frequency 
responses of a beam with collocated intermediate 
elastic supports and concentrated masses under a 
constant axial force. The beam was first discretized 
into 𝑁 ൅ 1 segments by the 𝑁 intermediate supports 
or masses. Then the frequency equation was 
expressed by a determinant of order 𝑁. However, 
there are two major limitations of Kukla’s 
investigation. First, the non-conventional elastic 
boundary conditions were not handled. Second, the 
order of the determinant is the same as the number of 
intermediate supports or masses, which is inefficient 
when the number of elastic supports is large.  

In a recent investigation, based on the contribution 
of Kukla [7], Rončević et al. [9] studied the vibrations 
of Euler-Bernoulli beams with multiple intermediate 
elastic supports with non-conventional boundary 
conditions. Applying the Green’s function method, 
the natural frequencies and mode shapes were 
obtained for 49 different sets of boundary conditions, 
which were yielded by combining seven boundary 
conditions: pinned, clamped, sliding, free, 
translational spring, rotational spring, and combined 
translational-rotational spring. However, the 
concentrated masses and the axial force were not 
incorporated in their model. The Shape Function 
Method (SFM) was introduced by the author to 
investigate the free vibration of a beam with multiple 
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elastic supports in a previous paper [21]. However, in 
the work, only the elastic supports were considered. 

The research on vibration analysis of a beam with 
elastic supports, lumped masses, non-conventional 
boundary conditions under axial force is meaningful 
in many applications. For instance, the frequencies 
and mode shapes obtained by the vibration analysis is 
essential in structural health monitoring [22-29], 
damage detection [11, 30-35], vehicle-bridge 
interaction study [36-39]. 

The purpose of this study is to overcome the 
above-mentioned limitations of the Green’s function 
method [7, 9] and extend the SFM [21, 40] to include 
the concentrated masses and axial force. The shape 
function method is adopted to obtain the frequency 

and mode shape equations of the free vibrations of 
Euler-Bernoulli beams with an arbitrary number of 
intermediate elastic supports, concentrated masses, 
and non-conventional boundary conditions under an 
axial force.  
 
2. Equation of motion 
 

The typical Euler-Bernoulli beam with arbitrary 
elastic supports and concentrated masses under axial 
force is shown in Figure 1, and it is assumed that 
boundary conditions of the beam are simulated by 
translational-rotational elastic supports.  

 
Figure 1. A beam with arbitrary intermediate elastic supports, concentrated masses, and an axial force under non-

conventional boundary conditions 

The beam segment with arbitrary intermediate 
supports, concentrated masses, and an axial force 
undergoing transverse vibration is shown in Figure 

2(a). The forces acting on an infinitesimal element of 
length 𝑑𝑥 are presented in Figure 2(b).  

 
(a) 

 
(b) 

Figure 2. A beam with arbitrary translational elastic supports and concentrated masses under axial force. (a) A segment 
of a beam with elastic boundary conditions. (b) Forces on an infinitesimal element 

When the amplitudes of vibration are small, the 
variation of the length of the beam element in Figure 
2 (b) is approximated as 

𝒅𝒔 െ 𝒅𝒙 ൌ ඥ𝒅𝒙𝟐 ൅ 𝒅𝒚𝟐 െ 𝒅𝒙 ൎ
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Assuming the small displacement of the vibration 
does not result in changes in the axial force 𝑃ሺ𝑥, 𝑡ሻ 
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and the transverse distributed force 𝑓ሺ𝑥, 𝑡ሻ [41], the 
work due to the axial force against the variation of the 
length of the beam element can be written as 

𝑾𝒑 ൌ െ
𝟏

𝟐
׬ 𝑷 ቀ

𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙
ቁ

𝟐𝑳
𝟎

𝒅𝒙 (2) 

The work done by the transverse load and the 
intermediate translational elastic support is  

𝑾𝒕 ൌ ׬ ቂ𝒇ሺ𝒙, 𝒕ሻ𝒚ሺ𝒙, 𝒕ሻ െ
𝟏

𝟐
∑ 𝒌𝒊

𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ

𝑳
𝟎

𝒙𝒔𝒊ሻ𝒚𝟐ሺ𝒙, 𝒕ሻቃ 𝒅𝒙    (3) 

Therefore, the total work due to the axial force, the 
transverse load, and the translational elastic support 
is given by 

𝑾 ൌ 𝑾𝒑 ൅ 𝑾𝒕    (4) 
In Eq. (3), Dirac’s delta function 𝜹ሺ𝒙ሻD is 

introduced, which is different from the conventional 
functions and has unique properties [21].  

Besides, the strain energy of the beam is expressed 
as 

𝚷 ൌ
𝟏

𝟐
׬ 𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ ቀ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቁ
𝟐

𝑳
𝟎

𝒅𝒙  (5) 

and the kinetic energy is written as 

𝐓 ൌ ׬ ൤
𝟏

𝟐
𝝆ሺ𝒙ሻ𝑨ሺ𝒙ሻ ቀ

𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕
ቁ

𝟐
൅

𝟏

𝟐
∑ 𝑴𝒋

𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ

𝑳
𝟎

𝒙𝒎𝒋൯ ቀ
𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕
ቁ

𝟐
൨ 𝒅𝒙  (6) 

According to the extended Hamilton’s principle, 
𝛅 ׬ ሺ𝑻 െ

𝒕𝟐
𝒕𝟏

𝚷 ൅ 𝐖ሻ𝒅𝒕 ൌ 𝟎  (7) 

Note that, fully aware of the abuse of the notation 
δ, this symbol is also used to represent the Dirac’s 
delta function as in 𝑀௝ 𝛿൫𝑥 െ 𝑥௠௝൯ and 𝑘௜𝛿ሺ𝑥 െ 𝑥௦௜ሻ, 
which should be clear to the reader. 

Each of the three terms in Eq. (7) can be evaluated 
separately as follows. For the term with kinetic 
energy, 

𝛅 ׬ 𝑻
𝒕𝟐

𝒕𝟏
𝒅𝒕 ൌ ׬ ׬ ቂ𝝆ሺ𝒙ሻ𝑨ሺ𝒙ሻ ൅ ∑ 𝑴𝒋

𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ

𝒕𝟐
𝒕𝟏

𝑳
𝟎

𝒙𝒎𝒋൯ቃ
𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕

𝝏

𝝏𝒕
൫𝛅𝐲ሺ𝐱, 𝐭ሻ൯𝒅𝒕 𝒅𝒙  (8) 

Assuming 𝛿𝑦ሺ𝑥, 𝑡ଵሻ ൌ 𝛿𝑦ሺ𝑥, 𝑡ଶሻ ൌ 0, integration by 
parts of Eq. (8) yields 

𝛅 ׬ 𝑻
𝒕𝟐

𝒕𝟏
𝒅𝒕 ൌ െ ׬ ׬ ቂ𝝆ሺ𝒙ሻ𝑨ሺ𝒙ሻ ൅ ∑ 𝑴𝒋

𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ

𝑳
𝟎

𝒕𝟐
𝒕𝟏

𝒙𝒎𝒋൯ቃ
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕𝟐 𝛅𝐲ሺ𝐱, 𝐭ሻ𝒅𝒙𝒅𝒕  (9) 

Similarly, for the term with strain energy, 

𝛅 ׬ 𝚷
𝒕𝟐

𝒕𝟏
𝒅𝒕 ൌ ׬ ׬ 𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 𝛅ሺ
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ሻ𝒅𝒙𝒅𝒕
𝑳

𝟎
𝒕𝟐

𝒕𝟏

 (10) 
Integration by parts twice results in 

𝛅 ׬ 𝚷
𝒕𝟐

𝒕𝟏
𝒅𝒕 ൌ ׬ ൤𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐

𝝏

𝝏𝒙
൫𝛅𝐲ሺ𝐱, 𝐭ሻ൯ቚ

𝟎

𝑳
െ

𝒕𝟐
𝒕𝟏

𝝏

𝝏𝒙
ቀ𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቁ 𝛅𝐲ሺ𝐱, 𝐭ሻቚ
𝟎

𝑳
൅

׬
𝝏𝟐

𝝏𝒙𝟐 ቀ𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቁ 𝛅𝐲ሺ𝐱, 𝐭ሻ𝑳
𝟎

𝒅𝒙൨ 𝒅𝒕           (11) 

The variation of the work is evaluated as 
𝛅 ׬ 𝐖

𝒕𝟐
𝒕𝟏

𝒅𝒕 ൌ ׬ ׬ ቂെ𝑷
𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙
൅ 𝒇ሺ𝒙, 𝒕ሻ െ ∑ 𝒌𝒊

𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ

𝑳
𝟎

𝒕𝟐
𝒕𝟏

𝒙𝒔𝒊ሻ𝒚ሺ𝒙, 𝒕ሻቃ 𝛅𝐲ሺ𝐱, 𝐭ሻ𝒅𝒙𝒅𝒕   (12) 

Integration by parts of the first term in the right-
hand side yields 

𝛅 ׬ 𝐖
𝒕𝟐

𝒕𝟏
𝒅𝒕 ൌ െ ׬ 𝑷

𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙
𝛅𝐲ሺ𝐱, 𝐭ሻቚ

𝟎

𝑳𝒕𝟐
𝒕𝟏

𝒅𝒕 ൅

׬ ׬ ቂ𝑷
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ൅ 𝒇ሺ𝒙, 𝒕ሻ െ ∑ 𝒌𝒊
𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ

𝑳
𝟎

𝒕𝟐
𝒕𝟏

𝒙𝒔𝒊ሻ𝒚ሺ𝒙, 𝒕ሻቃ 𝜹𝒚ሺ𝒙, 𝒕ሻ 𝒅𝒙 𝒅𝒕  (13) 

 Substituting the obtained results in Eqs. (9),           
(11), and (13) into Eq. (7) gives 

׬ ׬ ቄെቂ𝝆ሺ𝒙ሻ𝑨ሺ𝒙ሻ ൅ ∑ 𝑴𝒋
𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ 𝒙𝒎𝒋൯ቃ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕𝟐 െ
𝑳

𝟎
𝒕𝟐

𝒕𝟏
𝝏𝟐

𝝏𝒙𝟐 ቀ𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቁ ൅ 𝑷
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ൅ 𝒇ሺ𝒙, 𝒕ሻ െ

∑ 𝒌𝒊
𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ 𝒙𝒔𝒊ሻ𝒚ሺ𝒙, 𝒕ሻቅ 𝜹𝒚ሺ𝒙, 𝒕ሻ𝒅𝒙 𝒅𝒕 െ

׬ ቂ𝑷
𝝏𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙
െ

𝝏

𝝏𝒙
ቀ𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቁቃ 𝛅𝐲ሺ𝐱, 𝐭ሻቚ
𝟎

𝑳
𝒕𝟐

𝒕𝟏
𝒅𝒕 െ

׬ 𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐

𝝏

𝝏𝒙
൫𝛅𝐲ሺ𝐱, 𝐭ሻ൯ቚ

𝟎

𝑳
𝒅𝒕

𝒕𝟐
𝒕𝟏

ൌ 𝟎(14) 

As the variation 𝛿𝑦ሺ𝑥, 𝑡ሻ in Eq. (14) is arbitrary, 
the general differential equation governing the free 
transverse vibration of a beam is obtained as  

𝝏𝟐

𝝏𝒙𝟐 ቂ𝑬ሺ𝒙ሻ𝑰ሺ𝒙ሻ 𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ቃ ൅ 𝝆ሺ𝒙ሻ𝑨ሺ𝒙ሻ 𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕𝟐 ൅

∑ 𝑴𝒋
𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ 𝒙𝒎𝒋൯

𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒕𝟐 ൅ ∑ 𝒌𝒊
𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ

𝒙𝒔𝒊ሻ𝒚ሺ𝒙, 𝒕ሻ െ 𝑷
𝝏𝟐𝒚ሺ𝒙,𝒕ሻ

𝝏𝒙𝟐 ൌ 𝟎  (15) 

in which 𝑦ሺ𝑥, 𝑡ሻ denotes the displacement, 𝐼ሺ𝑥ሻ and 
𝐴ሺ𝑥ሻ denote the moment of inertia and area, 
respectively, and 𝐸ሺ𝑥ሻ and 𝜌ሺ𝑥ሻ denote Young’s 
modulus and density, respectively, 𝑥௦௜ denotes the 
position of the 𝑖௧௛ elastic support, 𝑘௜ denotes the 
translational stiffness of the 𝑖௧௛ elastic support and 𝑁௦ 
denotes the total number of supports, 𝑥௠௝ is the 
position of the 𝑖௧௛ mass, 𝑀௝ denotes the mass at 
position 𝑥௠௝, 𝑃 denotes the axial force and is assumed 
to be constant. In the present work, 𝐸ሺ𝑥ሻ𝐼ሺ𝑥ሻ ൌ 𝐸଴𝐼଴ 
and 𝜌ሺ𝑥ሻ𝐴ሺ𝑥ሻ ൌ 𝜌଴𝐴଴ are assumed. 

Assuming the following expression is valid, 
𝒚ሺ𝒙, 𝒕ሻ ൌ 𝒀ሺ𝒙ሻ𝑾ሺ𝒕ሻ   (16) 

Insert Eq. (16) into Eq. (15), performing the 
technique of separation of variables yields 

𝑬𝟎𝑰𝟎𝒀ሺ𝒊𝒗ሻሺ𝒙ሻ െ 𝝎𝟐𝝆𝟎𝑨𝟎𝒀ሺ𝒙ሻ െ 𝝎𝟐 ∑ 𝑴𝒋
𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝒙 െ

𝒙𝒎𝒋൯𝒀ሺ𝒙ሻ ൅ ∑ 𝒌𝒊
𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝒙 െ 𝒙𝒔𝒊ሻ𝒀ሺ𝒙ሻ െ 𝑷𝒀ᇱᇱሺ𝒙ሻ ൌ 𝟎  

    (17) 
By introducing the non-dimensional coordinate 

𝜉 ൌ
௫

௅
 and noticing that 0 ൑ 𝜉 ൑ 1 [42], the following 

non-dimensional position parameters are defined 
𝝃𝒎𝒋 ൌ

𝒙𝒎𝒋

𝑳
    (18) 

𝝃𝒔𝒊 ൌ
𝒙𝒔𝒊

𝑳
     (19) 

𝝓ሺ𝝃ሻ ൌ
𝒀ሺ𝝃ሻ

𝑳
    (20) 

Using the above non-dimensional variables, Eq. 
(17) can be rewritten as 

𝝓ሺ𝒊𝒗ሻሺ𝝃ሻ െ 𝜷𝟒𝝓ሺ𝝃ሻ െ 𝜷𝟒 ∑ 𝜼𝒎𝒋
𝑵𝒎
𝒋ୀ𝟏 𝜹൫𝝃 െ 𝝃𝒎𝒋൯𝝓ሺ𝝃ሻ ൅

∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝟏 𝜹ሺ𝝃 െ 𝝃𝒔𝒊ሻ𝝓ሺ𝝃ሻ െ 𝟐𝚪𝝓ᇱᇱሺ𝝃ሻ ൌ 𝟎 (21) 
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in which 𝛽 ൌ ට
ఠమఘబ஺బ௅ర

ாబூబ

ర
, 𝜂௠௝ ൌ

ெೕ

ఘబ஺బ௅
 represents the 

non-dimensional mass parameter, Γ ൌ
୘௅మ

ଶாబூబ
 denotes 

the non-dimensional axial force, and 𝛫௜ ൌ
௞೔௅య

ாబூబ
 denotes 

the non-dimensional stiffness of the 𝑖௧௛ support.  
 

3. EXACT AND EXPLICIT MODE SHAPE 
SOLUTION 

 
Carrying out Laplace transform on Eq. (21) gives,  
𝒔𝟒𝚽ሺ𝒔ሻ െ 𝒔𝟑𝝓ሺ𝟎ሻ െ 𝒔𝟐𝝓ᇱሺ𝟎ሻ െ 𝒔𝝓ᇱᇱሺ𝟎ሻ െ 𝝓ᇱᇱᇱሺ𝟎ሻ െ

𝜷𝟒𝚽ሺ𝒔ሻ െ 𝜷𝟒 ∑ 𝜼𝒎𝒋
𝑵𝒎
𝒋ୀ𝟏 𝝓൫𝝃𝒎𝒋൯𝒆ି𝒔𝝃𝒎𝒋 ൅

∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝟏 𝝓ሺ𝝃𝒔𝒊ሻ𝒆ି𝒔𝝃𝒔𝒊 െ 𝟐𝚪ሾ𝒔𝟐𝚽ሺ𝒔ሻ െ 𝐬𝝓ሺ𝟎ሻ െ 𝝓ᇱሺ𝟎ሻሿ ൌ

𝟎    (22) 
where Φሺ𝑠ሻ ൌ ℒሼ𝜙ሺ𝜉ሻሽ, and 𝜙௜ሺ0ሻ 𝑖 ൌ 0,1,2, and 3 
are the derivatives of 𝜙ሺ𝜉ሻ at 𝜉 ൌ 0.  

To simplify the calculation, the following two 
variables are introduced, 

𝜶 ൌ ටඥ𝚪𝟐 ൅ 𝜷𝟒 ൅ 𝚪  (23) 

𝜸 ൌ ටඥ𝚪𝟐 ൅ 𝜷𝟒 െ 𝚪  (24) 

Introducing the following definitions for the 
inverse Laplace of the terms in Eq. (22) as follows 

𝓛ି𝟏 ቄ
𝒔𝟑

𝒔𝟒ି𝟐𝚪𝒔𝟐ି𝜷𝟒ቅ ൌ
𝜶𝟐 𝐜𝐨𝐬𝐡ሺ𝜶 𝝃ሻା𝜸𝟐 𝐜𝐨𝐬ሺ𝜸 𝝃ሻ

𝜶𝟐ା𝜸𝟐 ≝ 𝑺𝟎ሺ𝝃ሻ

    (25) 

𝓛ି𝟏 ቄ
𝒔𝟐

𝒔𝟒ି𝟐𝚪𝒔𝟐ି𝜷𝟒ቅ ൌ
𝜶 𝐬𝐢𝐧𝐡ሺ𝜶 𝝃ሻା𝜸 𝐬𝐢𝐧ሺ𝜸 𝝃ሻ

𝜶𝟐ା𝜸𝟐 ≝ 𝑺𝟏ሺ𝝃ሻ 

   (26) 
𝓛ି𝟏 ቄ

𝒔

𝒔𝟒ି𝟐𝚪𝒔𝟐ି𝜷𝟒ቅ ൌ
𝐜𝐨𝐬𝐡ሺ𝜶 𝝃ሻି𝐜𝐨𝐬ሺ𝜸 𝝃ሻ

𝜶𝟐ା𝜸𝟐 ≝ 𝑺𝟐ሺ𝝃ሻ  

  (27) 
𝓛ି𝟏 ቄ

𝟏

𝒔𝟒ି𝟐𝚪𝒔𝟐ି𝜷𝟒ቅ ൌ
𝜸 𝐬𝐢𝐧𝐡ሺ𝜶 𝝃ሻି𝜶 𝐬𝐢𝐧ሺ𝜸 𝝃ሻ

𝜶 𝜸 ൫𝜶𝟐ା𝜸𝟐൯
≝ 𝑺𝟑ሺ𝝃ሻ 

   (28) 
Applying the inverse Laplace transform and 

adopting the foregoing defined functions yields the 
solution of Eq. (21) as 

 
𝝓ሺ𝝃ሻ ൌ 𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃ሻ െ

𝟐𝚪𝑺𝟑ሺ𝝃ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑ሺ𝝃ሻ ൅
𝜷𝟒 ∑ 𝜼𝒋

𝑵𝒎
𝒋ୀ𝟏 𝑺𝟑൫𝝃 െ 𝝃𝒎𝒋൯𝝓൫𝝃𝒎𝒋൯𝑯൫𝝃 െ 𝝃𝒎𝒋൯ െ

∑ 𝑲𝒔𝒋
𝑵𝒔
𝒋ୀ𝟏 𝑺𝟑൫𝝃 െ 𝝃𝒔𝒋൯𝝓൫𝝃𝒔𝒋൯𝑯൫𝝃 െ 𝝃𝒔𝒋൯ (29) 

Substituting 𝜉 ൌ 𝜉௦௜ ሺ𝑖 ൌ 1,2, … , 𝑁௦ሻ  into Eq. (29) 
yields a system of 𝑁௦ equations, 

𝝓ሺ𝝃𝒔𝒊ሻ ൅ ∑ 𝑲𝒋
𝑵𝒔
𝒋ୀ𝟏 𝑺𝟑൫𝝃𝒔𝒊 െ 𝝃𝒔𝒋൯𝝓൫𝝃𝒔𝒋൯𝑯൫𝝃𝒔𝒊 െ 𝝃𝒔𝒋൯ െ

𝜷𝟒 ∑ 𝜼𝒎𝒌
𝑵𝒎
𝒌ୀ𝟏 𝑺𝟑ሺ𝝃𝒔𝒊 െ 𝝃𝒎𝒌ሻ𝝓ሺ𝝃𝒎𝒌ሻ𝑯ሺ𝝃𝒔𝒊 െ 𝝃𝒎𝒌ሻ ൌ
𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃𝒔𝒊ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃𝒔𝒊ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃𝒔𝒊ሻ െ

𝟐𝚪𝑺𝟑ሺ𝝃𝒔𝒊ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐ሺ𝝃𝒔𝒊ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑ሺ𝝃𝒔𝒊ሻ  
 (30) 

 
Similarly, substituting 𝜉 ൌ 𝜉௠௜ ሺ𝑖 ൌ 1,2, … , 𝑁௠ሻ  

into Eq. (29) yields a system of 𝑁௠ equations, 
𝝓ሺ𝝃𝒎𝒊ሻ ൅ ∑ 𝑲𝒋

𝑵𝒔
𝒋ୀ𝟏 𝑺𝟑൫𝝃𝒎𝒊 െ 𝝃𝒔𝒋൯𝝓൫𝝃𝒔𝒋൯𝑯൫𝝃𝒎𝒊 െ 𝝃𝒔𝒋൯ െ

𝜷𝟒 ∑ 𝜼𝒎𝒌
𝑵𝒎
𝒌ୀ𝟏 𝑺𝟑ሺ𝝃𝒎𝒊 െ 𝝃𝒎𝒌ሻ𝝓ሺ𝝃𝒎𝒌ሻ𝑯ሺ𝝃𝒎𝒊 െ 𝝃𝒎𝒌ሻ ൌ

𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃𝒎𝒊ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃𝒎𝒊ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃𝒎𝒊ሻ െ
𝟐𝚪𝑺𝟑ሺ𝝃𝒎𝒊ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐ሺ𝝃𝒎𝒊ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑ሺ𝝃𝒎𝒊ሻ 

 (31) 
 
Eqs. (30) and (31) give a total of 𝑁௦ ൅ 𝑁௠ 

equations, which is equal to the number of unknowns, 
i.e., 𝜙൫𝜉௦௝൯ and 𝜙൫𝜉௠௝൯. Thus, the explicit solution of 
Eq. (21) can be achieved. However, in engineering 
applications, some of the concentrated masses may be 
collocated with the translational elastic supports, i.e., 
𝜉௦௝ ൌ 𝜉௠௞, leading to 𝜙൫𝜉௦௝൯ ൌ 𝜙ሺ𝜉௠௞ሻ, which would 
reduce the number of unknowns. In order to minimize 
the number of unknowns, one needs to renumber the 
intermediate supports and concentrated masses, as 
well as the corresponding positions of them.  

Assuming there are 𝑁௦௠ concentrated masses and 
elastic supports that are located at the same positions, 
Then the number of concentrated masses that are not 
collocated with elastic supports are 𝑁௠ െ 𝑁௦௠ and the 
number of elastic supports that are not collocated with 
concentrated masses are 𝑁௦ െ 𝑁௦௠. The author labels 
the elastic supports and concentrated masses, together 
with the positions of the supports and masses, 
according to the following rules. 

First, label the collocated concentrated mass and 
elastic supports with the same number. Second, label 
the elastic supports that are not collocated with the 
concentrated masses. Lastly, label the non-collocated 
concentrated masses. 

For a beam with three elastic supports and three 
concentrated masses with one collocated mass and 
elastic support as shown in Figure 3, i.e., 𝑁௦ ൌ 3, 
𝑁௠ ൌ 3, 𝑁௦௠=1, the labels of the elastic supports and 
concentrated masses as well as the corresponding 
positions are presented according to the above rules. 
In Figure 3, the elastic support 𝐾௝ and mass 𝜂ଵ share 
the same position 𝜉ଵ. 

 
Figure 3. The labels of the elastic supports and concentrated masses 

 

K1 K2 K3

1 1 4 4

2 3

5 5
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Based on the above rules, Eqs. (30) and (31) can 
be incorporated into one form as shown in the 
following equation (Eq. (32)),  

𝝓ሺ𝝃𝒊ሻ ൅ ∑ ൣ𝑲𝒋 െ 𝜷𝟒𝜼𝒋൧𝑺𝟑൫𝝃𝒊 െ 𝝃𝒋൯𝝓൫𝝃𝒋൯𝑯൫𝝃𝒊 െ𝑵𝒔𝒎
𝒋ୀ𝟏

𝝃𝒋൯ ൅ ∑ 𝑲𝒌
𝑵𝒔
𝒌ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃𝒊 െ 𝝃𝒌ሻ𝝓ሺ𝝃𝒌ሻ𝑯ሺ𝝃𝒊 െ 𝝃𝒌ሻ െ

𝜷𝟒 ∑ 𝜼𝒍
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒍ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃𝒊 െ 𝝃𝒍ሻ𝝓ሺ𝝃𝒍ሻ𝑯ሺ𝝃𝒊 െ 𝝃𝒍ሻ ൌ
𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃𝒊ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃𝒊ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃𝒊ሻ െ

𝟐𝚪𝑺𝟑ሺ𝝃𝒊ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐ሺ𝝃𝒊ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑ሺ𝝃𝒊ሻ (32) 
In Eq. (32), the second term on the left-hand sides 

denotes the contribution of the collocated elastic 
supports and concentrated masses, the third term 
represents the influences of the non-collocated 
intermediate supports, and the fourth term denotes the 
contribution of the non-collocated concentrated 
masses. 

Or concisely in matrix form, 

𝛀𝝓 ൌ 𝛗   (33) 
where Ω denotes a matrix of the size ሺ𝑁௦ ൅ 𝑁௠ െ
𝑁௦௠ሻ ൈ ሺ𝑁௦ ൅ 𝑁௠ െ 𝑁௦௠ሻ, 𝜙 ൌ
ሾ𝜙ሺ𝜉ଵሻ, 𝜙ሺ𝜉ଶሻ, . . . , 𝜙൫𝜉ேೞାே೘ିேೞ೘൯ሿ் is a column vector 
of size ሺ𝑁௦ ൅ 𝑁௠ െ 𝑁௦௠ሻ ൈ 1 and φ ൌ
ሾφሺ𝜉ଵሻ, φሺ𝜉ଶሻ, . . . , φ൫𝜉ேೞାே೘ିேೞ೘൯ሿ் is a column vector 
of size ሺ𝑁௦ ൅ 𝑁௠ െ 𝑁௦௠ሻ ൈ 1, and the superscript 𝑇 
indicates transpose of the vector. 

In Eq. (33), the unknown deflections at the elastic 
supports and concentrated masses can be rewritten as 

𝝓𝒊 ൌ 𝝓ሺ𝝃𝒊ሻ   (34) 
and the column vector on the right-hand side of Eq. 
(33) is defined as 

𝛗𝒋 ൌ 𝝓ሺ𝟎ሻൣ𝑺𝟎൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟐൫𝝃𝒋൯൧ ൅ 𝝓ᇱሺ𝟎ሻൣ𝑺𝟏൫𝝃𝒋൯ െ
𝟐𝚪𝑺𝟑൫𝝃𝒋൯൧ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐൫𝝃𝒋൯ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑൫𝝃𝒋൯ (35) 

Besides, in element form, Ω can be written in Eq. 
(36), 

𝛀𝒊𝒋 ൌ

⎩
⎪
⎨

⎪
⎧

𝟏
ൣ𝑲𝒋 െ 𝜷𝟒𝜼𝒋൧𝑺𝟑൫𝝃𝒊 െ 𝝃𝒋൯𝑯൫𝝃𝒊 െ 𝝃𝒋൯    

𝑲𝒋𝑺𝟑൫𝝃𝒊 െ 𝝃𝒋൯𝑯൫𝝃𝒊 െ 𝝃𝒋൯

െ𝜷𝟒𝜼𝒋𝑺𝟑൫𝝃𝒊 െ 𝝃𝒋൯𝑯൫𝝃𝒊 െ 𝝃𝒋൯

𝒊𝒇 𝒊 ൌ 𝒋
𝒊𝒇 𝒊 ് 𝒋 ሺ𝟏 ൑ 𝒋 ൑ 𝑵𝒔𝒎ሻ

𝒊𝒇 𝒊 ് 𝒋 ሺ𝑵𝒔𝒎 ൅ 𝟏 ൑ 𝒋 ൑ 𝑵𝒔ሻ
𝒊𝒇 𝒊 ് 𝒋 ሺ𝑵𝒔 ൅ 𝟏 ൑ 𝒋 ൑ 𝑵𝒎 ൅ 𝑵𝒔 െ 𝑵𝒔𝒎ሻ

 (36) 

 
The displacements of the elastic support and/or 

concentrated masses can be obtained as 𝜙 ൌ Ωିଵφ. In 
element form, and adopting the Einstein convention, 
the unknown deflections at the elastic supports and 

the concentrated masses are solved as 𝜙௜ ൌ Ω௜௝
ିଵφ௝. 

Introducing 𝜙௜into Eq. (29), the explicit mode shape 
can be written in Eq. (37) 

𝝓ሺ𝝃ሻ ൌ 𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟑ሺ𝝃ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝑺𝟐ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝑺𝟑ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ𝑵𝒔𝒎
𝒊ୀ𝟏

𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝛗𝒋𝑯ሺ𝝃 െ 𝝃𝒊ሻ െ ∑ 𝑲𝒊

𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝛗𝒋𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ

𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝛗𝒋𝑯ሺ𝝃 െ 𝝃𝒊ሻ   (37) 

Performing some simple algebra manipulations 
gives the exact and explicit solution in Eq. (38), 

𝝓ሺ𝝃ሻ ൌ 𝝓ሺ𝟎ሻሾ𝑺𝟎ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏 ቀ𝑺𝟎൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟐൫𝝃𝒋൯ቁ 𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒊ୀ𝟏 െ

∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟎൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟐൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅ 𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟎൫𝝃𝒋൯ െ

𝟐𝚪𝑺𝟐൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻሿ ൅ 𝝓ᇱሺ𝟎ሻሾ𝑺𝟏ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟑ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑൫𝝃 െ 𝝃𝒋൯𝛀𝒊𝒋
ି𝟏 ቀ𝑺𝟏൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟑൫𝝃𝒋൯ቁ 𝑯൫𝝃 െ𝑵𝒔𝒎

𝒊ୀ𝟏

𝝃𝒋൯ െ ∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟏൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟑൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅ 𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟏൫𝝃𝒋൯ െ

𝟐𝚪𝑺𝟑൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻሿ ൅ 𝝓ᇱᇱሺ𝟎ሻሾ𝑺𝟐ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒋ୀ𝟏 െ ∑ 𝑲𝒊

𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ

𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅ 𝜷𝟒 ∑ 𝜼𝒊

𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻሿ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻሾ𝑺𝟑ሺ𝝃ሻ െ

∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒊ୀ𝟏 െ ∑ 𝑲𝒊

𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅

𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻሿ  (38) 
 

4. BOUNDARY CONDITIONS 
 
According to [21], the general boundary 

conditions  of a beam (see Figure 1) with translational 
and rotational elastic supports at the two ends can be 
written as 

𝝓ᇱᇱᇱሺ𝟎ሻ ൌ െ𝑲𝟎𝒕𝝓ሺ𝟎ሻ   (39) 
𝝓ᇱᇱሺ𝟎ሻ ൌ 𝑲𝟎𝒓𝝓ᇱሺ𝟎ሻ   (40) 
𝝓ᇱᇱᇱሺ𝟏ሻ ൌ 𝑲𝟏𝒕𝝓ሺ𝟏ሻ   (41) 
𝝓ᇱᇱሺ𝟏ሻ ൌ െ𝑲𝟏𝒓𝝓ᇱሺ𝟏ሻ   (42) 

where 𝐾଴௧ ൌ
௞బ೟௅య

ாబூబ
, 𝐾଴௥ ൌ

௞బೝ௅

ாబூబ
, 𝐾ଵ௧ ൌ

௞ಽ೟௅య

ாబூబ
, and 

𝐾ଵ௥ ൌ
௞ಽೝ௅

ாబூబ
.  

 
5. Frequency equation and mode shape 
function 

 
Assuming the mode shape can be simplified as 
𝝓ሺ𝝃ሻ ൌ 𝝓ሺ𝟎ሻ𝚿𝟎ሺ𝝃ሻ ൅ 𝝓ᇱሺ𝟎ሻ𝚿𝟏ሺ𝝃ሻ ൅ 𝝓ᇱᇱሺ𝟎ሻ𝚿𝟐ሺ𝝃ሻ ൅

𝝓ᇱᇱᇱሺ𝟎ሻ𝚿𝟑ሺ𝝃ሻ  (43) 
where Ψ௝ሺ𝜉ሻ ൌ 𝑆௝ሺ𝜉ሻ ሺ𝑗 ൌ 0, 1, 2 and 3ሻ are defined 
as 

𝚿𝟎ሺ𝝃ሻ ൌ 𝑺𝟎ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟐ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏 ቀ𝑺𝟎൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟐൫𝝃𝒋൯ቁ 𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒊ୀ𝟏 െ
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∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟎൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟐൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅ 𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟎൫𝝃𝒋൯ െ

𝟐𝚪𝑺𝟐൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ (44) 
 

𝚿𝟏ሺ𝝃ሻ ൌ 𝑺𝟏ሺ𝝃ሻ െ 𝟐𝚪𝑺𝟑ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑൫𝝃 െ 𝝃𝒋൯𝛀𝒊𝒋
ି𝟏 ቀ𝑺𝟏൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟑൫𝝃𝒋൯ቁ 𝑯൫𝝃 െ 𝝃𝒋൯𝑵𝒔𝒎

𝒊ୀ𝟏 െ

∑ 𝑲𝒊
𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟏൫𝝃𝒋൯ െ 𝟐𝚪𝑺𝟑൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅ 𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏ሺ𝑺𝟏൫𝝃𝒋൯ െ

𝟐𝚪𝑺𝟑൫𝝃𝒋൯ሻ𝑯ሺ𝝃 െ 𝝃𝒊ሻ     (45) 
 

𝚿𝟐ሺ𝝃ሻ ൌ 𝑺𝟐ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒋ୀ𝟏 െ ∑ 𝑲𝒊

𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅

𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟐൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ (46) 
 

𝚿𝟑ሺ𝝃ሻ ൌ 𝑺𝟑ሺ𝝃ሻ െ ∑ ሾ𝑲𝒊 െ 𝜷𝟒𝜼𝒊ሿ𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋
ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ

𝑵𝒔𝒎
𝒊ୀ𝟏 െ ∑ 𝑲𝒊

𝑵𝒔
𝒊ୀ𝑵𝒔𝒎ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ ൅

𝜷𝟒 ∑ 𝜼𝒊
𝑵𝒎ା𝑵𝒔ି𝑵𝒔𝒎
𝒊ୀ𝑵𝒔ା𝟏 𝑺𝟑ሺ𝝃 െ 𝝃𝒊ሻ𝛀𝒊𝒋

ି𝟏𝑺𝟑൫𝝃𝒋൯𝑯ሺ𝝃 െ 𝝃𝒊ሻ   (47) 
 
The above four functions are termed as the shape 

functions of a Euler-Bernoulli beam with multiple 
translational elastic supports and concentrated masses 

under an axial force. Combining Eq. (43) and Eqs. 
(39) – (42), yields Eq. (48), the form of which is the 
same as Ref. Applying the frequency equations [21], 

 

⎣
⎢
⎢
⎡

𝚿𝟎
ᇱᇱᇱሺ𝟎ሻ ൅ 𝑲𝟎𝒕

𝚿𝟎
ᇱᇱሺ𝟎ሻ

𝚿𝟎
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟎ሺ𝟏ሻ𝑲𝟏𝒕

𝚿𝟎
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟎

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟏
ᇱᇱᇱሺ𝟎ሻ

𝚿𝟏
ᇱᇱሺ𝟎ሻ െ 𝑲𝟎𝒓

  𝚿𝟏
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟏ሺ𝟏ሻ𝑲𝟏𝒕  

𝚿𝟏
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟏

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟐
ᇱᇱᇱሺ𝟎ሻ  

𝚿𝟐
ᇱᇱሺ𝟎ሻ

𝚿𝟐
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟐ሺ𝟏ሻ𝑲𝟏𝒕  

𝚿𝟐
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟐

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟑
ᇱᇱᇱሺ𝟎ሻ

𝚿𝟑
ᇱᇱሺ𝟎ሻ

𝚿𝟑
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟑ሺ𝟏ሻ𝑲𝟏𝒕

𝚿𝟑
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟑

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓 ⎦
⎥
⎥
⎤

൮

𝝓ሺ𝟎ሻ
𝝓ᇱሺ𝟎ሻ
𝝓ᇲᇲሺ𝟎ሻ
𝝓ᇲᇲᇲሺ𝟎ሻ

൲ ൌ ൮

𝟎
𝟎
𝟎
𝟎

൲

 (48) 

The characteristic equation of the frequency is 
written as  

 

ተተ

𝚿𝟎
ᇱᇱᇱሺ𝟎ሻ ൅ 𝑲𝟎𝒕

𝚿𝟎
ᇱᇱሺ𝟎ሻ

𝚿𝟎
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟎ሺ𝟏ሻ𝑲𝟏𝒕

𝚿𝟎
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟎

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟏
ᇱᇱᇱሺ𝟎ሻ

𝚿𝟏
ᇱᇱሺ𝟎ሻ െ 𝑲𝟎𝒓

  𝚿𝟏
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟏ሺ𝟏ሻ𝑲𝟏𝒕  

𝚿𝟏
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟏

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟐
ᇱᇱᇱሺ𝟎ሻ  

𝚿𝟐
ᇱᇱሺ𝟎ሻ

𝚿𝟐
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟐ሺ𝟏ሻ𝑲𝟏𝒕  

𝚿𝟐
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟐

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

𝚿𝟑
ᇱᇱᇱሺ𝟎ሻ

𝚿𝟑
ᇱᇱሺ𝟎ሻ

𝚿𝟑
ᇱᇱᇱሺ𝟏ሻ െ 𝚿𝟑ሺ𝟏ሻ𝑲𝟏𝒕

𝚿𝟑
ᇱᇱሺ𝟏ሻ ൅ 𝚿𝟑

ᇱ ሺ𝟏ሻ𝑲𝟏𝒓

ተተ ൌ 𝟎 (49) 

 

According to [21], the frequency equation and 
mode shape function for the conventional boundary 
conditions can be written as. 

(1): Pinned-Pinned  
Characteristic equation (frequency) 
 

ฬ
𝚿𝟏ሺ𝟏ሻ 𝚿𝟑ሺ𝟏ሻ
𝚿𝟏

ᇱᇱሺ𝟏ሻ 𝚿𝟑
ᇱᇱሺ𝟏ሻฬ ൌ 𝟎   (50) 

 
Mode shape function 
 

𝝓ሺ𝝃ሻ ൌ 𝝓ᇱሺ𝟎ሻ𝚿𝟏ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝚿𝟑ሺ𝝃ሻ (51) 
 
(2) Clamped-Clamped 
 
Characteristic equation (frequency) 
 

ฬ
𝚿𝟐ሺ𝟏ሻ 𝚿𝟑ሺ𝟏ሻ
𝚿𝟐

ᇱ ሺ𝟏ሻ 𝚿𝟑
ᇱ ሺ𝟏ሻฬ ൌ 𝟎   (52) 

Mode shape function 
𝝓ሺ𝝃ሻ ൌ 𝝓ᇱᇱሺ𝟎ሻ𝚿𝟐ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝚿𝟑ሺ𝝃ሻ (53) 

 
(3): Clamped-Free 
Characteristic equation (frequency) 

 

ฬ
𝚿𝟐

ᇱᇱሺ𝟏ሻ 𝚿𝟑
ᇱᇱሺ𝟏ሻ

𝚿𝟐
ᇱᇱᇱሺ𝟏ሻ 𝚿𝟑

ᇱᇱᇱሺ𝟏ሻฬ ൌ 𝟎   (54) 

Mode shape function 
 

𝝓ሺ𝝃ሻ ൌ 𝝓ᇱᇱሺ𝟎ሻ𝚿𝟐ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝚿𝟑ሺ𝝃ሻ (55) 
(4): Clamped-Pinned 
 
Characteristic equation (frequency) 

 

ฬ
𝚿𝟐ሺ𝟏ሻ 𝚿𝟑ሺ𝟏ሻ
𝚿𝟐

ᇱᇱሺ𝟏ሻ 𝚿𝟑
ᇱᇱሺ𝟏ሻฬ ൌ 𝟎   (56) 

 
Mode shape function 
 

𝝓ሺ𝝃ሻ ൌ 𝝓ᇱᇱሺ𝟎ሻ𝚿𝟐ሺ𝝃ሻ ൅ 𝝓ᇱᇱᇱሺ𝟎ሻ𝚿𝟑ሺ𝝃ሻ (57) 
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It is worth noting that these frequency equations 

and mode shape functions share the same form as in 
[21], although the beams are different.  
 
6. VERIFICATION 
 

Two numerical examples are demonstrated in this 
section to show the validity of the developed 
theoretical model and the proposed shape function 
method (SFM). The first example comes from the 
published literature, which was solved by the Green’s 
function method (GFM) by Kukla [20]. The obtained 
results by the current shape function method are 
compared with the original solutions by the Green’s 
function method.  

In the second example, a beam with 100 
intermediate elastic supports and 100 concentrated 
masses under axial force is solved by implementing 
the shape function method. This example is purposely 
designed to illustrate that the proposed shape function 
can be applied to a large number of elastic supports 
and concentrated masses. Since it is known that when 
the numbers of elastic supports and masses are large 
and are evenly distributed along the beam, the 
vibration frequencies and mode shapes by the shape 
function method should be approaching to those of a 
beam on an elastic foundation with equivalent 
stiffness and mass. 

 
6.1. Numerical example 1 

 
As the first example, the symmetric beams with 

two intermediate translational elastic supports and 
two concentrated masses under axial force as shown 
in Figure 4. The numerical calculations are obtained 
for beams with different sets of boundary conditions, 
i.e., Pinned-Pinned (P-P) and Clamped-Clamped (C-
C).  

To examine the effects of the non-dimensional 
axial load Γ and concentrated masses 𝜂ଵ ൌ 𝜂ଶ on the 
first four frequencies, the position parameter 𝜉ଵ is 
continuously varied from 0 to 0.5. The stiffness of the 
supports 𝐾ଵ ൌ 𝐾ଶ ൌ 1000 are adopted. Besides, two 
cases of the axial force Γ are considered, i.e.,             
Γ ൌ 50 or 250. The frequency response curves 
corresponding to three different cases of concentrated 
masses, i.e.,  𝜂ଵ ൌ 𝜂ଶ ൌ 0,0.1, or 0.5, are calculated. 
Applying Eqs. (50) and (52), the obtained frequency 
response curve of the first four modes for the P-P 
beam and C-C beam are shown in Figure 5 and Figure 
6, respectively. To justify the validity of the proposed 
shape function method, the results obtained by the 
Green’s function method in the literature [20] are also 
presented. As is observed from Figure 5 and Figure 6, 
the results by the shape function method comply very 
well with those of the Green’s function method. 

 
(a) 

 
(b) 

Figure 4. A beam with two intermediate translational elastic supports and two concentrated masses under axial force. 
(a) P-P. (b) C-C 
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(a) (b)

(c) (d)

 
Figure 5. Comparison between the Shape Function Method (SFM) and the Green’s function method (GFM) [20] for a 

P-P beam. (a) First mode. (b) Second mode. (c) Third mode. (d) Fourth mode 

(a) (b)

(c) (d)

 
Figure 6. Comparison between the Shape Function Method (SFM) and the Green’s function method (GFM) [20] for a C 

-C beam. (a) First mode. (b) Second mode. (c) Third mode. (d) Fourth mode 
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6.2. Numerical example 2 
 

The vibration frequencies and mode shapes for a 
Clamped-Pinned (C-P) beam on an elastic foundation 
under axial force as shown in Figure 7(a) can be 

approached by those of a C-P beam with 100 
intermediate translational elastic supports and 100 
concentrated masses under the axial force in Figure 
7(b), as is demonstrated in this example.  

 

 
(a) 

 
(b) 

Figure 7. A C-P beam under an axial force. (a) On elastic foundation. (b) With 100 intermediate elastic supports and 
100 concentrated masses 

Assuming the stiffnesses of the elastic supports 
𝐾ଵ ൌ 𝐾ଶ ൌ 𝐾ଷ ൌ ⋯ ൌ 𝐾ଵ଴଴ and the magnitude of the 
concentrated masses 𝜂ଵ ൌ 𝜂ଶ ൌ 𝜂ଷ ൌ ⋯ ൌ 𝜂ଵ଴଴ are 
known, then the equivalent stiffness of the elastic 
foundation and the additional equivalent non-
dimensional mass due to the concentrated masses are 
obtained as 

𝑲𝒇 ൌ 𝑲𝒊/𝜟                 ሺ𝒊 ൌ 𝟏, 𝟐, . . . , 𝟏𝟎𝟎ሻ (58) 
𝜼𝒇 ൌ 𝜼𝒊/𝜟                 ሺ𝒊 ൌ 𝟏, 𝟐, . . . , 𝟏𝟎𝟎ሻ (59) 

 
where 𝐾௙ is the equivalent stiffness of the elastic 
foundation, 𝐾௜ is the stiffness of each elastic support, 
Δ is the space between the elastic supports as shown 
in Figure 7(b), 𝜂௙ is the additional equivalent mass of 
the elastic foundation, and 𝜂௜ is the magnitude of each 
non-dimensional concentrated masses. 

The governing equation of vibration of the beam 
on an elastic foundation shown in Figure 7(a) is 
formulated as, 

 
𝝓ሺ𝒊𝒗ሻሺ𝝃ሻ െ 𝟐𝚪𝝓ᇱᇱሺ𝝃ሻ െ 𝜷𝒆

𝟒𝝓ሺ𝝃ሻ ൌ 𝟎  (60) 
the solution of which can be obtained by the Laplace 
transform method, which has a similar form as in Eqs. 
(43) - (47), excluding the terms involving the Dirac’s 
delta function. After 𝛽௘ is obtained, the non-
dimensional vibration frequencies of the beam on 
elastic foundation in Figure 7(a) can be achieved by 

𝛽 ൌ ඨ
ఉ೐

రା௄೑

ଵାఎ೑

ర
, and the corresponding vibration mode 

shapes can be graphed. 
Two cases of axial force are considered in this 
example, i.e., Γ ൌ 50 or 250, and the magnitude of 

the non-dimensional masses 𝜂௜ ൌ 0.1 ሺ𝑖 ൌ
1,2, . . . ,100ሻ is adopted. To consider the influences of 
the stiffnesses of the elastic supports, five different 
levels of stiffness are considered, i.e., 𝐾௜ ൌ
1, 5, 25, 100, and 500. Applying Eqs. (50) and (51) 
the first four vibration frequencies of the beam with 
100 evenly-distributed intermediate elastic supports 
and 100 concentrated masses under axial force 
(Figure 7(a)) are tabulated in  
Table 2 and Table 3, together with the solutions of the 
beam on an elastic foundation (Figure 7(a)).  

The normalized vibration mode shapes for the 
beam with 100 evenly-distributed intermediate elastic 
supports and 100 concentrated masses under axial 
force by the shape function method and the mode 
shapes of the beam on an elastic foundation are 
graphed in Figure 8.  

It is observed in  
Table 2, Table 3, and Figure 8 that the frequency 

responses and mode shapes of the proposed shape 
function method are in excellent agreement with the 
solution of the vibration of an equivalent beam on an 
elastic foundation, suggesting that the shape function 
method could handle a large number of elastic 
supports and concentrated masses. It is worth noting 
that the order of the frequency equation of the beam 
in Figure 7(a) by the current shape function method is 
2. However, for the Green’s function method, the 
order of the frequency equation is 100, which is the 
same as the number of the intermediate supports or 
masses. The efficiency of the shape function method 
is justified. 

Elastic foundation Kf

1

...K1 K2 K3
K100
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Table 2. Non-dimensional frequency comparison between the SFM and the solution on an elastic foundation for a C-P 
beam with 100 intermediate elastic supports and 100 concentrated masses under axial force 𝚪 ൌ 𝟓𝟎 

Method  Stiffness Mode No.  
    1 2 3 4 
SFM 𝐾௜ ൌ 1  3.374462 4.984277 6.543467 8.124326 
  𝐾௜ ൌ 5 3.589767 5.056189 6.575705 8.141241 
  𝐾௜ ൌ 25 4.319246 5.376425 6.730183 8.224276 
  𝐾௜ ൌ 100 5.665775 6.241902 7.231089 8.515170 
  𝐾௜ ൌ 500 8.266694 8.474468 8.935084 9.712068 
Elastic foundation 𝐾௜ ൌ 1  3.374462 4.984277 6.543467 8.124327 
  𝐾௜ ൌ 5 3.589767 5.056189 6.575705 8.141242 
  𝐾௜ ൌ 25 4.319246 5.376425 6.730184 8.224277 
  𝐾௜ ൌ 100 5.665775 6.241902 7.231089 8.515171 
  𝐾௜ ൌ 500 8.266694 8.474468 8.935084 9.712069 
Error (%) 𝐾௜ ൌ 1  3.39E-07 1.84E-06 5.58E-06 1.34E-05 
  𝐾௜ ൌ 5 2.49E-07 1.71E-06 5.45E-06 1.32E-05 
  𝐾௜ ൌ 25 8.48E-08 1.26E-06 4.87E-06 1.26E-05 
  𝐾௜ ൌ 100 2.77E-09 5.44E-07 3.39E-06 1.06E-05 
  𝐾௜ ൌ 500 7.14E-08 1.49E-08 9.13E-07 5.27E-06 

 
Table 3. Non-dimensional frequency comparison between SFM and the solution on an elastic foundation for a C-P 

beam with 100 intermediate elastic supports and 100 concentrated masses under axial force 𝚪 ൌ 𝟏𝟎𝟎. 

Method  Foundation stiffness Mode No.  
    1 2 3 4 
SFM 𝐾௜ ൌ 1  3.874091 5.616343 7.190808 8.740892 
  𝐾௜ ൌ 5  4.021905 5.667015 7.215156 8.754485 
  𝐾௜ ൌ 25  4.589408 5.901974 7.333344 8.821518 
  𝐾௜ ൌ 100  5.792835 6.598537 7.732213 9.060182 
  𝐾௜ ൌ 500  8.308677 8.625571 9.216078 10.093165 
Elastic foundation 𝐾௜ ൌ 1  3.874091 5.616343 7.190808 8.740893 
  𝐾௜ ൌ 5  4.021905 5.667015 7.215156 8.754486 
  𝐾௜ ൌ 25  4.589408 5.901975 7.333345 8.821520 
  𝐾௜ ൌ 100  5.792835 6.598537 7.732213 9.060183 
  𝐾௜ ൌ 500  8.308677 8.625571 9.216078 10.093165 
Error (%) 𝐾௜ ൌ 1  6.32E-07 2.99E-06 8.16E-06 1.80E-05 
  𝐾௜ ൌ 5  5.26E-07 2.86E-06 8.05E-06 1.79E-05 
  𝐾௜ ൌ 25  2.60E-07 2.35E-06 7.42E-06 1.72E-05 
  𝐾௜ ൌ 100  4.31E-08 1.30E-06 5.71E-06 1.52E-05 
  𝐾௜ ൌ 500  3.52E-08 1.59E-07 2.09E-06 8.58E-06 

 

 
(a)

 
(b) 

 
Figure 8. The first four mode shapes for a beam with 100 intermediate elastic supports and 100 concentrated masses 
under axial force by the shape function method and for a beam on an elastic foundation with equivalent stiffness and 

mass. (a) 𝚪 ൌ 𝟓𝟎. (b) 𝚪 ൌ 𝟏𝟎𝟎 
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7. PARAMETRIC STUDY 
 

In this section, beams with three intermediate 
translational elastic supports and three concentrated 
masses with varied sets of boundary conditions as 
shown in Figure 9 are investigated. The magnitudes 
of the non-dimensional masses 𝜂ଵ ൌ 𝜂ଶ ൌ 𝜂ସ and the 
stiffnesses of the supports  𝐾ଵ ൌ 𝐾ଶ ൌ 𝐾ଷ. The relative 
positions of the elastic supports and the concentrated 
masses are 𝜉ଵ ൌ 0.25, 𝜉ଵ ൌ 0.75, 𝜉ଷ ൌ 0.5, and 𝜉ସ ൌ
0.375. It is worth pointing out that only two masses 
(𝜂ଵ and 𝜂ଶ) are colocated with two elastic supports 

(𝐾ଵ and 𝐾ଶ), while the position of the third mass 𝜂ସ 
is different from that of 𝐾ଷ (see Figure 9). The purpose 
of this arrangement is to show that the position of the 
intermediate elastic support can be different from that 
of the concentrated mass, overcoming the limitations 
of the Green’s function method developed by Kukla 
[20], in which the position of the supports and the 
masses must the same. 

In this parametric study, the influences of the 
boundary conditions, the stiffness of the intermediate 
elastic supports, and the axial force on the vibration 
frequencies and mode shapes are investigated. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9. A beam with three intermediate elastic supports and three concentrated masses under axial force. (a) P-P. (b) 
C-C. (c) C-F. (d) C-P 

 
7.1. Elastic boundary conditions 

 
In order to show that the general solution in Eqs. 

(43) - (49) can accommodate many sets of boundary 
conditions, the conventional boundary conditions 
(CBC) are approached by the elastic boundary 

conditions (EBC) by increasing the stiffness of the 
translational and rotational springs as shown in Figure 
10. The magnitudes of the non-dimensional masses 
𝜂ଵ ൌ 𝜂ଶ ൌ 𝜂ସ ൌ 0.1 and the stiffnesses of the 
supports  𝐾ଵ ൌ 𝐾ଶ ൌ 𝐾ଷ ൌ 1000 are applied, 
assuming Γ ൌ 50. 
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Figure 10. A beam with three intermediate elastic supports and three concentrated masses under axial force subjected to 

translational and rotational elastic boundary conditions 

Applying Eqs. (50) - (57), the first four vibration 
frequencies of the beams in Figure 9 are tabulated in 
Table 4 and the first four mode shapes are 
demonstrated in Figure 11. Applying Eqs. (43) and 
(49), the first four vibration frequencies of the beam 
with three intermediate translational elastic supports 
and three concentrated masses are presented in Table 
4 as well as the percentage errors between the CBC 
and EBC, and the corresponding mode shapes are 
graphed in Figure 11. It is observed in Table 4 that for 
the P-P, C-F, and C-P beam when the stiffnesses of 
the boundary translational and/or rotational spring are 
10଺, the errors between the EBC and CBC are 
insignificant. However, for the C-C beam, the 

stiffnesses of the translational and rotational spring 
need to be 10ଵଶ, which is much higher. Besides, the 
first four vibration mode shapes of the beam under 
CBC and EBC are in good agreement. Based on the 
above analysis, it is remarked that the conventional 
boundary conditions (P-P, C-C, C-F, and C-P) can be 
represented by the elastic boundary conditions with 
sufficient translational and/or rotational stiffnesses, 
i.e., 𝐾଴௧, 𝐾଴௥, 𝐾ଵ௧, and 𝐾ଵ௥. In fact, the conventional 
boundary conditions can be simulated by setting 
𝐾଴௧ → ∞, 𝐾଴௥ → ∞, 𝐾ଵ௧ → ∞, and 𝐾ଵ௥ → ∞. The 
interested readers may refer to Ref. [9] for more 
details. 

Table 4. Non-dimensional frequency comparison between CBC and EBC for a beam with 3 intermediate elastic 
supports and 3 concentrated masses 

Mode number Label CBC (EBC) Non-dimensional frequency 
   CBC EBC Error (%) 
First mode  (a)  Pinned-Pinned (𝐾଴୲ ൌ 𝐾ଵ୲ ൌ 10଺, 

𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50)
8.027521 8.027458 7.74E-04 

  (b)  Clamped-Clamped (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10ଵଶ, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 10ଵଶ, Γ ൌ 50) 

8.324123 8.324114 9.86E-05 

  (c)  Clamped-Free (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ

4.319628 4.319628 2.31E-06 

  (d)  Clamped-Pinned (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 10଺, 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ

8.147256 8.147044 2.60E-03 

Second mode  (a)  Pinned-Pinned (𝐾଴୲ ൌ 𝐾ଵ୲ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50)

9.074543 9.074293 2.75E-03 

  (b)  Clamped-Clamped (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10ଵଶ, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 10ଵଶ, Γ ൌ 50)

9.692121 9.692164 4.44E-04 

  (c)  Clamped-Free (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ  

8.292576 8.292324 3.04E-03 

  (d)  Clamped-Pinned (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 10଺, 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ

9.390856 9.390002 9.10E-03 

Third mode  (a)  Pinned-Pinned (𝐾଴୲ ൌ 𝐾ଵ୲ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50) 

11.563899 11.563107 6.85E-03 

  (b)  Clamped-Clamped (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10ଵଶ, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 10ଵଶ, Γ ൌ 50)

12.342462 12.342052 3.32E-03 

  (c)  Clamped-Free (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ  

9.686742 9.685987 7.80E-03 

  (d)  Clamped-Pinned (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 10଺, 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ

11.937200 11.935461 1.46E-02 

Fourth mode 
 

(a)  Pinned-Pinned (𝐾଴୲ ൌ 𝐾ଵ୲ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50)

14.206056 14.203810 1.58E-02 

  (b)  Clamped-Clamped (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10ଵଶ, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 10ଵଶ, Γ ൌ 50) 

15.339018 15.346741 5.03E-02 

  (c)  Clamped-Free (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ

12.356885 12.355437 1.17E-02 

  (d)  Clamped-Pinned (𝐾଴୲ ൌ 𝐾଴୰ ൌ 10଺, 
𝐾ଵ୲ ൌ 10଺, 𝐾ଵ୰ ൌ 0, Γ ൌ 50ሻ  

14.723988 14.720109 2.63E-02 
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(a)

 
(b) 

 
(c)

 
(d) 

 
Figure 11. The first four mode shapes for a beam with 3 intermediate elastic supports and 3 concentrated masses under 
the CBC ((a) P-P, (b) C-C, (c) C-F, and (d) C-P) and EBC ((a) 𝑲𝟎𝐭 ൌ 𝑲𝟏𝐭 ൌ 𝟏𝟎𝟔, 𝑲𝟏𝐭 ൌ 𝑲𝟏𝐫 ൌ 𝟎, 𝚪 ൌ 𝟓𝟎, (b) 𝑲𝟎𝐭 ൌ

𝑲𝟎𝐫 ൌ 𝟏𝟎𝟔, 𝑲𝟏𝐭 ൌ 𝑲𝟏𝐫 ൌ 𝟏𝟎𝟔, 𝚪 ൌ 𝟓𝟎, (c) 𝑲𝟎𝐭 ൌ 𝑲𝟎𝐫 ൌ 𝟏𝟎𝟔, 𝑲𝟏𝐭 ൌ 𝑲𝟏𝐫 ൌ 𝟎, 𝚪 ൌ 𝟓𝟎, and (d) 𝑲𝟎𝐭 ൌ 𝑲𝟎𝐫 ൌ
𝟏𝟎𝟔, 𝑲𝟏𝐭 ൌ 𝟏𝟎𝟔, 𝑲𝟏𝐫 ൌ 𝟎, 𝚪 ൌ 𝟓𝟎) 

 
7.2. Influence of axial force 
 

The influences of the axial force on the vibration 
frequencies and mode shapes are studied in this 
section. The same position parameters of the supports 
and masses, and the non-dimensional stiffnesses 𝐾௜ ൌ
1000 ሺ𝑖 ൌ 1, 2, and 3ሻ of the elastic supports and 
non-dimensional masses 𝜂௜ ൌ 1000 are adopted in 
this investigation. Six scenarios of the axial force are 
considered for the P-P beam and C-P beam, i.e., Γ ൌ
0, 50, 100, 150, 200, and 250. 

Applying the frequency equations in Eqs. (50) and 
(56), the calculated vibration frequencies are 
tabulated in  

Table 5. To better visualize the trend of the 
frequency change due to the increase of the axial 
force, the calculated frequencies in  

Table 5 graphed in Figure 12. Implementing the 
mode shape equations in Eqs. (51) and (57), the 
obtained first four mode shapes of the beam with 
different axial forces are presented in Figure 13 and 
Figure 14.  

 

Table 5. Non-dimensional frequency of a beam with three concentrated masses and three intermediate elastic supports 
under different boundary conditions and varied axial forces 

Boundary condition  Support stiffness Mode No.  
    1 2 3 4 
P-P Γ ൌ 0  12.465287 12.493507 12.566371 13.000278 
  Γ ൌ 50  12.974863 12.993773 13.882409 14.206056 
  Γ ൌ 100  13.178955 13.384021 14.731551 15.418762 
  Γ ൌ 150  13.326022 13.733378 15.421708 16.398376 
  Γ ൌ 200  13.455018 14.042854 16.004181 17.228469 
 Γ ൌ 250  13.572191 14.323529 16.511628 17.953415 
C-P Γ ൌ 0  12.471909 12.538358 12.982844 14.524617 
 Γ ൌ 50  12.984807 13.213472 14.030045 15.398398 
  Γ ൌ 100  13.226804 13.582392 14.992418 16.237103 
  Γ ൌ 150  13.387615 13.922463 15.712748 17.023595 
  Γ ൌ 200  13.521927 14.225851 16.293163 17.746045 
  Γ ൌ 250  13.641767 14.501211 16.788192 18.405007 
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(a)

 
(b) 

Figure 12. The first four vibration frequencies versus the axial force. (a) P-P beam. (b) C-P beam 

As is shown in Figure 12 (a) and (b), the vibration 
frequencies increase when the axial tensile force 
increases for both the P-P beam and the C-P beam. 
However, the increasing rates of the higher modes are 
higher than that of the lower modes. For example, the 
increase rate of the second mode is higher than the 
first mode as is shown by the slope of the curve. For 
the same level of the axial force, the vibration 
frequencies of the first four modes of the C-P beam 

are higher than those of the P-P beam. This indicates 
that stronger restraint of the boundary conditions may 
result in higher vibration frequency.  When the axial 
force is increased from 0 to 250, the vibration 
frequencies of the first four modes of the P-P beam 
are increased by approximately 8.88%, 14.65%, 
31.40%, and 38.10%, respectively. The frequency 
increases for the C-P beam are approximately 9.38%, 
15.71%, 30.28%, and 29.85%, respectively. 
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Figure 13. The first four mode shapes for a P-P beam with 3 concentrated masses and 3 intermediate elastic supports 

under varied axial forces. (a) 𝚪 ൌ 𝟎. (b) 𝚪 ൌ 𝟓𝟎. (c) 𝚪 ൌ 𝟏𝟎𝟎. (d) 𝚪 ൌ 𝟏𝟓𝟎. (e) 𝚪 ൌ 𝟐𝟎𝟎. (f) 𝚪 ൌ 𝟐𝟓𝟎 
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Figure 14. The first four mode shapes for a C-P beam with 3 concentrated masses and 3 intermediate elastic supports 

under varied axial forces. (a) 𝚪 ൌ 𝟎. (b) 𝚪 ൌ 𝟓𝟎. (c) 𝚪 ൌ 𝟏𝟎𝟎. (d) 𝚪 ൌ 𝟏𝟓𝟎. (e) 𝚪 ൌ 𝟐𝟎𝟎. (f) 𝚪 ൌ 𝟐𝟓𝟎 

 
7.3. Influence of stiffness of elastic supports 
 

In order to study the influences of the stiffness of 
the intermediate translational elastic supports, the 
same magnitude of masses, axial force, and position 
parameters as in section 7.1 are adopted. However, 
the stiffnesses 𝐾௜ ሺ𝑖 ൌ 1, 2, and 3ሻ of the elastic 
supports are varied from 10 to 10଺ with a multiple of 
10 for the P-P beam, C-C beam, C-F beam, and C-P 
beam as shown in Figure 9. 

Applying the frequency equations and mode 
shape equations in Eqs. (50) - (57), the vibration 
frequencies and mode shapes are calculated. The 
obtained vibration frequencies are tabulated in Table 
6 for varied stiffness of the supports and different 
sets of boundary conditions. To better visualize the 
trend of the frequency change due to the increase of 
the stiffness of the intermediate elastic supports, the 
calculated frequencies in Table 6 are illustrated in 
Figure 15. The mode shapes corresponding to varied 
stiffness of the elastic supports for different 
boundary conditions are illustrated in Figure 16 - 
Figure 19.  
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(c)

 
(d) 

Figure 15. The first four mode shapes for a beam with 3 concentrated masses and 3 intermediate elastic supports under 
different boundary conditions. (a) P-P. (b) C-C. (c) C-F. (d) C-P 

Table 6. Non-dimensional frequency of a beam with three concentrated masses and three intermediate elastic supports 
under different boundary conditions and varied stiffness 

Boundary condition Support stiffness Mode No.  

  1 2 3 4 
P-P 𝐾௜ ൌ 10 5.529174 7.926972 10.942645 14.206056 

 𝐾௜ ൌ 10ଶ 5.925715 8.054925 11.005923 14.206056 

 𝐾௜ ൌ 10ଷ 8.027521 9.074543 11.563899 14.206056 

 𝐾௜ ൌ 10ସ 12.974863 12.993773 13.882409 14.206056 

 𝐾௜ ൌ 10ହ 14.206056 14.874086 16.340404 17.766600 
 𝐾௜ ൌ 10଺ 14.206067 14.976411 16.734468 18.579453 

C-C 𝐾௜ ൌ 10 6.190090 8.746541 11.719352 15.320517 

 𝐾௜ ൌ 10ଶ 6.492628 8.847138 11.781368 15.322128 

 𝐾௜ ൌ 10ଷ 8.324123 9.692121 12.342462 15.339018 

 𝐾௜ ൌ 10ସ 13.186767 13.250319 15.155463 15.622310 

 𝐾௜ ൌ 10ହ 14.923560 16.550246 18.168472 18.633160 

 𝐾௜ ൌ 10଺ 14.981614 16.754597 18.622211 19.510984 
C-F 𝐾௜ ൌ 10 1.603461 6.234513 8.800337 11.747663 

 𝐾௜ ൌ 10ଶ 2.777852 6.509005 8.891559 11.808000 
 𝐾௜ ൌ 10ଷ 4.319628 8.292576 9.686742 12.356885 
 𝐾௜ ൌ 10ସ 5.346419 13.168978 13.235240 15.141204 
 𝐾௜ ൌ 10ହ 5.584345 14.939694 16.554166 18.131201 
 𝐾௜ ൌ 10଺ 5.612357 14.997638 16.755698 18.590831 

C-P 𝐾௜ ൌ 10 5.830057 8.345915 11.332046 14.690724 
 𝐾௜ ൌ 10ଶ 6.178115 8.459445 11.393225 14.693499 

 𝐾௜ ൌ 10ଷ 8.147256 9.390856 11.937200 14.723988 

 𝐾௜ ൌ 10ସ 12.984807 13.213472 14.030045 15.398398 

 𝐾௜ ൌ 10ହ 14.390460 15.620686 17.245443 18.474704 

 𝐾௜ ൌ 10଺ 14.411490 15.796760 17.715547 19.259297 
 

It is observed in Figure 15 that when the stiffness 
of the elastic supports increases from 10 to 10଺ with 
a multiple of 10, the corresponding first four vibration 
frequencies tend to increase. This suggests that when 
the stiffnesses of the translational elastic supports 
increases, the vibration frequencies of the beam tend 
to increase. The frequency variations among the four 
modes, except the first mode of the C-F beam in 
Figure 15(c), are the smallest when the stiffness of the 
elastic support is 10ସ for all four boundary 
conditions. When the stiffness of the supports is 10଺, 

the vibration displacements at the elastic supports are 
approximately zero for the P-P beam, C-C beam, C-F 
beam, and C-P beam, as shown in Figure 16(f), Figure 
17(f), Figure 18(f), and Figure 19(f) indicating that 
the three elastic supports can be regarded as rigid 
supports. Therefore, the shape function method 
developed in this work could be implemented to 
obtain the vibration frequencies and mode shapes of 
a continuous beam with multi-span and an arbitrary 
number of concentrated masses under an axial force.  
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Figure 16. The first four mode shapes for a P-P beam with 3 concentrated masses and 3 intermediate elastic supports of 

varied stiffness. (a) 𝑲𝒊 ൌ 𝟏𝟎. (b) 𝑲𝒊 ൌ 𝟏𝟎𝟐. (c) 𝑲𝒊 ൌ 𝟏𝟎𝟑. (d) 𝑲𝒊 ൌ 𝟏𝟎𝟒. (e) 𝑲𝒊 ൌ 𝟏𝟎𝟓. (f) 𝑲𝒊 ൌ 𝟏𝟎𝟔 ሺ𝒊 ൌ 𝟏, 𝟐,
𝐚𝐧𝐝 𝟑ሻ 
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(e) 

 
(f)

 
Figure 17. The first four mode shapes for a C-C beam with 3 concentrated masses and 3 intermediate elastic supports of 

varied stiffness. (a) 𝑲𝒊 ൌ 𝟏𝟎. (b) 𝑲𝒊 ൌ 𝟏𝟎𝟐. (c) 𝑲𝒊 ൌ 𝟏𝟎𝟑. (d) 𝑲𝒊 ൌ 𝟏𝟎𝟒. (e) 𝑲𝒊 ൌ 𝟏𝟎𝟓. (f) 𝑲𝒊 ൌ 𝟏𝟎𝟔 ሺ𝒊 ൌ 𝟏, 𝟐,
𝐚𝐧𝐝 𝟑ሻ 
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Figure 18. The first four mode shapes for a C-F beam with 3 concentrated masses and 3 intermediate elastic supports of 

varied stiffness. (a) 𝑲𝒊 ൌ 𝟏𝟎. (b) 𝑲𝒊 ൌ 𝟏𝟎𝟐. (c) 𝑲𝒊 ൌ 𝟏𝟎𝟑. (d) 𝑲𝒊 ൌ 𝟏𝟎𝟒. (e) 𝑲𝒊 ൌ 𝟏𝟎𝟓. (f) 𝑲𝒊 ൌ 𝟏𝟎𝟔 ሺ𝒊 ൌ 𝟏, 𝟐,
𝐚𝐧𝐝 𝟑ሻ 
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Figure 19. The first four mode shapes for a C-P beam with 3 concentrated masses and 3 intermediate elastic supports of 
varied stiffness. (a) 𝑲𝒊 ൌ 𝟏𝟎. (b) 𝑲𝒊 ൌ 𝟏𝟎𝟐. (c) 𝑲𝒊 ൌ 𝟏𝟎𝟑. (d) 𝑲𝒊 ൌ 𝟏𝟎𝟒. (e) 𝑲𝒊 ൌ 𝟏𝟎𝟓. (f) 𝑲𝒊 ൌ 𝟏𝟎𝟔 ሺ𝒊 ൌ 𝟏, 𝟐, 𝐚𝐧𝐝 𝟑ሻ 

8. CONCLUSIONS 
 

Theoretical study of Euler-Bernoulli beams with 
arbitrary intermediate elastic supports and arbitrary 
concentrated masses under an axial force is of great 
interest. The exact and explicit solutions of the 
frequencies and mode shapes of the above-mentioned 
beams for the non-conventional and conventional 
boundary conditions are generalized by the SFM. Four 
new shape functions are defined. Although the 
concentrated masses and the axial force are included in 
the mathematical model, the frequency equation and 
mode shape function could be written in the same form 
as in Ref. [21], and the order of the frequency equation 
is still four, which does not dependent on the number 
of masses or the axial force.  

The parametric study suggests that the conventional 
boundary conditions can be simulated by the non-
conventional elastic boundary conditions with large 
boundary translational and rotational stiffnesses. 
Besides, the vibrations of multi-span continuous beams 
can be approached by increasing the stiffness of the 
intermediate elastic supports with the proposed 
method. The derived solutions are verified by the 

Green’s function method in the literature, and 
vibrations of a beam under an axial force on an elastic 
foundation, in which good agreements are 
demonstrated. The proposed method in this work is 
potentially useful in structural health monitoring and 
crack detection [1-3]. 
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