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Abstract: - In this paper we present a non-linear model for the investigation of the milling of circular work-
pieces. Some hypotheses are used in this model including the non-variation of the direction of the cutting 
force in function of the engagement of the teeth. The model has four degrees of freedom. The non-linearity 
has as main causes the variation of the depth of cut and the expression of the components of the cutting 
forces in function of the depth of cut. Details of the integration of the non-linear system are also provided. 
A numerical example highlights the theory. 
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1. INTRODUCTION 
 

Different models and studies are published in the 
field of milling manufacturing [1 – 16]. The first 
model for the milling operations were developed in 
the fundamental books of Tobias [15], Tlusty [16] and 
Altintas [14]. 

The mechanical models are applied to up- or end- 
milling and they deal with rectilinear miling [1 – 16]. 
The chatter has as main cause the variation of the 
depth of cut due to the discontinuity of the milling 
process and the vibrations of the technological system 
[1 – 16]. The mechanics of milling is described with 
the aid of a planar mechanical system with four 
degrees of freedom [1, 3, 7, 10, 12, 13]. The cutting 
force is a sum of the cutting forces given by each 
tooth [1, 3, 7, 10, 12, 13] multiplied by a step function 
that takes into account whether or not the current 
tooth cuts. Based on these hypotheses and the non-
linearity of the technological system the authors [1 – 
16] focus their attention on the determination of the 
stability diagram in different situations (unequal tooth 
pitch [1], nonlinearity of the active force [2, 9] etc.). 
Isolating the cutting force that acts upon the tool, 
authors [2] determine the stability lobes and propose 
a method for active vibration control resulting in the 
increase of the stability zones. For the mechanical 
system with four degrees of freedom the theoretical 
results are compared to the experimental ones [1 – 8, 
10 – 16]. The vibration signals in end-milling are 
analyzed [4] by using mathematical transformation 

and the numerical results are comparing to the 
experimental ones obtained for thin parallelepiped 
work-pieces. The avoidance of chatter for the spindle 
speed are presented in [5] using numerical results. 
Dynamics of milling using helical mills and the 
determination of forced vibration and the stability 
zones are presented in [6]. Non-linear regeneration in 
milling is discussed in [7] as well some aspects 
concerning bifurcation and hysteresis. Some 
particular effects like serration [8] are the main goal 
of some papers. Problems that appear in micro-
milling are treated in [9] and the validation is offered 
by numerical simulation. The chaotic dynamics of 
milling is investigated in [10]. Reference [11] treats 
the spatial case of milling in a particular case 
discussing the influence of different parameters on 
the stability zones. The improvement of the stability 
zones by orientated transfer functions is presented in 
[12]. The influence of variable pitch and helix cutters 
is discussed in 13]. 

In this paper we present a four degrees of freedom 
non-linear model for the milling of the cylindrical 
work-pieces. 
 
2. PROBLEM FORMULATION 
 

The mechanical model is captured in Fig. 1. It 
consists in the work-piece of center wO  and the tool 

of center tO . In the initial position we added the 
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index i , while in an intermediate position we added 
the index f . 

 

 
Figure 1. Mechanical model. 

 
Because of the flexibility of the axes of tool and 

work-piece the centers move from the initial positions 

tiO  and wiO  to the new positions tfO  and wfO , 

respectively. 
In the initial position the cutting takes place in the 

zone delimitated by the points iA  and iB , while in 

the intermediate position in the zone delimitated by 
the points fA  and fB . Consequently, the maxim 

depth of cut varies from id  to fd . 

The initial position is marked by dashed line, 
while the intermediate position is marked by 
continuous line. 

We assume that the cutting force can be 
decomposed along the straight line wftf OO  and 

perpendicular to this direction. Moreover, the cutting 

force is proportional with p
fd , where p  is a positive 

exponent. 
The system has four degrees of freedom: the 

displacements tx  and ty  of the tool and the 

displacement wx  and wy  of the work-piece. 

One asks for the determination of motion for the 
tool and work-piece. 
 

3. DEPTH OF CUT 
 

The reader is asked to refer to Fig. 2. We denote 
with E  the point of intersection between the 
periphery of the work-piece and the straight line 

wtOO , and with D  the point of intersection between 

the periphery of the tool and the straight line wtOO . 
 

 
Figure 2. The depth of cut. 

 
In the initial position (the position at rest) one way 

write 
 

itwi lRRd  , (1)
 
where id  is the initial depth of cut, and il  is the initial 

distance between tiO  and wiO . 
Similarly, in the intermediate position, one has 

 

ftwf lRRd  . (2)

 
In the previous formulae wR  and tR  are the radii 

of the work-piece and tool, respectively. 
From the figure one gets 

 

   22
wtitwf yylxxl  , (3)

 
where tx , ty , wx , wy  are the displacements of the 

tool and work-piece along the axes OX  and OY , 
respectively. 

One also may write 
 

ftfiti DODO  , fwfiwi EOEO  . (4)
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4. CUTTING FORCE 
 

According to our assumptions, we have 
 

p
ft CdF  , (5)

 
where tF  is the component of the cutting force 

perpendicular to the direction wftf OO , C  is a 

constant and p  a positive exponent which depend on 

the cutting conditions. 
Taking into account the previous expressions, one 

way write 
 

   
p

wtitwtwt yylxxRRCF 



  22

. 
(6)

 
References assume that between the components 

tF  and rF  of the cutting force there exists the relation 

 

tr KFF  , (7)
 
where K  depends on the cutting conditions. 

 
The relation (6) and, consequently, (7), are true if 

and only if 0fd , that is, the expression (6) must be 

corrected as 
 

 f
p
ft dCdF  , (8)

 
where    is the Heaviside step function 
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In conclusion 
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5. EQUATIONS OF MOTION 
 

Let us denote by   the angle between the axis 
OY  and the straight line wtOO  (Fig. 3). 

 

 
Figure 3. Equations of motion. 

 
The theorem of momentum applied to the two 

rigid bodies (the tool and the work-piece) leads to the 
following differential equations 
 

 cossin rttt FFxm  , 

 cossin trtt FFym  , 
(12)

 
 sincos rtww FFxm  , 

 cossin rtww FFym  , 
(13)

 
where 
 

f

tw

l

xx 
sin , 

f

wti

l

yyl 
cos , (14)

 
while tm  and wm  are the masses of the tool and 

work-piece, respectively. 
Equations (12) and (13) form a system of four non-

linear differential equations of second order. 
Denoting 

 

txz 1 , tyz 2 , wxz 3 , wyz 4 , txz 5 , 

tyz 6 , wxz 7 , wyz 8  
(15)

 
one obtains a system of eight first order non-linear 
differential equations 
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In the previous equations, txc , tyc , wxc , wyc  are 

the damping coefficients for the tool and work-piece 
along the axes OX  and OY . Similarly, txk , tyk , wxk

, wyk  are the stiffness of the tool and work-piece 

along the same axes. 
The system of equations (16) … (23) can be 

numerically integrated by the fourth order Runge-
Kutta method. 
 
6. NUMERICAL SIMULATION 
 

For the numerical simulation we consider the 
following two cases. 

The first case is defined by mm 8.54il , 

mm 0.30wR , mm 0.25tR , 2.1p , 1000C , 

7.0K , mmN 1000txk , mmN 5000tyk , 

mmN 500wxk , mmN 500wyk , 

mmNs 0txc , mmNs 0tyc , mmNs 0wxc , 

mmNs 0wyc , kg 100tm , kg 5wm . 

The second case is characterized by the same 
parameters excepting 1200C , 8.0K . 

In both cases the initial values are: mm 0tx , 

mm 0ty , mm 0wx , mm 0wy , smm 0tx , 

smm 0ty , smm 0wx , smm 0wy . 

The time of simulation is s 5max t , while the step 

of integration is s 10 3t . 

The results of the simulation are captured in the 
next diagrams. 
 

 
Figure 4. Time histories for the displacements of tool in 

the first case. 
 

 
Figure 5. Time histories for the displacements of the 

work-piece in the first case. 
 

 
Figure 6. Time histories for the displacements of tool in 

the second case. 
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Figure 7. Time histories for the displacements of the 

work-piece in the first case. 
 

 
Figure 8. Time histories for the components of the cutting 

forces in the first case. 
 

 
Figure 9. Time histories for the components of the cutting 

forces in the second case. 
 

One may observe that the motion is periodic for 
the work-piece, but not for the tool. In the first case 
the contact between the tool and the work-piece is not 
lost (the depth of cut and the components of the 

cutting force do not vanish). This is not the situation 
in the second case when the depth of cut becomes for 
some periods of time equal to zero; consequently the 
components of the cutting force vanish too. It results 
that the tool and the work-piece have independent 
motion, that is, the system of equations may be 
divided in two uncoupled systems of equations of 
motion. 
 

 
Figure 10. Time history for the depth of the cut in the 

first case. 
 

 
Figure 11. Time history for the depth of the cut in the 

second case. 
 
7. CONCLUSIONS 
 

This dynamic model for milling is a new one and 
may be used for small depth of cut. Moreover, one 
requires that the arc AB  in Fig. 1 has to be small 
enough in order to neglect the angular variation of the 
cutting force. The loose of contact between the tool 
and the work-piece may appear for high cutting force 
and small stiffness for the technological system. 
Consequently, we may state that our model may 
simulate the behavior of a milling process in some 
important practical cases. One of such cases is the 
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manufacturing by milling of the helix screws for the 
machine tools. 

In our future works we will generalize the model 
for the three dimensional cases. 
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