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Abstract: - In this study, we have examined the stability of triangular equilibrium points in the 
photogravitational restricted three- body problems (R3BP) as well as the effect of radiation, where both 
primaries are oblate spheroid. The results confirm the position of triangular equilibrium points of our 
problem and it also depicts that the equations of motion are affected by radiation pressure force, oblateness 
and sources of radiation. Stability conditions were discussed using the characteristic equation. All classical 
results involving photogravitational and oblateness in R3BP may be verified in the near future employing 
this result. 
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1. INTRODUCTION  
 

The simplest form of the three-body problem is 
called the restricted three-body problem (R3BP), in 
which a particle of infinitesimal mass moves in the 
gravitational field of two massive bodies (known as 
the primaries, or primary and secondary).These 
massive bodies has been revolved in accordance with 
the exact solution of the two-body problem. The 
particle with infinitesimal mass does not perturb the 
motions of the two massive bodies. There are 
enormous reports available citing to this problem 
including both analytic and numerical developments. 
The analytic work was dedicated typically to the 
circular and planar R3BP, where all particles are 
confined to a plane as well as the two finite masses. 
The finite masses are in circular orbits around their 
centre of mass. On the other hand, numerical 
developments allowed consideration of the more 
general problem. The R3BP were comprised of 
simulations and used in order to study some physical 
systems alongwith their approximation. We have 
examined the motion of a body having low mass 
under the influence of two different bodies having 
extremely high masses. In this type of scaffold, the 
mass of one of the bodies is negligible compared to 
the masses of the other two i.e., motion of the two 
massive bodies is Keplerian  

When the orbits of the primaries are circular R3BP 
the first integral (Jacobi constant) happens and when 
a positive eccentricity has been added, the orbits turn 
to elliptic. In other words, we do not have circular 

R3BP anymore. However, the simulator used in this 
project computes the orbit of the third body where 
primaries move in an elliptical orbit with an 
eccentricity. It can also be circulated R3BP. 

The R3BP possesses five equilibrium points, three 
collinear and two triangular. In the linear sense, the 
collinear points L1, L2, L3 are unstable for any value 
of the mass ratio. Triangular points L4, L5 are stable if 
the mass ratio µ of the finite bodies is less than 
µ0=0.03852… (Szebehely, 1967). In the case of 
R3BP, both the primaries are oblate spheroids whose 
equatorial plane coincide with the plane of motion. 
The location of libration points and their stability in 
the Liapunov sense has been studied by Vidyakin 
(1974).  In addition, Subba Rao and Sharma (1975) 
have deliberated the stability of the libration points, 
assuming a condition where the bigger primary is an 
oblate spheroid. Furthermore, Khanna, Bhatnagar and 
Hallan (1978) calculated the effect of perturbation in 
the centrifugal and Coriolis forces. Bhatnagar and 
Hallan (1979) examined the effect of perturbed 
potentials on the linear stability of libration points in 
the restricted three-body problem. Bhatnagar and 
Gupta (1986) also studied the existence and stability 
of the equilibrium points of a triaxial rigid body 
moving around another triaxial rigid body. In recent 
years, Khanna and Bhatnagar (1998) studied the 
linear stability of L4 in the restricted three-body 
problem when the smaller primary is a triaxial rigid 
body.  

In this study, we have examined the stability of 
triangular equilibrium points in the photogravitational 
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R3BP when both primaries are oblate spheroid, 
considering one of its axes as the axis of symmetry 
and its equatorial plane as the plane of motion. In 
addition, we assumed that the primaries are moving 
without rotation in circular orbits around their centre 
of mass. 
 
2. LOCATION OF TRIANGULAR 
EQUILIBRIUM  
 

The equations of motion in the vector form 
become 
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Now the of motion in Cartesian form can be 
written as 
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The equation permits the Jacobi Integral. 
Multiplying equations (1) & (2) by   and 

respectively, then after adding two yields   
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integrating yields  

0222  C  , C is the constant of integration 

The equilibrium points are the singularities of the 
manifold  
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Two cases arise: 
(i) Triangular equilibrium points 
(ii) Collinear equilibrium points 
Case (i) 
Triangular equilibrium points are given by 
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Case (ii) 
Collinear equilibrium points are the solution of the 

equations ( 0 ) 



 

RJAV vol 17 issue 1/2020                                           12                                                         ISSN 1584-7284 

)6(
2

)(3

})2(15{
2

1
)})(2(

3{
2

1
)}({

1
)(

5

2
21721

2

1
53

2















 



i

i

i

iii

i

iii

i
ii

i

iii

i

A
r

H

H
r

H
r

H
r

n







 

Where, iir   , (i= 1, 2)

 

Obviously, these equilibrium points lie on the x-
axis and their abscissa are given by the roots of 
equation (6), since 0)(   in each of the open 

interval (-, -1), (-1,) and (,), the function   
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Also )(  - as x  - , (-1) +0 or +0,

)(  + As    +, (-1)-0 or -0. There exist, 

one and only one value of   in each of the above 

interval such that  0)(  Further 0)2(  ,

0)0(   and 0)1(  .Therefore, there are 

only three real roots of the equation (6) one lying in 
each of the interval (-2,-), (-1, 0) and (, ).

 

Thus there are three triangular equilibrium points. 
 
3. STABILITY OF TRIANGULAR 
EQUILIBRIUM POINTS  
 

Suppose tt eYeX    ,  is the small 

displacement of Lagrangian points  00 , ,   
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and therefore the equations of perturbed motion 
corresponding to the system of equation (1), (2) may 
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This shows that the equilibrium point is stable.
 The solution of the equation (7) & (8) is given by 

tsSts ii
i

ii sincos
2

1

 


  

tsSts ii
i

ii sincos
2

1

 




)sincos(

)sincos(

2
2

1

2

2
2

1

2

tssStss

tssStss

iii
i

iii

iii
i

iii




















 

Where, 

)2( 0
iiiii snS    

)2( 0
iiiii SsnS     

                                           (Szebehely, 1967, pp.250) 

)2,1(,0
1

20



 i

Si

i


     

Now, we introduce the variable  , by the 
transformation 

      




cossin

sincos




 

This is equivalent to the rotation of the co-ordinate 
system by .  

We choose in such a way that the term 
containing  , in 0  

The new quadratic form becomes  
 WVU  22                                                      (16) 







2sin)89478(
3

3
2cos)158(

sin1019[
32

3
2sin)21(

8

33

}2sin)1(
3

3
2cos)31{(

4

1

8

3

2

21









pU

 

21
22

2221
11

]2sin)3798(
3

3
2cos)15

8(sin6cos16[
32

3
]







 

 

   221 cos)21(41522[)1(
32

3
 

12
2 ]2sin)8913150(

3

3
2cos  

 

 23(cos)23)(1(8[)1(
32

3 21    

22
22 ]2sin)376536(

3

3
2cos)15  

 
2

2
1

2 cos)314(
16

3
cos)89(

16

3
AA  

21 2sin)3321(
16

33
2sin)86(

16

33
AA    

2
2

1
2 sin

16

105
sin

16

39
AA  

1

32

3
2sin)21(

8

33
}2sin

)1(
3

3
2cos)31{(

4

1

8

3









p

V

 

21
2

2222

1
11

2

22

]2sin)3798(
3

3
2cos

)158(sin6cos16[

32

3
]2sin)89478(

3

3
2cos)158(cos1019[



















 

2
2

1
2

2

1

2
2

1
2

22
2

22

1
12

2

221

cos
16

105
cos

16

39
2sin

)3321(
16

33
2sin)86(

16

33

sin)314(
16

3
sin)8

9(
16

3
]2sin)376536(

3

3
2cos)1523(sin)2

3)(1(8[)1(
32

3
]2sin

)8913150(
3

3
2cos

sin)21(41522[)1(
32

3

AAA

A

AA





































 8

1
)11(

8

1
)1(

2

3
11   pW

 



 

RJAV vol 17 issue 1/2020                                           14                                                         ISSN 1584-7284 

)6(
8

1
)12(

8

1
)51( 1221  

2122 )23(
8

1
)25(

8

1
AA  

R

Q
2tan  

1

24

1
)1(

9

1

2

1
{

2

33   pQ
 





13150()1(
24

1
)37

98(
24

1
)89478(

1
21

2

1
11

2









 

})3321(
4

1
)107(

4

1
)

376536()1(
24

1
)89

2122
2

1
12

2

AA 





 

 

)17(}
16

105
)314(

16

3
16

39
)815(

16

3
)2343

12()1(
16

3
)252()1(

16

3

)2338(
16

3
)15

58(
16

3
)31(

2

1

4

3
{

22

11122
2

1
12

1

21
21

11
2

1

AA

AA

pR



























                                                                

 

Using the Jacobi constant, we have 
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Hence, it follows that the above curve is an ellipse 
and the direction α of the major axis is given by the 
equation (3.12).The length of semi-major and semi-
minor axis are given by 
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Where WVU ,, are given by the equation (16) 

and C  depends upon the initial conditions. 

(b) 
2

1
crit  

This discriminant of the characteristic equation is 
negative. 
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So, the roots of the characteristic equation are 
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These roots are equal and are given by 
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Squaring both sides, we get 
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Therefore, the principal argument of the first root 
is 
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So, we see that the argument is related by 
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Therefore, it follows that the real parts of two of 
the characteristic roots are positive and equal and so 
the equilibrium point in this case is unstable. 

(c) crit  , Consequently, 
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The double roots give secular term in the solution 
of the equations of motion and so the equilibrium 
point is unstable. 
 
4. CONCLUSIONS 
 

In this research article, we have demonstrated the 
stability of triangular equilibrium points in the 
photogravitational restricted three-body problem 
(R3BP) and the effect of radiation, where both 
primaries are oblate spheroid. 

(i) The co-ordinates of the triangular equilibrium 
points are given in equation (4) & (5). We found that 
the displacement of the new triangular equilibrium 
points from the classical triangular equilibrium points 
is small and it depends upon the quantities.  
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axis, R is the distance between the primaries. 
(ii) The mean motion ‘n’ of the primaries is given 
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(iii) When both bodies are spherical in shape 
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the results obtained are in agreement with 

those of the classical problem. 
(iv) The stability of L4, 5 depends upon value of 

equation (14) such that (a) crit0 L4, 5 is stable. 

It may be noted that the range of stability decreases 

when compared to the classical case (b)
2

1
  crit  

L4, 5 is unstable and (c) crit   L4, 5 is unstable.  

(v) We also found that near the triangular equilibrium 
points there are long or short periodic elliptical orbits 

for the mass parameter crit0 , the direction 
of the major axis of the ellipse is given by 

,2tan
R

Q
 where Q and R are presented in 

equation (17). In addition, we have calculated the 
lengths of the semi-major and semi-minor axes of the 
ellipse given by the equation (19). 
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