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Abstract: - In this paper a new analytical solution for solving the issues that arise in determining the correct 
form of the eigenmodes, for the case of simply supported on two opposite edges and clamped on the other 
two of a rectangular plate, is described. The case of a homogenous plate, isotropic, with constant thickness 
and uniformly distributed weight, and dynamically driven in the direction normal to the plane of the plate 
with a median surface in the xOy plane is considered. The deformed shape of the middle area Z(x, y) is 
analyzed. The theory of elasticity states that this phenomenon can be described by a bi-harmonic differential 
equation of smooth plates having constant thickness. However, the eigenfunctions obtained for this 
scenario, lead to eigenmodes representations which are accurate only for modes n=1 and m=1. In this paper 
it is shown that the proposed analytical solution accurately describes the eigenmodes for the above 
mentioned plate, with the given limit constraints, for every m and n modes. Moreover, this new solution 
stands out for its simplicity. MatLab environment was used for simulations. The results obtained using the 
proposed solution were compared with the results obtained by means of classical method. From the analysis 
we carried out, we observed a symmetrical distribution of the eigenmodes, on both sides of the equilibrium 
position. 
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1. INTRODUCTION 
 

Plates are extremely important in engineering, as 
they are found, in different shapes and sizes, as 
components of numerous metallic structures. The 
analysis and calculus regarding plates and metallic 
structures of plates behavior encounters difficulties 
because, most cases, the methods lead to obtaining 
systems of equations having partial derivatives, 

which are difficult to integrate and solve. The 
problems become more complicated with the increase 
in complexity of boundary conditions.  

The theory of plates describes a series of 
simplified hypotheses, some formulated as principles, 
and others derived from calculus in which various 
terms of the equations were neglected. Along time, 
various approaches, many of them based on analytical 
methods, were studied in the attempt to find reliable 
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and simpler solutions for various plate types with 
different boundary conditions.  

The first mathematical approach for the plates 
issue was given by Euler, who performed an analysis 
of a plate's free vibration. After that, Chladni 
discovered several modes for the free vibration of 
plates. In the experiments on horizontal plates, he 
used powder, uniformly spread on the upper surface 
of the plate, which created regular shapes after the 
induction of a vibration. Modal lines appeared on the 
plate surface [1,2]. 

The differential equation of the plate was 
developed by Germain, but the latter lacks the term of 
deformation. The term of deformation was introduced 
into the differential equation of plates by Lagrange 
[3]. He was the first who correctly presented the 
general equation of plates.  

Starting from the Germain-Lagrange equation, 
Poisson found the solution for a static-loaded plate. In 
this solution, the rigidity of the plate was considered 
constant, and three boundary conditions were 
introduced. These limit conditions and the 
discussions about their number and nature were the 
subject of many controversies and were subjected to 
ulterior research [4].  

Kirchhoff had established that there are only two 
boundary conditions for retainer plate. Plate 
frequency equation was also an important discovery. 
This theory has been successfully applied in practice 
[5]. An analytical method was developed for the 
analysis of vibrations in rectangular plates with 
diverse elastic non-uniform constraints on the edges, 
that can be extended also for the triangular and L-
shaped plates [6].  

A solution for the case of the plate with boundary 
conditions simply supported on two opposite edges 
and clamped on the other two is given in [7]. It is 
derived from the static study, for determining the first 
eigenmode, for which m=1 and n=1. 

In [8] is proposed a method based on Bessel 
functions which lead to obtaining the exact solutions 
for the free vibration analysis of thin rectangular 
plates with various edge conditions, among them 
being considered also the case of two opposite edges 
simply supported and the other two edges clamped. 
The results obtained with the proposed solutions were 
accurate but only for the eigenmodes for which n is 
an even number and m=n/2.   

Sh. Hosseini-Hashemi et. all presented in 2009 a 
new approach for free vibration analysis of 
moderately thick rectangular plates composed of 
functionally graded materials and supported by either 
Winkler or Pasternak elastic foundations. The study 
was made for thick rectangular plates having two 
opposite edges simply supported and all possible 
combinations of free, simply supported, and clamped 

boundary conditions for the other two edges. The 
research was based on FSDT to derive and solve the 
equations of motion. For the shear correction factors 
authors proposed a new formula based on Mindlin 
plate theory. The solution proved to be highly 
efficient [9]. 

Y.F. Xu, W.D. Zhu used in [10] the operational 
modal analysis, and the experimental modal analysis 
for determining the eigenmodes of a rectangular 
plate, resulting an error of maximum 1.53% between 
determined data and values obtained from FEM 
analysis. Even more, these methods are quite 
sophisticated and laborious. 

A different approach for thin plates with non-
classical boundary conditions is proposed in [11]. The 
proposed solution was viable only for eigenmodes for 
which m and n are odd numbers. 

This paper presents a new approach for obtaining 
a precise solution for the eigenfunctions which lead 
to correct representations of the eigenmodes, for 
every m and n value, for the case of a rectangular plate 
simply supported on two opposite edges and clamped 
on the other two edges. It is shown that the 
distribution of these eigenmodes is symmetrical, on 
both sides, with respect to the equilibrium position, 
for all the analyzed cases.  

It is well known that for a homogeneous, isotropic 
plate of constant thickness h, with uniformly 
distributed mass and dynamically driven in the 
direction normal to the plane of the plate, with the 
median surface in the xOy plane, the deformed shape 
of the median surface Z(x,y) satisfies the bi-harmonic 
differential equation of plane plates of constant 
thickness, established in the theory of elasticity.  

Considering the form of the quadratic bi-harmonic 
equation and imposing the boundary conditions, the 
eigenfunctions are obtained which constitute a 
generalized solution for determining the eigenmodes 
of a plate. For the case in discussion the boundary 
conditions are: two opposite edges simply supported, 
and the other two edges clamped. It will be shown 
that, for the generalized form of the eigenfunctions, 
the resulted eigenmodes are not accurate, with the 
increase of n and m values. 

The case of plates with discontinuities is 
intensively studied, aiming to present solutions that 
can be used in damage detection [12-15]. Different 
types of plates [16-17] and different damage [18] is 
targeted. 

The new approach proposed and presented in this 
paper implies modifying the eigenfunction equation 
by adding the sign function, thus, obtaining a better 
solution which describe eigenmodes correctly, for 
every n and m values.  

MATLAB environment is used, in order to 
compare the eigenmodes for the proposed solution 
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with the eigenmodes for the classical solution, for the 
above mentioned plate and boundary conditions. 
 
2. PROBLEM STATEMENT AND NEW 
APPROACH FORMULATION 
 

A homogeneous, isotropic plate of constant 
thickness h, with uniformly distributed mass and 
dynamically actuated in the direction normal to the 
plane of the plate, with the median surface in the xOy 
plane is considered. The deformed shape of the 
median surface Z(x,y) satisfies the bi-harmonic 
differential equation of flat plates of constant 
thickness, established in the theory of elasticity:  
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In the case of free vibrations, when the disturbing 
force p(x,y,t)=0, the equation with partial derivatives 
of the deformed surface is obtained, of the form: 
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EhD  is the plate bending rigidity;  

• E is elasticity modulus; 
• ρ is material density; 
• Z=Z(x,y) is the shift of the plate median surface 

along the normal direction; 
• h is the plate thickness;  
• υ is the transverse contraction coefficient (Poisson 

coefficient). 
In the case of a rectangular plate simply supported 

on two parallel edges x = 0 and x = a (Figure. 1), 
function Z(x,y) has the form [14]: 
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which satisfies the following limit conditions: 
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Introducing the Eq. (3) into the bi-harmonic Eq. 
(1), we obtained a fourth-order linear differential 
equation with constant coefficients, having the 
following form [13]: 
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The characteristic equation for the fourth-order 

differential Eq. (6) is: 
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and the roots of the characteristic Eq. (7) are: 
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By using the notations: 
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the roots of the characteristic Eq. (7) become: 
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A solution for the differential equation of the form 

is adopted: 
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The constants are determined from the limit 

conditions that must be satisfied on the two simply 
supported edges, parallel with the Ox axis and from 
the limit conditions that must be satisfied on the two 
clamped edges, parallel with the Oy axis.  

If the thin plate is clamped on the other two edges 
(Figure 1), to which the arrow and the rotation in a 
perpendicular plane on the edge are null, then the 
limit conditions are the following: 
a) 00 == )b,x(Z),x(Z  
From this condition it results: 
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Figure 1. Plate clamped on the edges on y direction and 

simply supported on the edges on x direction 
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from this condition it results: 
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The first-order derivative of Y from equation (11), in 
relation to y, is: 
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Using the limit condition (12) into the Eq. (11), 

and the limit condition (13) into the Eq. (14), the 
homogenous linear system with the unknown 
parameters A, B, C, D is obtained, having the form 
below: 
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From the first Eq. of system (15), results: 

 
CA −=       (16) 

 
A particular solution of the form α = 0 was 

considered. Further, from the third equation of the 
system (15) results: 
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By replacing the results (16) and (17) in the 
second and fourth equation of the system (15), is 
obtained: 
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From these equations of the system results: 
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and the solution of these equations: 
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By squaring the expression (20), is obtained the 
following relation: 
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When introducing relation (21) into relation (10), 

the non-dimensional frequency parameter of the 
below form is obtained: 
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By replacing Eq. (22) into relation (2`) the 

eigenpulsation of the movement result in the form: 
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From the relation (23) it can be concluded that 

there is infinity of eigenpulsations, depending on the 
eigenmodes m and n, with which the plate may 
execute free harmonic vibrations. 

The case α ≠ 0 is considered. 
From the third equation of system (15), results: 
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By replacing relation (16) and (24) in the second 
and fourth equation of system (15), is obtained: 
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Setting the condition that the system (25) should 

also admit solutions different from the common 
solution, the equation of the eigenpulsations is 
obtained: 
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By solving the equation of eigenpulsations (26) 

the transcendent equation results, having the form: 
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A particular solution of Eq. (27) is: 
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From Eq. (27) results that: 1 - cosh(α b) = 0,  i.e. 

α = 0, which is in contradiction with the forwarded 
hypothesis. Consequently, according to the analysis 
conducted, one solution of the transcendental 
equation (27) is the particular solution α = 0. 

For this case the system (15) solutions are:  
 

0== DB and 0≠=− CA   (29) 
 
Therefore, the solution of the differential Eq. (14) 

becomes [22]: 
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The eigenfunctions of the motion, Zmn(x,y), for the 

bi-harmonic equation, from which rectangular plate 
eigenmodes are obtained, have the form: 
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The Amn coefficients are calculated using the 

Fourier expansion: 
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It results that the Amn coefficients are: 
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By replacing results (35) in Eq. (31), 

eigenfunction equations become: 
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Relation (36) is a generalized form of the 

eigenmodes for simply supported on two opposite 
edges and clamped on the two edges rectangular 
plate. Once the eigenpulsations and eigenfunctions 
are determined, the expression of the shift in vibration 
according to the eigenmode can be written, of the 
form: 
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eigenmodes won’t contain both the transversal and 
longitudinal components of the vibrational mode, as 
it will be seen, later, in simulation results. Therefore, 
this issue can be solved by introducing “sign” 
function in relation (36), which becomes: 
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3. TESTS AND RESULTS 
 

In order to certify the validity of the new solution, 
as stated in relation (38), a steel rectangular plate, 
having the edges b = 500 mm and a = 1000 mm, 
simply supported on two parallel edges (length) and 
clamped on the other two edges (width), with the 
elasticity modulus E = 2.1×1011 N/m2, Poisson 
coefficient υ = 0.29, density ρ = 7850 kg/m3 is 
considered.  

For this plate, simply supported on two parallel 
edges and clamped on the other two edges, 
simulations were made, using MATLAB software. A 
step of 0.001 value was chosen and both relations (36) 
and (38) were applied.  

The results for the determined eigenmodes are 
depicted in figure 2.a), c) for relation (36) and 2.b), d) 
for relation (38), in which, for comparison, have been 
chosen two cases: first for n=2 and m=2, second for 
n=3 and m=4. 

Analyzing the results from figure 2.a) and 2.c) it 
can be noticed that, when using relation (36), for n 
and m values above 1, the transversal component is 
not present, which leads to the conclusion that the 
classical analytical solution, for the studied case of 
the plate with the boundary conditions previously 
mentioned is not accurate when n and m are greater 
than 1. 
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(a) (b) 

  
(c) (d) 

Figure 2. Comparison of eigenmodes for the plate simply supported on two parallel edges and clamped on the other 
two edges: (a), (c) with relation (36); (b), (d) with relation (38) 

 
Moreover, analyzing the results from figure 2.b) 

and 2.d) it can be noticed that, when using the new 
proposed solution given by relation (38), the 
transversal component is present, for both n and m 
case values, and for any n and m value, odd or even. 
Thus, it can be concluded that relation (38) responds 
accurate and correct, showing both transversal and 
longitudinal components of the eigenmode, for every 
n and m value.  

In Figure 3 is shown the normalized amplitude of 
the beam (blue) embedded at the ends as well as the 
normalized amplitude of the cross-section of the 
considered plate (magenta), embedded at the opposite 
ends and simply supported on two others. Using 
relation (39) from below, deduced in the case of the 
beam embedded at the ends, a more physically 
credible curve is obtained, represented in figure 3. 
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Comparing the results obtained analytically for the 
considered plate case, with relation (38), represented 
in figure 2.b), with the results obtained for the 
clamped beam at both ends determined with relation 
(39), as it is depicted in graphic figure 3, it is observed 

that, the shape of the normalized amplitude both for 
the case of the studied plate and for the case of the 
beam are similar.  

Though, when the amplitude value reaches 0 
point, the plate clamped on the edges imitates the 
clamping phenomenon. 

 

 
Figure 3. Normalized amplitude for beam and plate-

comparison for mode shape 2  
 
Figure 3 shows a very good correlation when 

using the relations involving hyperbolic and 
trigonometric functions. This is also demonstrated in 
[19], where the Python language is used for calculus 
and visualization. 
 

beam 
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4. CONCLUSIONS 
 

The study conducted on thin elastic plates with the 
same thickness, but with different boundary 
conditions revealed the usefulness of diverse theories 
in the theoretical modelling of thin plates. Classical 
analytical method for determining the eigenmodes for 
a thin plate simply supported on two parallel edges 
and clamped on the other two edges is responds well 
only for value 1 of n and m.  

Late research results, using various analytical 
methods have been proven to be accurate, but only 
partially, for odd or even values of n and m, or other 
specific values, solutions which can be used for 
specific case situations.  

The simulations made for a real plate case, with 
above mentioned boundary conditions, and with 
relation (38) led to obtaining credible results. Using 
only the known relations from the literature, 
represented by trigonometric functions, does not lead 
to exact solutions for all eigenmodes and it is 
necessary to use more precise functions.  

The research described in the paper led to 
obtaining a new generalized solution for determining 
the eigenmodes of the free vibration in thin plates 
simply supported on two parallel edges and clamped 
on the other two edges. It has been shown that the new 
solution, represented by relation (38), gives more 
accurate results in describing the eigenmodes of 
vibration for the considered plate and has a faster 
convergence for every n and m value.  

In all analyzed cases, we observed that the 
eigenmodes are distributed symmetrically, on both 
sides of the equilibrium position. 
 
REFERENCES 
 
[1] Müller T., Numerical Chladni figures, European Journal of 

Physics, 2013, 34 1067. 
[2] Bruno L., Inria A., Laplace-beltrami eigenfunctions towards 

an algorithm that “understands” geometry, Shape Modeling 
and Applications, IEEE International Conference on 
Matsushima, 14-16 June, 2006. 

[3] Fazzolari F.A., Erasmo C., Free vibration analysis of 
sandwich plates with anisotropic face sheets in thermal 
environment by using the hierarchical trigonometric Ritz 
formulation, Composites: Part B 50, 2013, pp. 67–81. 

[4] Boborykin V.G., Solving the elastic bending problem for a 
plate with mixed boundary conditions, International Applied 
Mechanics, 2006, Vol. 42, No. 5, pp. 582–588. 

[5] Coleman M.P., Mcsweeney L.A., A perturbation approach for 
the eigenfrequency analysis of separable Kirchhoff thin-plate 
problems on a rectangle, Journal of Sound and Vibration 292, 
2006, pp. 474–487. 

[6] Zhang X., Wen L., Vibrations of rectangular plates with 
arbitrary non-uniform elastic edge restraints, Journal of 
Sound and Vibration, 326, 2009, pp. 221–234. 

[7] Leissa A.W., Singularity Considerations in Membrane. Plate 
and Shell Behavior, Int. J. Solids and Structures, 98, 2001, 
Pp. 3341-3351. 

[8] Jiu H. W., Liu A. Q., Chen H. L., Exact Solutions for Free-
Vibration Analysis of Rectangular Plates Using Bessel 
Functions, Journal of Applied Mechanics, Vol 74, 2007, pp. 
1247–1251.  

[9] Hosseini-Hashemi Sh., Rokni Damavandi Taher H., Akhavan 
H., Omidi M., Free vibration of functionally graded 
rectangular plates using first-order shear deformation plate 
theory, Applied Mathematical Modelling 34, 2010, pp. 1276–
1291 

[10] Xu Y.F., Zhu W.D., Operational modal analysis of a 
rectangular plate using non-contact excitation and 
measurement, Journal of Sound and Vibration, 332, 2013, pp. 
4927–4939. 

[11] Leng B., Ullah S., Yu T., Li K., New Analytical Free 
Vibration Solutions of Thin Plates Using the Fourier Series 
Method, Applied Science, 12, 8631. 
doi.org/10.3390/app12178631 , 2022, pp. 1-23. 

[12] Tufoi M., Haţiegan C., Vasile O., Gillich G.R., Dynamic 
Analysis of Thin Plates with Defects by Experimental and 
FEM Methods, Romanian Journal of Acoustics and 
Vibration, 10 (2), 2013, pp. 83 – 88. 

[13] Haţiegan C., Gillich E.V., Vasile O., Nedeloni M.D.,  
Pădureanu I., Finite Element Analysis of thin plates clamped 
on the rim of different geometric forms. Part I: Simulating the 
Vibration Mode Shapes and Natural Frequencies, Romanian 
Journal of Acoustics and Vibration, 12 (1), 2015, pp. 69-74 

[14] Tufoi M., Gillich G.R., Praisach Z.I., Ntakpe J.L., Haţiegan 
C., An analysis of the dynamic behavior of circular plates 
from a damage detection perspective, Romanian Journal of 
Acoustics and Vibration, 11 (1), 2014, pp. 41-46. 

[15] Haţiegan L.B., Haţiegan C., Gillich G.R., Hamat C.O., 
Vasile O., Stroia M.D., Natural frequencies of thin 
rectangular plates clamped on contour using the Finite 
Element Method, IOP Conference Series: Materials Science 
and Engineering, 294 (1), 2018, Art. 012033. 

[16] Hamat C.O., Praisach Z.I., Barbinta C.I., Korka Z.I., Gillich 
G.R., Circular crack identification in plates based on natural 
frequency evaluation, Vibroengineering Procedia, 33, 2020, 
pp. 17-21 

[17] Haţiegan C., Gillich G.R., Răduca M., Budai A.M., Muntean 
F., Răduca E., Finite Element Analysis of Natural 
Frequencies and Mass Participation Coefficients For Thin 
Plates With Defects, Scientific Bulletin of “Politehnica” 
University of Timişoara, 2012, Vol. 57 (71). 

[18] Tufoi M., Gillich G.R., Mituletu I.C., Iancu V., Location of 
the corrosion damage in rectangular plates, Journal of 
Physics: Conference Series, 628 (1), 2015, Art. 012005 

[19] Nedelcu D., Barbinta C.I., Gillich G.R., Korka Z.I., Haţiegan 
C., A python application to calculate the mode shapes of 
rectangular plates, Vibroengineering Procedia, 33, 2020, pp. 
66-71 

 
 
  

https://doi.org/10.3390/app12178631
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:9yKSN-GCB0IC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:9yKSN-GCB0IC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:9yKSN-GCB0IC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:ML0RJ9NH7IQC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:ML0RJ9NH7IQC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=E79Ei_UAAAAJ&citation_for_view=E79Ei_UAAAAJ:ML0RJ9NH7IQC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=htoz88QAAAAJ&cstart=100&pagesize=100&citation_for_view=htoz88QAAAAJ:cB__R-XWw9UC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=htoz88QAAAAJ&cstart=100&pagesize=100&citation_for_view=htoz88QAAAAJ:cB__R-XWw9UC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=htoz88QAAAAJ&cstart=200&pagesize=100&citation_for_view=htoz88QAAAAJ:ZYsTHYU9jrMC
https://scholar.google.com/citations?view_op=view_citation&hl=ro&user=htoz88QAAAAJ&cstart=200&pagesize=100&citation_for_view=htoz88QAAAAJ:ZYsTHYU9jrMC

