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Abstract: - The present paper studies the effect of elastic foundation on free vibration of initially deflected
non-uniform axially functionally graded (AFG) thick beam on elastic foundation on the basis of
Timoshenko beam theory. The elastic foundation is idealized as a set of parallel linear springs. Formulation
is carried out through displacement based energy principle. First, the static problem is solved to find out
the unknown displacement field by using minimum total potential energy principle. Solution methodology
involves an iterative technique known as direct substitution with relaxation scheme. Secondly, subsequent
dynamic problem is set up as an eigenvalue problem on the basis of the known displacement field. The
governing set of equations in dynamic problem is obtained by using Hamilton’s principle and solved with
the help of Matlab’s intrinsic solver. The results of the present method are validated with previously
published articles. Frequency vs. displacement curve corresponding to different combination of system
parameters are presented in non-dimensional plane and are capable of serving as benchmark results.
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1. INTRODUCTION

Non-uniform and inhomogeneous beams are
extensively used in several engineering applications.
Such structural elements find useful utilization across
various disciplines and domains, such as, civil,
mechanical, marine, aerospace and biomedical
sectors. As a result, relevant static, dynamic and
buckling issues have been quite frequently and
extensively highlighted by researchers and engineers.
Especially now a day, beams made of functionally
graded materials (FGM) are of great interest due to
their excellent thermo-mechanical properties. They
can also exhibit some special characteristics, such as
thermal resistance, high stiffness and low
delamination difficulties. FGMs are obtained by
varying the volume fraction of the constituent
materials (usually, ceramic and metal) continuously
and functionally along one or more of the spatial
directions. Thus, material properties of the
inhomogeneous mixture show gradation along those
directions. Considering the variation of properties
along with non-uniform cross-section, structural
analysis becomes more complex. Especially, for
axially functionally graded (AFG) beams with non-

uniform section, the governing equations involve
several variable coefficients adding to the level of
complexity.

It has to be mentioned here that depending on the
direction of gradation, three different types of
functionally graded beams can be considered,
namely, transversely functionally graded (TFQ),
axially functionally graded (AFG) and bi-directional
functionally graded (BFG). In case of transversely
graded beam, material property variation is along the
thickness direction, while, for axially graded beams,
material property varies along the length of the beam.
In BFG, the material properties vary continuously
along thickness and longitudinal directions
simultaneously. A thorough review of existing
literature on functionally graded beams indicates that
there are a huge number of research papers devoted
towards analysis of transversely graded beams.
Comparatively the domain of axially graded beams is
more recent and hence, the focus of the present work
is on AFG thick beams.

There are several articles devoted to explore static,
dynamic and buckling behaviour of axially
functionally graded (AFG) non-uniform thick beams
based on Timoshenko beam theory. Due to the
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presence of variable coefficients and non-linear
equations, exact solutions of the governing equations
are generally unavailable. Therefore, several
numerical methods have been used to obtain solutions
to AFG beam problems. In the following paragraph,
selected research works are highlighted in order to set
the backdrop for the present analysis.

El-Ashmawy et al [1] proposed a generalized non-
conventional finite element (FE) model for beam
following Timoshenko beam theory and performed
static and dynamic analysis for AFG Beam. Zhao et
al [2] introduced a new approach based on Chebyshev
polynomials theory to study free vibrational
behaviours of AFG Timoshenko beams with tapered
cross-sections. Lagrange’s equation was applied to
obtain the discrete governing equation. Sari et al [3]
developed a model for beam structure based on
Timoshenko beam theory for AFG non-uniform
nanobeams with Eringen’s nonlocal residuals and
studied the effects of the residuals on the natural
frequencies and mode shapes. Kiani [4] studied the
transverse vibration of AFG tapered nanobeams in a
longitudinal temperature gradient. Based on the
hypotheses of the Rayleigh, higher-order, and
Timoshenko beam theory, the equations of motion of
the nanobeam were displayed using surface elasticity
theory of Gurtin—Murdoch. Huang et al [5]
investigated the buckling behaviour of AFG and
tapered Timoshenko beams. Auxiliary function and
power series were employed to covert the coupled
equations into a system of linear algebraic equations
to study the buckling characteristics. Chen et al [6]
conducted free vibration analysis of AFG
nanocantilevers along with nanoparticle. Timoshenko
beam theory incorporating surface effects was
utilized to study the vibrational behaviours. Sarkar
and Ganguli [7] studied the free vibration of AFG
Timoshenko beams, with uniform cross-section,
having fixed—fixed boundary condition. Shafiei et al
[8] presented a study on the small scale effect on
vibration of a rotary AFG microbeam on the basis of
modified couple stress and Timoshenko beam
theories. Hamilton's principle was employed to derive
the equations and the generalized differential
quadrature method was utilized to solve it. Huang et
al [9] studied free vibration a spinning AFG
Timoshenko beam by employing spectral-
Tchebychev method. Wang and Wu [10] investigated
the dynamic response of an AFG beam under thermal
environment and subjected to a moving harmonic
load on the basis of classical beam theory and
Timoshenko beam theory. Lagrange method was
employed to derive the equations. Calim [11]
performed transient analysis of AFG Timoshenko
beams with non-uniform cross-section.
Complementary functions method was utilized to

solve the differential equations in Laplace domain
and modified Durbin's algorithm was applied to
transform the results into the time domain. Shahba et
al [12] conducted the free vibration and stability
analysis of AFG non-uniform Timoshenko beams
through finite element. Yong Huang et al [13]
presented a new approach for investigating the
vibration behaviours of AFG Timoshenko non-
uniform beams introducing an auxiliary function
which convert coupled governing equations with
variable coefficients to a single governing equation.
Rajasekaran [14] studied free transverse vibration of
rotating AFG Timoshenko tapered beams using
Differential Transformation method and differential
quadrature element method of lowest order.

Study of behaviour of beams on elastic foundation
is an interesting domain of research as several critical
engineering structures can be idealized as beams on
foundation. Issues related to such structures are taken
up for investigation because they belong to a class of
frequently used structural elements which generally
serve as the key load-bearing components, like rail
track, rigid pavements, bridge decks, mat and raft
foundations etc. Literature review reveals that there
exist a number of papers related to FG Timoshenko
beam on elastic foundation.

Yas and Samadi [15] studied free vibration and
buckling behaviour of nanocomposite Timoshenko
beams reinforced by single-walled carbon nanotubes
on an elastic foundation. The governing equations
were derived through employing Hamilton’s
principle and solved by utilizing the generalized
differential quadrature method. Komijani et al [16]
investigated buckling and post-buckling behaviour
and vibrations of FG Timoshenko beams rested on
nonlinear elastic foundation and subjected to in-plane
thermal loads. The von Karman nonlinearity and
modified couple stress theory were employed to
derive the governing nonlinear equations.
Generalized differential quadrature method was used
to discretize the motion equation and Newton’s
method was used to solve the nonlinear algebraic
equations. Mohanty et al [17] investigated the
dynamic stability of FG Timoshenko beam and FG
sandwich (FGSW) beam on Winkler -elastic
foundation through FE method. Tossapanon and
Wattanasakulpong  [18]  utilized  Chebyshev
collocation method to solve buckling and vibration
problems of FG sandwich beams resting on two-
parameter elastic foundation on the basis of
Timoshenko beam theory in order to incorporate the
significant effects of shear deformation and rotary
inertia. Deng et al [19] proposed an exact solution of
double- FG Timoshenko beams on Winkler-Pasternk
elastic foundation. Hamilton’s principle was used to
derive the differential equations of motion. Arefi and
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Zenkour [20] studied wave propagation analysis of a
FG nanobeam made of magneto-electro-elastic
materials and rested on Visco-Pasternak foundation
using Timoshenko beam model. Surface elasticity
was applied for modelling the behaviour of
nanobeam. Hamilton principle was used to derive the
equations of motion. Arefi and Zenkour [21] studied
wave propagation analysis for a FG nanobeam with
rectangular cross-section on visco-Pasternak’s
foundation using Timoshenko’s beam model and
nonlocal elasticity theory. The equations of motion
were derived using Hamilton’s principle. Yan et al
[22] studied the dynamic response of FG beams with
an open edge crack supported on elastic foundation
and subjected to a moving transverse load.
Timoshenko beam theory was used in theoretical
formulations to account for the transverse shear
deformation. Esfahani et al [23] examined thermal
buckling and post-buckling analysis of FGM
Timoshenko beams on a non-linear elastic
foundation. Timoshenko beam theory and von-
Karman’s strain—displacement relations were
employed to obtain the non-linear equations.
Generalized Differential Quadrature Method was
applied to solve the non-linear equations in space
domain.

The research papers described in the above
paragraph dealt with transversely graded Timoshenko
beams on elastic foundation. On the other hand, AFG
Timoshenko beam on elastic foundation is a more
recent domain of research and till now, only a few
articles are available in literature in this field. Calim
[24] analysed free and forced vibrations of AFG
Timoshenko beams on two-parameter viscoelastic
foundation. Complementary functions method was
utilized to solve the differential equations in Laplace
domain and modified Durbin's algorithm was applied
to transform the results into the time domain.
However, there are a few research works relating to
elastic foundation supported AFG thin beams, where
Euler-Bernoulli theory is utilised for mathematical
formulation of the problem. Huang and Luo [25]
presented a new and simple method to calculate the
critical buckling loads of beams with axial
inhomogeneity on elastic foundation, whereas, Lohar
et al [26,27] investigated the dynamic behaviour of
AFG beam on elastic foundation.

Considering the relative scarcity of research work
on AFG Timoshenko beams on elastic foundation, the
present study is focussed in that particular domain. It
has been already mentioned that a beam on
foundation can serve as an idealised model of critical
load bearing components. Hence, there is a need to
analyse the system behaviour under loading. Majority
of free vibration studies concentrate on determination
of vibration frequencies for different modes as well

as mode shapes. But such a study is obviously carried
out under no load condition. However, in the present
scenario, a transversely loaded non-uniform AFG
Timoshenko beam on elastic foundation is
considered. The problem can be distinctly broken up
into two parts. At first the nonlinear static problem
incorporating large deflection under transverse
loading is taken up. Then the subsequent dynamic
problem is formulated employing Hamilton’s
principle and utilizing the previously solved static
displacement field. Vibration frequencies and mode
shapes are determined corresponding to the deflected
configuration of the beam and results are provided as
backbone curves and mode shape plots. The effects of
the elastic foundation, axial material gradation, non-
uniformity of beam, end conditions etc. are studied.

-
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Figure 1. (a) AFG Beam on Elastic Foundation,
(b) Front and Top view of the Taper Beam

2. MATHEMATICAL FORMULATION

A non-uniform AFG beam of length L, width b
and variable thickness #(x), subjected to uniformly
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distributed transverse loading is considered as shown
in Figure 1. The variation of thickness of the beam,
t(x), is along the axial direction [Figure 1(b)].
Similarly, the gradation of material properties i.e.
modulus of elasticity, £(x), and the mass density, p(x),
of the beam is considered along the longitudinal axis
(x-axis) of the beam [Figure 1(b)]. The thickness of
the beam at the origin is identified as the root
thickness and represented by #. Similarly, at that
same cross-section of the beam the elastic modulus
and density are denoted as Ey and po, respectively.
Although the present study only considers tapering of
thickness, it is possible to incorporate variation of
width along the longitudinal axis into the formulation
without much difficulty. In the present formulation,
the beam is considered to be supported on elastic
foundation. The foundation behaviour is assumed to
be linear such that the reaction forces applied by the
foundation on the beam are proportional to the
deflection of the beam. To model this behaviour
effectively and to handle beam-foundation
interaction, it is idealized as a series of linear springs
attached to the bottom surface of the beam [Figure
1(a)]. The foundation stiffness is quantified by the
stiffness coefficient of the linear spring and it is
denoted by K.

Mathematical formulation of the problem is
performed in such a way that it can be broken down
into two distinct but interlinked problems - first, a
static analysis and second, a free vibration analysis
based on the static solution [28,29]. The static
analysis deals with the system under uniform
transverse loading that imposes transverse deflection
on the beam. This problem takes into account
geometrically nonlinear and hence addresses the large
deflection effect. Nonlinear strain-displacement
relations are considered in order to incorporate
geometric nonlinearity. Once the solution to the static
problem is obtained pre-loaded static configuration of
the beam under application of uniformly distributed
load becomes known. Now, the system is assumed to
execute a small amplitude vibration about the
deflected configuration. Hence, the free vibration
problem is formulated with the objective of finding
out the loaded natural frequencies of the deformed
system. The effect of the statically inflicted large
deflection is incorporated into the dynamic system.
Both the static and dynamic analyses are formulated
based on variational form of appropriate energy
principles. Also, shear deformation and rotary
inertia are incorporated by following Timoshenko
beam theory.

In the present analysis, three different types of
flexural boundary conditions are considered. These
are chosen from combinations of clamped (C) and
simply supported (S) classical end supports. Hence,

CC, CS and SS are the selected boundary conditions
which are considered here. However, the formulation
is flexible enough to accommodate free (F) end
conditions in combination with the other two with
minimum modifications. The notations used to
denote the boundary conditions are two letters
representing the individual end conditions atx = 0 and
x = L, sequentially. The in-plane boundary conditions
are assumed to be immovable, 1i.e., zero
displacements along x-axis is imposed at the two
extremities of the beam.

2.1. Static analysis

The static analysis is based on the minimum total
potential energy principle [30], which states that the
total potential energy of the system is minimized by a
kinematically admissible displacement field (out of
all the kinematically admissible displacement fields)
corresponding to the stable equilibrium. The principle
is mathematically expressed as,

S(U+V)=0 (1)

Here, ¢ designates variational operator, U is the
total strain energy stored in the system (which
includes the beam as well as the foundation) due to
external loadings and V is the work done by the
external loading. Total strain energy in the system is
made up of strain energy stored in the beam and the
foundation. Moreover, strain energy of the beam can
again be split into two components, namely, strain
energy due to axial strain (U,) and strain energy due
to shear strain (Uy). This implies that the total strain
energy can be expressed as the summation of three
distinct parts, as follows: U= U, +U, +U,. Here, U,is
the strain energy stored in the system due to
deformation of the elastic foundation.

The present formulation is a semi-analytical
displacement based approximate method, which
indicates that in the expression of strain energies, the
strains (axial as well as shear) are to be replaced by
appropriate displacement relations. In order to
express the strain energies in terms of displacement
fields, following strain-displacement expressions are
invoked [30] for axial strain (&,) and shear strain (&).

2
() e o
2\ dx dx dx
& _l(d_w_ j (3)
ol 7

It is important to note that Equation (2) is
nonlinear in nature and on neglecting the third term
of the expression it resembles von Karman type
nonlinear  strain-displacement  relation.  The
displacement fields associated with the above
expressions are as follow: transverse displacement
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field (w), in-plane displacement field (x) and
rotational field () of beam section due to bending.
All these displacement fields are dependent on the
axial coordinate and they are defined at the mid-plane
of the beam.

Substituting the strain-displacement expressions,
the strain energies, U,, Usand Uy, can be expressed as

follows,
1(aw) (duY
—_ — + —_—
4\ dx dx
t
btz z(dwf (dw]zdu
U,=— +z7| — | 4| — | — (E(x)ddz (4
‘ 2!I o) o) @ [EdE @
2 2
_Z(@ dy _, dudy
de) dc " dx dx

2
{%} —Z%W + WZ}G(x)dxdz (5)

lL
Uy=3 ! K wdx (6)

ks, is termed as shear correction factor. It is well
known that for rectangular cross-section the
numerical value of &y, is taken as 5/6. Here, G(x) is
shear modulus which is expressed by, G(x) =
Ex)/2(1+up).

In order to implement the minimum total potential
energy principle, expression for potential for external
work need to be obtained and it is provided
corresponding to uniformly distributed load g(x) in
Equation (7). It is noteworthy that in the present
study, only uniformly distributed load has been taken
into account. However, this is not a limitation on the
present methodology. Any other form of transverse
loading (such as concentrated load, triangular load,
hat load etc.) can be accommodated in the analysis, as
long as it can be expressed mathematically in terms
of analytical or numerical functions.

V= jqwdw 7
0

As the present method is an approximate one, the
displacement fields need to be approximated through
finite linear combinations of kinematically
admissible functions and unknown coefficients as
shown.

W:Zdi¢i (x) (8a)
u= idnwﬂ'ai (X) (8b)
W = Zdnwﬂzuﬂ'ﬂi (x) (80)

i=1

In the above expressions, ¢;, a; and f; represent the
set of orthogonal admissible functions corresponding
to the displacement fields w, u and y, respectively,
whereas, d; denotes the set of unknown coefficients.
The number of functions in these sets are taken as nw,
nu and nsi (corresponding to w, u and y) and from the
point of view of the numerical scheme for solution,
nw = nu = nsi. The choice of the admissible functions
are solely based on the boundary conditions of the
beam. In fact, the first function within the set (g1, ai
and f1) is known as the start function and it is selected
carefully satisfying the requisite boundary conditions,
i.e., flexural, in-plane and end rotation conditions. It
should also be pointed out that these functions need
to be continuous and differentiable within the
domain. The selected start functions for each of the
displacement fields are given in Table 1 for all the
three boundary conditions under consideration.
Consequently, the higher order functions (upto
nw/nu/nsi) are generated following a numerical
implementation of Gram—Schmidt orthogonalization
scheme [31]. Once the approximate displacement
fields are substituted into the appropriate energy
functionals, the problem reduces to finding out the
unknown coefficients (d;).

Table 1. List of start functions for the displacement

fields.
Displace- | Boundary | Conditions Function
ment
field
w cc w(0)=0, di=(x/L){1-
cS w(L)=0 (x/L)}
SS
u cc u(0) =0, o= (x/L){1-
cS u(L)=0 (x/L)}
SS
7 ccC w(0)=0, pi=sin(mx/L)
w(L)=0
CcS w(0)=0, pi=sin(mx/2L)
y()#0
SS w(0)#0, pi=cos(mx/L)
w(lL)#0
Substituting the expression of the energy

functionals, given by Equations (4), (5), (6) and (7)
into Equation (1) and considering the assumed
displacement fields, given by Equation (8), the
governing set of equations are obtained in matrix
form, as follows,

(K} =1/} ©)

where, [K] are the stiffness matrix and {f} are the load
vector. The dimensions of these each matrix will be
(nu + nw + nsi). The form and elements of [K] and
{f} are furnished below,
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dg. Y d
[&Jﬂﬁzgﬂzy ﬁj £<£ () E(x)dx
+b| [Zd 40 jfii () E(x)ee
d
hﬁj¢ ; 1(x)G(x)dx
[Kif‘]i?hnw =0

J=nw+l,nw+nu

[Ki/]i_:ww =

J=nw+nu+1,nw+nu+nsi

kb [

Ld¢’
—LB. G(x)d
[Pt ()G )

|:Ky :'; nw+l,nw+nu

Jj=lnw

e

K ’ nw
ij |i=nw+lnw+nu —

J=nw+l,nw+nu 0

|:Kg'j j|i:nw+l,nw+mt = O

J=nw+nu+1,nw+nu+nsi

L
_kshbJ. ﬂifnwfnu
0

i—nw

(x)E (x)dx

£ jenr. — " 1(x)E(x)dx

dx/t(x)G(x)dx

I:Kij :'i:nn=+nu+l,nw+nu+nsi -

Jj=lnw

I:Ky i=nw+nu+l,nw+nu+nsi 0
J=nw+l,nw+nu

I:Kz_'/ ]z nw+nu+l,nw+nu+nsi

Jj=nw +Vlu+1 nw+nu+nsi

i o () (x)d

ij‘ dﬂi—nw—nu
12 dx dx

L
+ks11bj ﬂifnwfnu IB‘/‘fnwfnu t (X)G (x) dx
0
The elements of the load vector {f;} are,

{fi}izl,nw = qj.¢idx

{f; }i:n\47+1,nw+nu
{fl }z’=nw+r1u+1,nw+nu+nsi

A glance at the elements of the stiffness matrix
reveals that the unknown coefficients (d;) appear in
certain terms. It means that stiffness matrix is a
function of the undetermined parameters by virtue of
considering nonlinear strain-displacement relations
and consequently large deformation. Hence, the set of
governing equations represented by Equation (9) is
nonlinear in nature. A direct solution involving
inversion of the stiffness matrix, followed by pre-
multiplication with the load vector is not an option.
Approximate solution for the unknown coefficients
(d;) from the set of nonlinear equations is obtained
following direct substitution method with successive

relaxation. This is a numerical iterative technique
dependent on an initial guess.

At the initial stage, certain numerical parameters
(such as number of Gauss points, number of
functions, tolerance on error limit, relaxation
parameter etc.) essential to the iterative scheme are
fixed and the unknown coefficients are assigned with
zero value as an initial guess. With this assumption
the stiffness matrix is completely known. In fact, it
reduces to the linear form. On the basis of this matrix
a new set of unknown coefficients are evaluated
through the following expression: {d} = [K]"{f}. The
new set is compared against the previous one to
determine the error and if it is above the pre-defined
allowable error limit, modification of the evaluated
set of unknown coefficients is performed with a
relaxation parameter. The process is repeated till the
error value falls below the allowable limit and
convergence is achieved. At the end of the static
analysis, the displacement fields corresponding to
transverse load is known and the deflected
configuration of the transversely loaded beam is
found out. It also implies that the deformed system
stiffness is known and can be used in the following
free vibration analysis.

2.2. Dynamic analysis

Starting point for the dynamic analysis is
Hamilton’s principle [30], which is utilized to derive
the governing sets equations,

5 [(r-v-v)ar |0

O

(10)

Here, T is the kinetic energy of the beam due to
external excitation, U refers to the system strain
energy with respect to deflected configuration and ¢
is the time. The expression of U remains unchanged
from that described by Equations (4) — (6) in static
analysis. Kinetic energy of the present system is
expressed through the expression shown in Equation
(11). It needs to be mentioned here that the present
free vibration study is performed on a pre-stressed
beam, whose static solution has already been obtained
in the previous step. So, the potential energy of the
external load (¥) can be set to zero. Here, p(x) is the
mass density of the beam. The

(82 o2 (2 e o

displacement fields associated with the Expression
(11) are dynamic in nature with a time varying
component. So, these fields contain a spatial and a
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temporal part and it is assumed that these two parts
are completely separable. The assumed dynamic
displacement fields are expressed as follows,

w(x,7)= icigéi (x)e’” (12a)

u(x,7) = an (x)e’  (12b)
i=1

nsi

YT =D ComniB (X)€" (12¢)
i=1

Here, the spatial part apparently seems same as
that considered in the static analysis and ¢;s are a set
of unknown coefficients different from the unknown
parameters defined in the static analysis. However, ¢;,
o; and f; are same as the static problem. w denotes the
natural frequency of the vibratory system and

Jj=v—-1. Substituting the expressions of strain

energy (Equations (4), (5) and (6)), kinetic energy
(Equation (11)) into dynamic displacements
(Equation (12)), the governing equation is obtained as
follows:

K]}~ [Mief=0 a3

here, [K] is the stiffness matrix of the system at
deflected configuration and [M] is mass matrix,
respectively. The elements of the mass matrix [M;/
are,

j=lnw

I:Mlj :Iizl,nw = bj¢i¢jt(x)p(x)dx

=b|a,_,a,,t(x)p(x)dx

I: ij |i=nw+l,nw+nu
J=nw+l,nw+nu

|:sz :Ii:nw+nu+l,nw+nu+nsi -

J=nw+nu+1,nw+nu+nsi

S —

b L
E ﬂiﬂm—nuﬁj*VlW*Vlult3 (x)p(x)dx

0

Rest all other elements of the mass matrix /M;;/ are
Zero.

Both these matrices [K] and [M] are known
parameters at this point of dynamic analysis. All the
stiffness matrix elements can be completely evaluated
on the basis of the converged static solution, while the
elements of the mass matrix are derived from the
problem definition. It is to be noted that the system
governing equations given by Equation (13) represent
a standard eigenvalue problem, solution to which is
obtained by using Matlab's intrinsic solver. Natural
frequencies of the pre-stressed system are provided
by the square root of the eigenvalues. Mode shapes of

the vibrating
eigenvectors.

system are obtained from the

3. RESULT AND DISSCUSSION

In the present article, free vibration analysis of
transversely loaded non-uniform AFG Timoshenko
beam resting on elastic foundation is performed. The
static analysis inflicting large deformation under
transverse uniform loading is geometrically nonlinear
in nature, while an eigenvalue analysis is undertaken
to determine the loaded natural frequencies of the
system. The beam in the present analysis is
considered to be non-uniform with variable thickness.
Linear tapering of the thickness is considered in the
axial direction according to the expression, #(x) = &
(1-ox/L). Here, o is the taper parameter. The
geometric dimensions of the beam for length (L) and
width (b) are taken as 0.2 m and 0.02 m respectively.
Length-to-thickness ratio (L/p) and taper parameter
() are taken as 20 and 0.2, respectively.

Three different material models are selected for
the AFG beam, where gradation of material
properties (i.e. elastic modulus and density) are
considered in the axial direction. The details of the
property variations in terms of expressions are
provided in Table 2. These expressions are presented
with respect to a normalized axial coordinate defined
as, & = x/L. It is important to note that all the
numerical evaluations are carried out in the
normalized domain. E£yand py are elastic modulus and
mass density of the root side of the beam and taken as
210 GPa and 7850 kg/m’, respectively, which
resemble the property of structural steel. From the
Table 2, it is clear that material 1 is the case of
homogeneous beam which is used in the present study
only for comparison purpose to effectively detect the
effect of gradation. The gradation of elastic modulus
(E(&)) and density (p(<&)) in the axial direction (&)
for different material models are also shown in
Figure 2(a) and Figure 2(b) separately in a
normalized plane. It is important to note that Poisson
ratio (u) is taken as constant throughout the entire
analysis which is 0.3.

Table 2. Three different Material Model:

Material Elastic Modulus | Density

Model

Material 1 E)=Fy PE)=po

Material 2 E@©=Ey(1+8 | p)=
po(1+&+E)

Material 3 E@)=Egpexp(&) | p(&)=poexp(&)

Three different flexural boundary conditions,
namely, CC, CS and SS, of the beam are selected,
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while for in-plane boundary conditions it is assumed
that all the ends are immovable. At the clamped (C)

3
- Material Gradation |
sl T Material 1
———  Material 2
r ——  Muterial 3

0.5

Figure 2(a). Gradation of elastic modulus (E(£)/Ey) in the
axial direction (&) for different material model.

3.5
- Material Gradation
3— —e— Material I A
L ——  Material 2

—_—

Muterial 3

p(€)p,

0 0.2 0.4 0.6 0.8 1

g

Figure 2(b). Gradation of density (p(&)/po) in the axial
direction (&) for different material model.

end the rotational field has a zero value, whereas it
has a non-zero value at the simply supported (S) end.
The details of the boundary conditions along with the
corresponding choice for the start functions are
provided in Table 1. Higher order functions to
complete the orthogonal set are generated by
implementing a numerical scheme for Gram—Schmidt
orthogonalization principle, where the start function
and the number of functions to be generated serve as
inputs.

The appropriate number of functions to be used is
decided after a careful convergence study and these
results are discussed in the next paragraph. In
practical applications beams are

0.54
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0.48 Kf= 100
[
B a=0.2
—e— =750 kPa
0.46 1 | 1 | | I 1 | 1 I |
3 4 5 1) T 8 9
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222+ K=100
9 a=0.2

—— g=l kPa

21.4 1 | 1 | 1 | 1 | 1 I

nw/nu/nsi
(b)
Figure 3. (a)-(b) Convergence studies for no of
orthogonal functions (nw=nu=nsi) corresponding to static
and free vibration analysis

seldom supported by classical boundary conditions.
Either they are supported by elastic restrain at the
ends or rested on elastic foundation. To make the
problem more realistic, the beam under consideration
is taken to be resting on elastic foundation. Four
different value of the non-dimensional foundation

stiffness [K , =k, [(L/t0 )S/Eob} ] is consider here.
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These values are 0, 10, 10*> and 10° respectively.
Here, kyis the dimensional value of stiffness.

In order to create the reference points for
numerical evaluation within the computational
domain, number of gauss points are generated along
the length of the beam. Choice of number of gauss
points (ng) is an important issue, as it influences the
outcome of the numerical scheme. Hence, detailed
convergence study is necessary for selection of proper
number of gauss points. This convergence study,
along with the one carried out for determining the
number of functions, is carried out on an AFG
(Material 2) beam with clamped ends and supported

with respect to the relevant parameters. For the static
scenario, intensity of the distributed load is taken as
750 kPa, while, for the dynamic case, no load
condition is assumed. The results of the study are
presented in Figure 3 and from these figures, number
of gauss points (ng) and number of orthogonal
functions (nw=nu=nsi) are selected as 24 and 8,
respectively.

Table 3. Comparisons of first four dimensionless
(a) =QL \p,4,/E,I, ) natural frequencies of graded and

non-uniform Timoshenko CC beam for different n value.
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Figure 3. (c)-(d) Convergence studies for gauss points
(ng) corresponding to static and free vibration analysis.

on an elastic foundation having K= 100. There are
two aspects to these studies, first, comparison of
normalised maximum static deflection and second,
comparison of dimensional fundamental frequency

Shahba et al [12]

12.47

Huang et al [13]

12.68

12.46

12.38

12.36

Present study

12.65

12.43

12.34

12.33

Shahba et al [12]

26.42

Huang et al [13]

26.49

26.38

26.32

26.31

Present study

26.43

26.32

26.26

26.25

Shahba et al [12]

43.09

Huang et al [13]

42.64

42.96

43.08

43.1

Present study

42.54

42.86

42.98

43.03

Shahba et al [12]

59.68

Huang et al [13]

58.67

59.40

59.70

59.82

58.51

59.23

59.52

59.64

Present study

The present methodology and analysis is validated
with the results of previously published articles of
Shahba et al [12] and Huang et al [13] for fully axial
graded (ZrO; - Al) and non-uniform Timoshenko
beam without elastic foundation. The comparison of
linear dimensionless natural frequencies

(a):QLZ,/pOAO/EO]O)for first four mode are

tabulated in Table 3 for CC end conditions. For this
purpose, the length (L) and moment of inertia to
cross-section ratio (/p/4o) at root side of the beam are
used as 1.0 m and 0.01, respectively. The material
gradation along the axial direction follows the
expressions, E(&)= Eo+(E-Ep) (&) and p(&)= po+(pi-
po)(&'). The material properties used for comparison
are as follows, £y = 200 GPa, pp= 5700 kg/m3, E; =
70 GPa and p; = 2702 kg/m’. The non-uniform
pattern of the beam is considered according to the
expression, #(&)= to(I—af) with taper parameter, o =
0.1. From the above comparison, it can be observed
that the current results match satisfactorily with the
established results.

The effect of the taper parameter and the
foundation stiffness values on natural frequencies are
shown in Table 4. The linear dimensionless natural
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frequencies (601 =L’ p, A4, E,I, ) for CC, CS and

SS end conditions and different foundation stiffness
values are tabulated in Table 4(a), Table 4(b) and
Table 4(c), respectively.

Table 4. Dimensionless (a)l =QL\(p,4,/E,I, )

fundamental frequency of graded Timoshenko beam on
elastic foundation for different stiffness value.

Table 4(a): CC End condition

Taper Foupdation Material | Material | Material
Parameter Stiffness 1 2 3
) (K)
(03)} w; (6]
0 21.92 20.06 22.06
10 22.46 20.40 22.39
10? 26.83 23.22 25.16
0 103 53.62 41.85 44.04
0 19.74 1791 19.70
10 20.40 18.32 20.10
10? 25.63 21.70 2343
0.2 103 55.30 42.47 44.55
Table 4(b): CS End condition
Taper Foupdation Material | Material | Material
Parameter Stiffness 1 2 3
(o) (Kf ) W) W o]
0 15.24 13.10 14.21
10 16.01 13.57 14.68
10? 21.72 17.25 18.38
0 10° 51.25 37.50 39.27
0 14.12 12.10 13.16
10 15.05 12.67 13.73
10? 21.69 16.96 18.04
0.2 10° 53.90 39.17 40.97
Table 4(c): SS End condition
Taper Foundation | Material | Material | Material
Parameter | Stiffness 1 2 3
(o) ( Kf ) wj ;] ()]
0 9.83 9.01 9.80
10 10.98 9.73 10.51
10? 18.33 14.68 15.47
0 10° 49.92 37.57 38.96
0 8.86 8.11 8.81
10 10.25 8.99 9.67
10? 18.57 14.70 1541
0.2 10° 52.34 39.42 40.84

It is observed from the above table that for all the

cases with the increase in stiffness of the foundation
the natural frequency increases, which is quite an
expected outcome. This increment of frequency is
due to reason that stiffer foundation makes the system

more rigid. It is also observed that the rigidity of the
beam edges and consequently the boundary
conditions significantly affect the free vibration
response. That’s why, the natural frequency of CC
beam is the highest and for SS beam, it is the lowest
for a fixed value of foundation stiffness. It is
important to note that taper pattern value ‘0’ indicates
the case of uniform beam. It is observed that when
taper pattern has a definite value (i.e. case of non-
uniform beam) the natural frequencies have higher
values as compared to the natural frequencies of
uniform beam. This is due to the reason of gradual
decrement of system mass as natural frequency is
inversely proportional to it.

Variation of natural frequencies with respect to
changes in transverse pre-load value is the main focus
of the study. However, as the transverse load
produces a given static deflection, the results are
presented in the normalised frequency vs. normalised

maximum  deflection plane. The graphical
representation, where the ordinate represents
dimensionless amplitude (Wna/fy) and abscissa

represents the dimensionless frequency (w.s/w;), is
akin to a backbone curve. The formulation has been
developed in such a way that the system can be
equivalently assumed to represent a large amplitude
vibration scenario. Such an approach is justified on
the basis of the assumption that large amplitude
vibration analysis of a nonlinear system may be
considered equivalent to a case where the system
undergoes small oscillations about the deflected
configuration of same large amplitude [32]. It is
important to note that the fundamental frequencies
(w1) at no load condition, which are already obtained
and tabulated in Table 4, are used here to normalize
nonlinear frequencies (/@ 1).

The effect of the foundation stiffness on backbone
curves are shown in Figure 4 for three different
boundary conditions i.e. CC, CS and SS, respectively.
Plots are generated considering four dimensionless
foundation stiffness values, i.e. 0, 10, 10> and 10°
respectively. It is to be noted that foundation stiffness
value ‘0’ represents the case where the beam is
without any foundation. Two different material
models are also considered to detect the effect more
accurately. Backbone 1 and backbone 2 are plotted in
each case considering taper parameter (o) as 0.2.
From the figure, it is cleared that, for CC beam, with
the increase of the foundation stiffness the curves
become straighter for both material 1 and material 2.
Similar trends can be seen for CS and SS beam as
well. It is also observed in all the situations that
increase in maximum normalised deflection
corresponds to increase in the normalised loaded
natural frequency as well, which indicates a
hardening type behaviour.
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Figure 4. Effect of foundation stiffness on backbone

curve of AFG non-uniform Timoshenko beam for (a) CC,
(b) CS and (c) SS end conditions respectively.
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Figure 5. Effect of the material gradation on backbone
curve of AFG non-uniform Timoshenko beam for CC end
condition.

The effects of the material gradation are shown in
Figure 5 through the representation of the plot for
loaded fundamental frequency. The effects of
material 2 over material 1 and material 3 over
material 1 are plotted in two different sub plots.
Here, material 1 is clearly the case of homogeneous
beam without any material gradation. For this
purpose, a clamped non-uniform Timoshenko beam
is considered with taper parameter (a) 0.2. It is
observed that for small foundation stiffness value the
effect of the material gradation is not that prominent
but at higher foundation stiffness values there is
substantial difference between the two curves.
Similar observations can be made for material 3 and
material 1 as well. This is due to the reason that in

Material 2

W'ty

W'ty

Figure 6. Effect of the taper parameter on backbone curve
of AFG non-uniform Timoshenko beam for CC end
condition.

the present study the material gradation is considered
in such a way that the material property values
continuously increase along the length, while the
cross-section reduces.

The effect of the taper parameter is shown in
Figure 6 through the representation of the curve
corresponding to the loaded natural frequency for the
1** mode. For this purpose, again a CC Timoshenko
beam is chosen. It is observed that for that for material
2 at higher foundation stiffness value the effect of the
taper parameter is not that noticeable but at lower
foundation stiffness value there is difference between
the two curves. Similar effect can be seen for material
3 as well. This decrement of frequency is due to the
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Figure 7. First three mode shape of AFG non-uniform
Timoshenko beam for (a) CC, (b) CS and (c) SS end
condition respectively
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softening effect introduced by the decrease in cross-
sectional area and moment of inertia.

The free vibration analysis as represented by
Equation (13) is a standard eigenvalue problem and
its solution provides not only information regarding
the natural frequencies but also eigenvectors
corresponding to the eigenvalues. In fact, the
unknown parameters associated with Equation (13)
denote the eigenvectors in matrix form and the
contribution of individual spatial functions on the
vibration modes. However, it is important to note that
the stiffness matrix in this eigenvalue analysis
corresponds to the converged large deflection static
solution. So, equivalence may be drawn between
large amplitude free vibration of a nonlinear system
and its free vibration analysis, subjected to a static
load producing same magnitude of large amplitude
deflection[32, 28]. So, the evaluated mode shapes can
be considered as corresponding to large amplitude
vibration about the undeformed equilibrium position.

Linear (Wmav/to =0.0) and nonlinear (Wiax /tp =2.0)
mode shapes for the first three modes corresponding
to CC, CS and SS boundary conditions are shown in
Figures 7. These results are furnished for an AFG
(both material 2 and 3) tapered (a = 0.2) Timoshenko
beam on elastic foundation (K;=100). Changes in the
mode shape in between the linear and nonlinear one
are apparent from the figures.

It should be mentioned that the analysis performed
in the present paper is general in nature. But
the mathematical formulation and solution
methodology are robust enough to extend it to other
application-oriented areas, such as damage
identification in Timoshenko beams, application as
aircraft wings [33, 34] etc.

4. CONCLUSIONS

In the present paper, a non-uniform AFG
Timoshenko beam on elastic foundation under pre-
loaded condition is analysed to determine the natural
frequencies. Three different boundary conditions,
which are combinations of clamped and simply
supported edges, are selected. The elastic foundation,
in the present study, is idealized as a set of parallel
linear spring of constant stiffness and various values
of the foundation stiffness are considered. The
primary objective is to find out the effect of loading
on the vibration frequencies of the system. The
mathematical formulation is such that it sub-divides
the problem into two distinct parts. At the initial stage
the geometrically nonlinear static problem is solved
through an iterative scheme with relaxation.
Subsequently, the free vibration problem is
formulated as an eigenvalue analysis with statically
converged stiffness matrix as an input. These

problems are formulated using appropriate energy
principles. The static analysis is based on total
minimum potential energy principle, while the
dynamic analysis is based on Hamilton’s principle.
The methodology of the mathematical formulation is
general in nature. It has enough flexibility of solving
with other different type of loading pattern, elastic
foundation pattern, gradation pattern, taper pattern
and end conditions as well. Results generated from
the proposed method are compared with previously
published results and a certain degree of accuracy is
observed in between the two sets of results. Overall,
the present methodology and solution procedure are
successfully validated, albeit for a system with
reduced complexity (as the elastic foundation is not
present in the validation problem). New results are
furnished for an AFG Timoshenko beam in the
normalised loaded natural frequency vs. normalised
maximum deflection of the system. These results are
capable of serving as the benchmark results for future
reference. These pre-stressed natural frequency
values exhibit hardening type nonlinearity.
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