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Abstract: - The paper presents a dynamic model with 4 degrees of freedom that allows the study of pitch 
and swing bounce vibrations for independent suspensions. Based on this model and the results obtained, an 
electronic control system of a semi-active suspension can be achieved. The displacement equations obtained 
by applying the theorem of the center of mass and the kinetic moment are presented in matrix form. Based 
on this information, the influence of travel speed and the value of damping constants of the suspension 
shock absorbers on the amplification factors of displacement amplitudes and dynamic forces at the two 
wheels is studied. At the end of the paper, the results obtained on a numerical application with the data of 
a medium class car are presented and interpreted. 
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1. INTRODUCTION 
 

During the movement of a vehicle, translational 
(jerking, skidding and bouncing) and rotational 
(rolling or rocking, pitching and yawing) vibrations 
are produced and transmitted from the road to the 
passengers. These vibrations affect the human body 
(comfort sensation) and the normal reactions at the 
wheels [1]. 

By imprinting the desired character of the 
oscillations, the suspension, together with the steering 
mechanism of the wheels, influences the handling, 
maneuverability and stability of the car, elements that 
together define the road holding of the vehicle [2]. 

Suspension, based on elastic and damping 
characteristics, can be: passive, semi-active and active. 
A passive suspension system is a system in which the 
coefficients of the components of which it is made up 
remain constant, a semi-active suspension system is 
developed from the passive system in which the 
damping characteristic can change, in a controlled 
manner, depending on the conditions of use of the 
vehicle, and an active suspension is also developed 
from a passive suspension where in addition there is a 
force actuator that controls the elastic and damping 
characteristics [3]. So, by definition, a suspension is 
active if certain parameters of it can change during 

functioning [4],[6]. Due to the high costs of 
component active shock absorbers, sensors, 
electronic vehicle control unit, etc., this type of 
suspension has not been widely adopted. 

Fitting an F1 car by Lotus engineers more than 30 
years ago with an active suspension was not a success 
mainly due to the additional energy consumption, 
additional vibration introduction and high 
manufacturing costs for the components. 

Over time, the weaknesses were remedied by the 
engineering departments of the major car 
manufacturers: Mercedes-Benz, BMV, Opel, Toyota, 
Volkswagen, Citroen, etc. [8]. Today, thanks to the 
falling prices of active suspension elements, 
manufacturers equip their luxury models with this 
type of suspension, each developing its own system: 
Toyota and Lexus developed the AVS system, BMV 
uses the Adaptive Drive system, Porsche uses the 
active PASM system, Opel DSS continuous damping 
system, Mercedes-Benz ADS adaptive damping 
system [9]. 

The electronic command and control systems of 
an active suspension are based on algorithms resulted 
from the notions of dynamic systems theory [1]. A 
dynamic system is a set of elements that communicate 
with each other. The basis of this assembly is a 
dynamic model for which a controller is designed that 
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evaluates first the variables to be controlled, then the 
feedback is compared with the reference point [5],[7]. 

Dynamic models used in the study of semi-active 
and active suspensions are usually with 2 degrees of 
freedom [4]. The paper presents a model with 4 degrees 
of freedom, a model that allows obtaining results close 
to models with a larger number of degrees of freedom 
[10],[11]. The models with several degrees of freedom 
allow obtaining numerical results also regarding the 
vibrations on the passenger seats [1]. 
 
2. DYNAMIC MODEL WITH 4 DEGREES 
OF FREEDOM 
 
2.1. Dynamic model 
 

The model in Figure 1 can be used for the analysis 
of pitch bounce vibrations and rock bounce vibrations 
in the case of independent suspensions. In the 
literature it is also known as a half car model. The 
suspension elements in Figure 1 are represented in the 
equilibrium position, on a bumpy road. 
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Figure 1. Model with four degrees of freedom. 
 

The notations used were: C  - the center of gravity 
of the suspended mass, 1m , 2m  - the equivalent mass 
of the wheels, m  - suspended mass, 1h , 2h  - roadway 
bumps, 1k , 2k  - the elastic constants of the tires, 1c , 

2c  - tire damping constants, 3c , 4c  - the damping 
constants of the shock absorbers, 3k , 4k  - the elastic 
constants of the springs, 1l , 2l  - the distances of 
center of gravity from the wheel axis. 
 
2.2. Static forces at the wheels 
 

Figure 2 shows the isolated elements in static 
equilibrium. Using notations: 10z , 20z  - the static 

arrows of the tires, 30z , 40z  - the static arrows of the 
springs, 21 lll +=  - the distance between the wheels, 
from the equilibrium equations, we obtain the static 
arrow expressions: 
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 and of the static forces at the two wheels: 
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Figure 2. Static equilibrium of suspension elements. 

 
2.3. The forces that act during the 
movement 
 

Figure 3 shows the car suspension elements in 
dynamic balance. 
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Figure 3. The dynamic equilibrium of the suspension 

elements. 
 

For the suspended mass m  were considered the 
displacements: 3z  - the displacement of the center of 
gravity relative to the equilibrium position, α  - the 
angle of inclination from the equilibrium position. 
For wheel masses 1m , 2m  were considered the 
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displacements: 1z , 2z , - displacements measured 
from the equilibrium position. 
 
2.4. Displacement equations 
 

In order to obtain the displacement equations, the 
theorem of the movement of the center of mass is 
applied for all elements and the theorem of the kinetic 
moment for the suspended mass.  Using notation CJ  
for the moment of inertia of the suspended mass, we 
obtain the following equations in matrix form: 

             [ ]{ } [ ]{ } [ ]{ } { }FZKZCZM =++  .              (3) 

The established notations were used, where: [ ]M  
is the mass matrix (of inertia), [ ]C  is the viscous 
damping matrix, [ ]K  is the stiffness matrix, { }Z  is the 
column matrix of the parameters that define the 
movement, and { }F  is the column matrix of 
excitations. The matrix expressions are: 
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            { } ( )ThchkhchkF 0022221111
 ++= .     (7) 

The column matrix of the parameters that define 
the movement is: 

{ } ( )TzzzZ α= 21 .                (8) 
As excitations 1h  and 2h  are time dependent: 

)(11 thh = , )( 022 tthh −=                (9) 
and excitation forces: 

11111 hchkF += , 22222 hchkF +=       (10) 
they are also time dependent. 

Noting with v  the speed of the car, in the case of 
pitch bounce vibrations, the time lag 0t  is given by 
the relation: 

v
lt =0 .                             (11) 

The model with 4 degrees of freedom presented 
can be used in the case of the study of bouncing - 

pitching vibrations, but also in the study of bouncing 
- rocking vibrations. 

In the case of the bounce-pitch vibration study, the 
car moves with speed v , mass 1m  from Figure1 being 
the mass of the front wheel and 2m  is the mass of the 
rear wheel. In this case, the distances 1l  and 2l  define 
the longitudinal position of the center of gravity of the 
suspended mass, and the distance l  defines the distance 
between the front and rear wheels. 

 In the case of the bounce-rocking vibration 
study, 1m  and 2m  are the masses of the wheels from 
an axle with independent suspension. The distances 

1l  and 2l  define the transverse position of the center 
of gravity of the suspended mass ( 21 ll = ), and the 
distance l  defines the distance between the wheels on 
the same axle. The speed v  from Figure1 is in a 
direction perpendicular to the plane of the figure, and 
the time lag 00 =t . 
 
2.5. Vertical dynamic forces at the wheels 
 

The vertical dynamic forces at the wheels have 
two components: static and dynamic. The static 
forces are given by the relations (2), and the dynamic 
forces are given by the expressions: 

( ) ( )1111111 hzchzkF D


 −−−−= , 
( ) ( )2222222 hzchzkF D



 −−−−= .         (12) 
Taking these considerations into account, the 

expressions of the vertical dynamic forces at the two 
wheels, RF1 and RF2 , are: 

DSR FFF 111 += , DSR FFF 222 += .       (13) 
 
2.6. Natural pulsation and modal matrix 
 

The natural pulsations are determined from the 
matrix equation: 

[ ]{ } [ ]{ } { }0=+ ZKZM  .                   (14) 
Own pulsation 1p , 2p , 3p , 4p  are determined by 

solving the characteristic equation: 
[ ] [ ][ ] 0det 2 =− MpK .                  (15) 

The modal matrix is formed with the 4 own 
vectors{ }rA  on columns [1]: 

[ ] { } { } { } { }[ ])4()3()2()1( rrrr AAAAA = .  (16) 
 

2.7. Determination of the response to 
harmonic excitations 
 

Road bumps can be considered to have a 
sinusoidal shape of amplitude 0h  and wavelength l . 
If the car is moving with speed v , then displacement 
x , based on time, is determined with relation vtx =  
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and time dependent function for bumps h  has the 
expression: 
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
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Excitation function f  has in this case the 
expression: 
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In the case of a motor vehicle, of interest are the 
intervals [1]: 
 [ ]Hz25...5,0∈f  for the excitation function, 
 [ ]m100...3,0∈l  for wavelengths, 
 [ ]m/s50...10∈v  for speeds. 

Time lag 0t  between the front and rear wheels, if 
the vehicle is moving with constant speed v , the 
distance between the wheels being L , is: 

v
Lt =0 .                                 (20) 

The time function of the unevenness of the wheels 
on the same axle is: 

( ) 2,1,cos 0
0 =β= jhh jjj ,                   (21) 

and for wheels on different axles: 
( ) 2,1,cos 0

0 =β−ω= jthh jjj .               (22) 
The complex number method is used to calculate 

the response to harmonic excitations [1]. 
In real space, the following notations are used: 

[ ] [ ] [ ]MKTR 2ω−= ,                      (23) 

[ ] [ ]CTC ω= .                                 (24) 
Based on them, the following can be determined: 

- the transfer matrix [ ])(~ ωη  from forces to 
displacements, with the real component [ ]Rη~ : 

[ ] [ ] [ ][ ] [ ][ ] 11~ −−+=η TCTRTCTRR      (25) 

and complex component [ ]Cη~ : 

[ ] [ ] [ ][ ]RTCTRC η−=η − ~~ 1  ,                (26) 
- the transfer matrix [ ])(ωηH  from bumps to 
displacements, with the real component [ ]HRη : 

[ ] [ ][ ] [ ][ ]KCCCKCRRHR η−η=η ~~         (27) 
and complex component [ ]HCη : 

[ ] [ ][ ] [ ][ ]KCRCKCCRHC η+η=η ~~ .      (28) 

The matrices [ ]KCR  and [ ]CCR  have different 
expressions for independent suspension and for rigid axle. 

If the suspensions are independent, the following 
expressions are used: 
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Next, using notations: 
0

0 cos jjjR hh β= , 0
0 sin jjjC hh β−= ,       (30) 

we obtain the vectors: 
{ } [ ]TRRRRR hhhhh 4321= , 

{ } [ ]TCCCCC hhhhh 4321= .         (31) 
with which the two vectors of the stationary 
response are obtained: 

{ } [ ]{ } [ ]{ }CRR hHChHRZ η−η=0 ,           (32) 

{ } [ ]{ } [ ]{ }RCC hHChHRZ η−η=0 .           (33) 

 With components 0
jRZ , 0

jCZ  the displacement 

amplitudes are obtained jz : 

( ) ( )20200
jCjRj ZZZ += .                       (34) 

The dynamic forces from relations (12) have the 
expressions: 
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2.8. Determination of the response to 
random excitations 
 

We consider the bumps for wheels on the same 
axle to be identical in shape and equal to )(th  and 
respectively )(thξ . The power spectral density is also 
known )(ωSh . 

In [1] expressions for the power spectral density 
are recommended: 
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where p101 ≤ω . 
The matrix of the spectral density of wheel bumps 

[ ]SHR  has the components given in [1]. Based on 
them, the complex matrix of the spectral density of 
the response is determined: 
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Spectral power densities )(ωZjS  are the elements 
located on the main diagonal of the matrix [ ]SZR . The 
effective values are thus obtained: 

ωω= ∫
ω

ω−

dSz Zjjef

1

1
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For the spectral densities of the dynamic force at 
the wheels, the following are determined in order: 
- interspectral density matrix [ ])(ωZHS  with 
components: 

[ ] [ ][ ] [ ][ ]SHCHCSHRHRSZHR η+η= ,       (40) 

[ ] [ ][ ] [ ][ ]SHRHCSHCHRSZHC η−η= .       (41) 
- the power spectral density of the vertical forces at 
the wheels for wheels with independent suspensions: 

( )[ ])(2)()()( 222 ω−ω−ωω+=ω ZjhjRHjZjjjFjD SSSckS . (42) 
The effective values of the dynamic forces are: 
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3. NUMERICAL APPLICATION 
 

In the case of this model, a numerical application 
was made for a car for which the following data are 
known: 5,321 =m kg - the equivalent unsuspended 
mass of the front wheel, 262 =m kg - the equivalent 
unsuspended mass of the rear wheel, 615=m kg – 
suspended mass, 2mkg850 ⋅=CJ  - the moment of 
inertia with respect to the axis Cy , 05,11 =l m - the 
distance of the center of gravity from the axis of the 
front wheel, 60,12 =l m - center of gravity distance 

C  to the rear wheel axle, 
ω

==
6000

21 cc Ns/m - the 

damping constants of the front and rear tires, 
N/m12000021 == kk  - the elastic constants of the 

front and rear tires, N/m222253 =k  - the elastic 
constant of the front spring, N/m200674 =k  - elastic 
constant of the rear spring, 10=v m/s, 20=v m/s and 

30=v m/s - 3 vehicle travel speeds,  

222
02)(

v
vsSh

α+ω
α

=ω  - power density for paved roads, 

with the constants: 24
0 m102,1 ⋅=s , 1m45,0 −=α  . 

The following will be determined: natural-
pulsations, amplification factors of displacements and 

forces in the case of harmonic excitations, effective 
values of displacements and forces in the case of 
random excitations.  

The numerical results are obtained with a 
calculation program in MATLAB language, program 
based on the calculation relations already established. 

Numerical values are obtained for: 
- wheels static arrows: 033,010 =z m, 022,020 =z m, 
-spring static arrows: 1639,030 =z m, 1131,024 =z m, 
- wheels static forces: 5,39611 =sF N, 6,26452 =sF N. 

With relations (14)÷ (16) natural-pulsations and 
modal matrix are determined.  The following 
numerical values for the natural frequencies are 
obtained: 

1608,11 =f Hz, 4326,12 =f Hz, 5409,103 =f Hz, 
6902,114 =f Hz 

and modal matrix [ ]A  (natural vectors matrix): 
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A . 

Analyzing the values obtained for the 4 vibration 
modes, the following can be concluded: 
- vibration mode 1 (first natural vector): bounce 
vibrations of the suspended mass, moderate and in-
phase vibrations for the front wheel and pitch 
vibrations of the suspended mass, negligible 
vibrations for the rear wheel; 
- vibration mode 2: pitch vibrations for the suspended 
mass, moderate and in-phase vibrations for the rear 
wheel and for bouncing vibration of the suspended 
mass, negligible vibrations for the front wheel; 
- vibration mode 3: vibration of the front wheel, 
insignificant vibrations of the other component parts; 
- vibration mode 4: vibration of the rear wheel, 
insignificant vibrations of the other component parts. 

To obtain values for displacement amplification 
factors, values are given to parameter ω  in the range 
( ) 1s1550 −÷  with constant step 1=ω∆ .  

The influence of the travel speed and the influence 
of the damping constant of the shock absorber on the 
amplification factor of the displacement amplitudes are 

studied 
0

0
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1 h
z

=ξ , 
0

0
2

2 h
z

=ξ , 
0

0

3 h
z

=ξ , 
0

0

4 h
α

=ξ  given by 

relations (34) and the amplification factors of the 
dynamic forces DF1 , DF2  given by relations (35). 

For an equal and constant value of the damping 
constants of the two dampers 120021 === ccc Ns/m 
are considered 3 values of travel speed: 10=v m/s, 
20 m/s and 30 m/s, and for a constant travel speed  

30=v m/s are considered 3 values for damping 
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constants 1000=c  Ns/m, 1500=c  Ns/m and 
2000=c  Ns/m.  

Based on the values obtained with the calculation 
program, the graphs are drawn in figures 4 - 11 for the 
amplification factors of the displacement amplitudes 

1ξ , 2ξ , 3ξ , 4ξ , based on travel speed )(viξ  and 
based on damping constant value )(ciξ , as follows: 

- in Figure 4, the graph of the 
amplification factor displays the amplitude of 
front wheel based on travel speed; 

 

 
Figure 4. Amplification factor )(1 vξ . 

 
- in Figure 5, the graph of the 

amplification factor displays the amplitude of 
front wheel based on damping constant 
value; 

 

 
Figure 5. Amplification factor )(1 cξ . 

 
- in Figure 6, the graph of the 

amplification factor displays the amplitude of 
rear wheel based on travel speed; 

 

 
Figure 6. Amplification factor )(2 vξ  

 
- in Figure 7, the graph of the 

amplification factor displays the amplitude of 
rear wheel based on damping constant value; 

 

 
Figure 7. Amplification factor )(2 cξ . 

 

 
Figure 8. Amplification factor )(3 vξ . 
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- in Figure 8, the graph of the 
amplification factor displays the amplitude of 
sprung mass based on travel speed; 

- in Figure 9, the graph of the 
amplification factor displays the amplitude of 
sprung mass based on damping constant 
value; 

 

 
Figure 9. Amplification factor )(3 cξ . 

 
- in Figure 10, the graph of the 

amplification factor displays the amplitude of 
pitch angle based on travel speed; 

 

 
Figure 10. Amplification factor )(4 vξ . 

 
- in Figure 11, the graph of the 

amplification factor displays the amplitude of 
pitch angle based on damping constant value. 

It is discovered that the displacement 
amplification factors )(1 vξ , )(2 vξ  are very little 
influenced by the speed of the vehicle, which is not 
the case for the displacement amplification factors 

)(3 vξ  and )(4 vξ .  

 
Figure 11. Amplification factor )(4 cξ . 

 
Instead, displacement amplification factors )(1 cξ

, )(2 cξ  are strongly influenced by the value of the 
damping constant of the damper, thing that doesn't 
happen for displacement amplification factors )(3 cξ
and )(4 cξ . 

For 1200=c Ns/m, displacement amplification 
factors 1ξ , 2ξ  have a maximum at frequencies close 
to their own frequencies 1f , respectively 2f , 
followed by a level up to frequencies close to the own 
frequencies.  

Proceeding in a similar way, the graphs of the 
amplification factors of the dynamic forces of the 
front and rear wheels are shown in the figures 12 to 
15, as follows: 

- in Figure 12, the graph of the 
amplification factor displays the amplitude of 
dynamic force of front wheel based on travel 
speed; 

 

 
Figure 12. Amplification factor )(1 vFD . 
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- in Figure 13, the graph of the 
amplification factor displays the amplitude of 
dynamic force of front wheel based on 
damping constant value; 

 

 
Figure 13. Amplification factor )(1 cFD . 

 
- in Figure 14, the graph of the 

amplification factor displays the amplitude of 
dynamic force of rear wheel based on travel 
speed; 

 

 
Figure 14. Amplification factor )(2 vFD . 

 
- in Figure 15, the graph of the 

amplification factor displays the amplitude of 
dynamic force of rear wheel based on 
damping constant value. 

Dynamic amplification factor 
0

1

h
F D  at front wheel 

has a maximum at the frequency close to the 

frequency 1f , the value being 223259
0

1 =
h

F D
m
N .  

 The static force at the front wheel being 
determined as 5,39611 =sF N, it follows that for 

amplitudes 0h  higher than 01777,0
223259

5,3961
= m, 

meaning almost 18 mm, detachments occur at the 
front wheel. 
 

 
Figure 15. Amplification factor )(2 cFD . 

 

The dynamic amplification factor 
0

2

h
F D  at rear 

wheel has a maximum at the frequency close to the 

frequency 2f , the value being 192512
0

2 =
h

F D
m
N . 

The static force at the rear wheel is 6,26452 =sF N, 
so it follows that for amplitudes 0h  bigger than 

0137,0
192512

6,2645
= m, meaning almost 14 mm, 

detachments occur at the rear wheel.  
To determine the response of the system to random 

excitations, the calculation program continues. 
Considering the relations (36) ÷  (38), the 
components of the power spectral density matrices 
are calculated, with the help of which, the effective 
values of displacements jefz  are obtained, using 
relation (39). 

The spectral densities of the dynamic force at the 
wheels are determined with the relations (40) and 
(42), and the effective value with (43). 

From relations (39) are obtained the effective 
values of displacement iefz  depending on the 3 travel 
speed values in the Table 1. 

Comparing the static values ( 5,39611 =sF N, 
6,26452 =sF N) with the dynamic ones, it can be 

concluded that on such a road (poorly cobbled) no 
separation occurs at the wheels for the 3 travel speeds 
considered. 
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Table 1. 
Effective displacement values jefz . 

 
efz1  

[mm] 
efz2  

[mm] 
efz3  

[mm] 
efz4  

[rad] 
=v 10 m/s, 25,4 25,1 23,8 0,0189 
=v 15 m/s, 25,4 25,3 27,0 0,0159 
=v  30 m/s, 25,1 25,2 26,1 0,0127 

 
4. CONCLUSIONS 
 

The contact between a car's wheel and the 
roadway is mainly influenced by the condition of the 
road, the value of the damping constant of the shock 
absorber and the travel speed.  

In the case of an automobile, knowing a 
correspondence between these parameters leads to the 
possibility of designing a semi-active suspension that 
allows the damping factor to vary depending on the 
information received from the sensors that monitor 
the movements of the suspended and unsuspended 
masses. 

With this information determined, a mechatronic 
system can be developed to control the activity of the 
damper.  

This system uses the input information from the 
sensors and, with a software based on a control 
strategy, controls the mechatronic system that allows 
the damping constant to be changed. This ensures an 
optimal level of stability and comfort. 

The dynamic model presented in the paper is with 
4 degrees of freedom, and the application is 
performed for a car with independent suspensions for 
which a study of bounce-pitch vibrations is made. 

For this model, also known in the literature as a 
half-car model, the influence of the car's travel speed 
and the values of the shock absorber's damping 
constant on the wheel-track contact is studied. 

The study was carried out with the help of a 
calculation program in MATLAB, based on the 
calculation relations shown in this paper.  

The calculation program allows obtaining the 
response of a dynamic system to harmonic excitations 
and random excitations, starting from the equations 
of motion, written in matrix form.  

Using the matrix mode allows changes in the 
program for models with more degrees of freedom. 

The applications were made for a medium class 
car for which were considered the travel speeds in the 
range of 10÷30 m/s and values of the damping 
constants in the range of 1000÷2000 Ns/m.  

Comparing the obtained numerical results, it was 
observed that the values of the displacement 
amplification factors at the front and rear wheels are 
not influenced by the travel speed, but are strongly 

influenced by the value of the damping constant (the 
maximum values are around the natural frequencies, 
they increase with the decrease of the damping 
constant of the front and rear shock absorbers).  

On the other hand, the amplification factors of the 
suspended mass and the pitch angle are influenced 
only by the movement speed, the maximum being 
around the own frequencies of the suspended mass.  

Likewise, the dynamic factors at the front and rear 
wheels are also influenced by the value of the 
damping constant.  

The maximum values of the dynamic forces, in 
comparison with the static values, allows the 
determination of the maximum values of the 
displacements of the separation of the wheels from 
the track, depending on the value of the damping 
statement. 

As a result of the study carried out for the analysis 
of the system's response to random excitations, the 
values of the spectral densities of the dynamic force 
at the wheels and the effective values of the 
displacements according to the three values of the 
considered displacement speed were obtained.  

From the analysis of the values obtained, it was 
determined that, on a poorly paved road, the wheels 
do not loose contact with the roadway, for the 
considered speed values. 
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