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Abstract: - In this paper, it is proposed a systematic presentation of the known methods for determining the
elastic constants of a composite material using the vibration response. For a series of bodies with a simple
shape, the value of the eigenfrequencies for different boundary conditions can be calculated with the
standard formula (for example for beams, plates, or cylinders). These values depend on the elastic constants
of the materials through simple formulas. So, if we know the eigenfrequencies for a certain particular shape
of bodies made of a certain material, the elastic constants (or some of them) can be easily determined. The
most accurate methods to determine these values of eigenfrequencies are, obviously, experimental methods.
However, these methods are generally expensive in terms of time and resources. As a result, especially if
we are in the design phase, it is very advantageous if we can determine these values from the calculations.
For this, the Finite Element Method (FEM) is used in the paper. Cases are presented in which these values
can be calculated with relative ease and therefore the values of the elastic constants can be obtained with

less effort.

Keywords: - elastic constants, vibration, experimental measurement, FEM, virtual experiments.

1. INTRODUCTION

The current industry can no longer be conceived
without the existence of composite materials. These
materials have an unprecedented use at the moment,
due to numerous advantages, both in terms of
mechanical properties but also due to their ease of
manufacture and low price. They have proven to be,
many times, a better alternative than the use of classic
materials. In almost all industrial branches, the use of
these materials has been imposed, also in medicine,
transport, in the military, aerospace, naval,
construction, etc. industries. In addition to the
countless advantages, they also have a high resistance
compared to a low weight, so they become extremely
suitable for structural applications. Obviously, the use
of composites stimulated research on their properties
and behavior in operation, which led to numerous
articles in specialized journals. The literature that
deals with the study of composites is enormous and
concerns different aspects of their behavior or
specific properties. Within the great diversity of
composite materials, in this work we will deal with
fiber-reinforced polymers whose properties are
determined by the properties of the polymer matrix
and by the reinforcing materials (fibers) in permanent

connection [1]. The most important thing when using
a composite in engineering applications is the
knowledge of its properties and behavior in operation.

Obviously, the researchers' attention was focused
on determining the physical (mechanical) properties
of a composite if the properties of the component
phases are taken into account. We are not aware of a
unitary analysis and systematization of these
methods. In the present paper we want to make a
critical analysis for one direction from the multitude
of methods for determining the mechanical properties
of a composite, namely for determining the elastic
constants of a composite using the analysis of its
vibrations (which depend on the mechanical
properties).

The development of methods for calculating
elastic constants is a continuous desire of researchers
in the field, since experimental measurements, which
obviously represent the most reliable method, involve
high costs of time and resources. Most studies focus
on the study of non-linear materials, but methods
have also been developed for materials with non-
linear behavior [2]. Also, for certain materials, the
behavior over time must be considered (polymers are
generally viscoelastic materials) [3-5]. The influence
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of temperature represents another factor that can co-
implicate the models [6].

The proposed methods for engineering constants
require, in most cases, knowledge of the field of
stresses and deformations for a certain state of
loading. If particular loading cases are used, as in [7],
then upper and lower limits are obtained for the
homogenized constant values of the composite
material, results that sometimes provide an estimate
in a large range, which makes them useless for
design [8-11].

Micromechanical analysis is often used to
determine these values [12,13]. If we refer to the
particular case of polymer composites reinforced with
fibers, due to the frequent use of this type of
composite, they have been intensively studied
[14-25]. Analytical models are also used in these
analyses [26]. The FEM proves to be, in all cases, an
extremely powerful tool in studies aimed at
determining the mechanical properties of polymer
composites with fibers (and not only) [27-28]. Other
studies that use different methods to determine the
engineering constants are presented in [29-34].

Micromechanical models were among the first
methods used to determine these quantities, in
parallel with the use of FEM [35]. The analysis of
polymer composites reinforced with carbon fibers, in
which there are unwanted voids, is analyzed in [36]
where the main analysis tool is the FEM. The increase
in the content of voids found in the material of the
composite matrix leads to a sharp decrease in the
properties in the longitudinal direction. The obtained
results are confirmed by the experimental
measurements.

The research is also extended in other directions
of wuse, such as in electro-technics. A
micromechanical model for the study of smart
composites reinforced with piezoelectric constituents
is presented in [37] for a situation where electrical and
magnetic effects appear. As a check, if these effects
are missing, the results are similar to those obtained
with classical methods. Other results obtained using
the micromechanical model and FEM are obtained
in [38-43].

In the frequently used methods (micromechanical
models, homogenization theory, variational models)
it is necessary to determine the stress and deformation
field in order to obtain the elastic constants. This is a
difficult operation and sometimes special load cases
are used to avoid this challenge. However, the use of
particular cases allows the determination of lower and
upper limits for the elastic constants, something that
can lead to obtaining useless results in practice (the
range in which the values of the elastic constants can
be found is too large). It follows that, in general, it is
necessary to determine the field of stresses and

deformations in more general cases in order to obtain
more precise results.

To achieve this objective, the FEM represents the
main analysis tool. Some results are reviewed to
illustrate the field. A paper that analyzed a wider class
of materials, including cement [44], uses FEM to
obtain the stress and strain field using
homogenization theory. The obtained values agree
with those obtained with other calculation methods
and are verified experimentally.

The determination of viscoelastic constants is
done in [45]. The experimental measurements
demonstrate the accuracy of the obtained results. An
original method for determining the properties of a
fiber-reinforced composite (carbon and glass) is
developed in [46]. Other research in the field are
presented in [47-48]. Numerous works propose the
determination of the values of the elastic constants,
using experimental methods [49-52].

The estimation methods presented in this short
review are based on static models of the material.
They establish relationships with the help of which it
is possible to determine the mechanical properties of
a material. For this, it is necessary to know the
topology, geometry, and properties of the component
phases. Most of the presented methods lead to the
need to know the stress and deformation field
considering certain loading states of the material.
Obviously, the calculation of stresses and
deformations is done, in most cases, with numerical
methods, which are approximate methods. Errors are
thus introduced, but at the moment these can be
considered acceptable at the level of the existing
calculation technique.

Elastic constants appear not only in the static
description of a material subjected to certain forces
and boundary conditions. If a dynamic analysis is
done, of course, the results obtained will depend on
the elastic constants of the studied material. Thus, a
new method is envisioned to determine these
quantities, using the classical model of simple bodies,
for which there are formulas for determining the
eigenfrequencies.

By then doing a FEM analysis of the respective
body, introducing the properties of the component
phases, the eigenfrequencies of the studied body can
be determined, considering the exact distribution of
the composite phases. By then comparing the two sets
of data, theoretical and numerical, the engineering
coefficients can be determined. This type of approach
will be presented in the work. A theoretical basis for
this type of estimation is also provided.

Of course, experimental methods remain the most
reliable methods for determining elastic constants.
Their disadvantage remains the high cost of the
equipment and the time required to perform the
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experiments. For this reason, the method proposed in
the work can be used in the design phase of a material,
when it is necessary to obtain quick estimates of the
properties of the resulting material by composing
several phases. Then, after the design phase is
finished, the prototype can be executed and the
necessary mechanical tests can be performed. In this
way, the availabilities offered by the numerical
calculation methods can be used, but the results can
be thoroughly verified using the experimental
methods. The developed experimental methods are
numerous and well documented [19,22,39,40,43].

2. THEORETICAL METHODS TO
DETERMINE THE EIGENFREQUENCIES
OF A SIMPLE BODY

In principle, any theoretical calculation method
that offers us analytical expressions that contain the
values of the elastic constants can be useful for the
approach within the work. By determining the
eigenfrequencies for different particular cases in
which there are simple structural elements (beams,
plane plates, cylinders, etc.) and comparing them with
the analytical expressions containing the elastic
constants, it is possible to determine their values. For
composite materials, the problem is particularly
interesting because it gives us the homogenized
values of these elastic constants. Numerous studies
determine the -eigenfrequencies for different
relatively simpler situations in the form of analytical
expressions. These expressions have incorporated in
them both the geometric characteristics of the studied
element and the engineering constants that describe
the mechanical properties. To begin with, a straight
beam will be analyzed that is not loaded with any
force along its length and for which the calculation
relationships are well and definitively established.
The transverse vibrations of such a bar, the torsional
vibrations and the longitudinal vibrations will be
presented. Then some cases of flat plates will be
presented. Hollow cylinders will also be analyzed.
The relations obtained for the calculation of the
eigenfrequencies of these elements make it possible,
by comparing these values with the eigenfrequencies
obtained by other methods, to determine the elastic
constants of the homogenized material. This method
was often used together with the experimental
methods for determining the eigenfrequencies. This
method is the most indicated because the values
obtained experimentally if the measurements are
carried out carefully, will provide the most credible
values. The disadvantage of this method is the fact
that the experimental procedures involve high costs
of time and resources. For this reason, the use of faster
and less expensive methods is desirable. In this sense,

the most indicated method is the FEM, which offers a
virtual version of the experimental procedures. With
this method, by inspecting the representation of the
eigenmodes, it is possible to identify the classical and
well-studied modes due to transverse, torsional, and
axial vibrations. In this way, if the relations known
from the classical analysis of straight beams or flat
plates are used, some of the elastic constants of the
homogenized material can be calculated relatively
simply.

2.1.Beams

Using the classical model of the beam it is possible
to obtain the eigenfrequencies for the beam, made by
a homogenized material. We generally have three
important modes of vibrations: bending, torsional and
axial vibration.

a) Bending vibration. Considering the bending
vibrations of the beam, they are described by the
differential equation:

o*o PA 0%
——+ == -0 .
oxt  EL ot? (0

we denote:

E, 1 1 |k 1 |D
k,=D=-zz;p == [fs o |= 2

For Eq. (2) is considered a solution of the form:

v(x,t) = Y(x)sin(pt + 6) (3)
The differential equation (1) becomes:
Yy 5, pA
—_— Y=0
dx4 P EZIZ (4)
or:
'ty  p?
————=Y=0
it 12 )
or else:
aty i_ P
——a’Y=0 ; a*=——— .
= o (©)
The circular eigenfrequency is:
2 |E,I, )
=al [ 1=123,..... s
pi = oA l @)

and the solution:

Y; = Cy;singx + Cy; cosa;x + Cyshaix + Cyichaix - (8)

The boundary conditions express the liaisons of
the beam with the background. In engineering
practice, there are five cases more often met. For
every of these cases, it is possible to obtain the
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constants appearing in Eq.(8), writing the boundary
conditions.

The system becomes:
0 =Cy;(sine;l —sha;l)+ Cy;(cos a;l — cheyl)

0 =Cy;(cosa;l — cha;l)—Cyi(sina;l +sha;l) (20)

Simply Supp O.ﬁ.ed Beam . The condition that the determinant of this system
The end conditions become: .
2y is zero, offers finally:
-at x=0 ; Yi|x10 =0 ; d > =0 cosha;l cosa;l=1 21
x — |
=0 and ¢; are the solutions of the transcendental
2 S
-at x=1 ; Y| _, =0 ; (ngl =0 auation: coshal cosal =1 22
x=I B ’ ( )
It results: The first ten solutions S =al of the transcendent
Cosinal=0; Cy=0; Cy=0; Cy=0 , ©) equation cosh g cos f=1are:
4.730040;  7.853204; 10.995607; 14.137165;
and: 17.278759; 20.420352; 23.561944; 26.703537,
al=ir , (10) 29.845130; 32.986722. The constant ¢; will be:
B;
SO: (Zi = T . (23)
a; :iT” (11) Knowing ¢;, it is possible to determine the
transversal Young’s modulus with the relation:
2 2.2 14
Considering (7) it results: g PP A = drvi L pA ; 1=1,2,3,..... 24)
22 *oall B
‘=Z7Z' EZIZ . =123 (12) 17z itz
pl 12 pA 4 1y dyenens I lt .
and the ratio: tresults:
2
pi _ 7" |EL p; EI 1
=— [FE==ct ; 1=123,.. L= [EE = ; 1=1,2,3,..... .
12 l2 /)A ¢ ! (13) ﬂi2 pAl4 ct 1=123 (25)
or:
_P2_Ps_Ps3 (14) The beam clamped at one end and simply
b= 9 16 supported at the other
The end conditions become:
The transversal Young’s modulus can be -at x=0 ; Y, | -0 ; dy;| -0
computed with the relation: =0 dx |, (26)
274
I* pA
E, =% S i=123,.... (15) 2y
7 -7 - -0 - il _
2 at x=1 ; Y| _ =0 ; = xzz_o (27)
Clamped beam at both ends To obtain a non-null solution for the coefficients
The end conditions become: it must have:
ay;
-at x=0 ; Y| _ =0 ;, —4 =0 tang;l =tanha;l . 2
¥ - dx | (16) (28)
and using the notation: f; = ;! remains to solve the
at x=1 : Yi|x:l —0 ay;l _ 0 (17) equation:
dx |, tanf; = tanh j; . (29)
It results the system:

Y Y The first eight solutions of this equation are:
0=Cy+Cy 3.927, 7.069; 10.210; 13.352; 16.493; 19.635;
0=Cy; sing;l+Cy; cosa;l + Cy;sha;l + Cyichal (18) 22.776; 25.918. Eq. (24) remains valid for all the
0=Cy; +C5; cases.
0=Cy;cosa;l —Cy; sina;l + Cyicha;l +; Cysha;l

Beam clamped at one end and free at the other
from where: The end conditions are:
Cai=—Cy; =0 ; Cu=-Cy (19) -at x=0 : Y =0 ﬁ =0
x=0 ; Y| ,=0; —- . (30)
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a3y,

1
dx®
x=I

To obtain a non-null solution for the coefficients it
must have:

2
-at x=1 ; d Z’
dx

7

=0 €2))

x=l

coshe;l cosa;l=-1 (32)

B; =a;l the first eight values of this parameter are:

1.875; 4.694; 7.855; 10.996; 14.137; 17.279; 20.420;
23.562 and using Eq. (24) is possible to obtain the
Young’s modulus.

Beam with two free ends
Now, the end conditions become:

d?y, a3y,
-at x=0 ; 5 =0 ; — =0 (33)
dx =0 dx 120
a2y, ady,
-at x=1 ; ! = ! =0
e | (34)

and as in the previous case when the beam is clamped
at both ends it results the conditions (21).

b) Torsional vibration. If torsional vibrations are
studied, then the shear modulus can be easily
determined. At the distance x from the left end of the
beam the dynamic equilibrium equation offers [53-
56]:

(35)

where we have:
G - shear modulus;
I, - the inertia moment of the area;

J - the unitary mass moment of inertia;
¢ - the rotation angle of the current area.

For a homogeneous, continuous beam there exists
the relation J = p/,, so the Eq. (1) becomes:

o’¢ o’¢

Gl —=J—

P o or’

The initial conditions at moment #=0 for the

differential equation are, if the beam is clamped at
both ends:

(36)

The function @(x) represents the function
amplitude 7. The solution is:
®(x)=C, sinax+C,cosax . 410
where:
2 _ 2P
a~=p c (42)
The boundary conditions (4) are:
@0)=0 ; @Nn)=0 43)
and offer:
C,=0 ; Cysinad=0 , (44)
The solutions are:
o = IT” ;=123 (45)

The circular eigenfrequencies of the vibration are
given by the relation:
p. == G s i=123. .

=T (46)

The shear modulus can be computed with the
relation:

2 12

pulp

G= ; =12,3,.....
) 47
From Eq.(46), it results:
P> _P3 Pn
= =——=_.... = , 48
P1 > 3 . (48)

Eq. (48) is useful to verify how good are the
results. If we obtain more results for G, an average
can be made.

¢) Longitudinal vibration. The analysis of
longitudinal vibrations of a beam allows the Young’s
modulus to be easily determined. For this, only
longitudinal vibrations will be analyzed. They are
described by the differential equation is:

op
p(x,0)=f(x) ; —| =g ; 37 2 2
ot o 37) Pu_pdu (49)
ox~ E ot
p(0,6)=0 ; olH=0 ; (38)
Choosing for Eq. (2) a solution of the form: In this equation u represents the axial
. displacement of the bar at distance x, p is the densi
o(x,t) = O(x)sin(pt + 6) (39) P . . , o v
and £ is the axial Young’s modulus. In the case of
Eq. (36) becomes: longitudinal vibrations of a bar, the form of the
) obtained equation is like the one encountered in
d_(f+ pz Po-0o . (40) torsional vibrations. Consequently, the same method
dx G of solving this equation can be applied. It obtains:
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dz@ 2 P
—+p D=0 . 50
dx? P E (50)
The initial conditions can be written as:
ou
u(x,0) = f(x) ; m =g(x) (51)
tli—o

If the beam is clamped at both ends the boundary
conditions are:

w0,H=0 ;  u(l,t)=0 (52)

and (as in the case of torsional vibrations) the circular
eigenfrequencies are given by the relation:

m:ZJE:%fz;iﬂL& ..... )
I'Vp p

The relation that gives us the Young’s modulus of
the homogenized material is:

(53)

i=1,2,3,.... . (54)

2 0 ;

The relation (48) remains valid.

2.2. Rectangular orthotropic plates

The displacement on a direction perpendicular on
the plate is:

u(x,y)=C, sinmﬂfsinnﬁ% (55)
a

where a and b are the dimensions of the rectangular
plate. The circular eigenfrequencies corresponding to
this form of vibration are, for an isotropic plate:

2
@y :”—2 2[1114 +2m*n*R? +n4R4]
\/ P

where R=a/b. In this way, the eigenfrequencies can be
related to the elastic properties of the plate material
[57,58]. In the literature, there are numerous works
that link the eigenfrequencies of bodies of a particular
shape (beams, plates, cylinders) to the elastic
properties of the material from which these bodies are
made, thus allowing the described method to be
applied. Other results in the domain can be found in
[57-65].

(56)

3. FINITE ELEMENT METHOD USED TO
DETERMINE THE EIGENFREQUENCIES

It can be considered that the FEM has reached a
high degree of maturity and provides very good
results in many areas such as strength of materials,
vibration, material analysis, calculus of structure, etc.
In the paper, this method will be used to determine
the stress and strain field in a material specimen
composed of several phases if the mechanical
properties of these phases are known, as well as how
they are arranged within the composite. The
eigenfrequencies and eigenmodes of vibration of the
analyzed material specimen will also be determined.
Knowing what the eigenfrequencies of the specimen
considered to be made of a homogenized material, it
will be possible to determine the elastic constants of
the material by a simple comparison. Only an
example application of this method will be presented
to not load unnecessary the presentation [56].

So, if we have determined the eigenvalue with
FEM, it is possible to obtain now the shear modulus
with Eq. (47):

G ; 1=12,3,.... .

W ip
=—5 (57)

1

With FEM, more eigenfrequency values can be
obtained. It results in more shear modulus values will
be obtained. To obtain a more precise value, it is
necessary to average these values.

In the calculation performed with FEM, the pure
torsion modes can be easily identified. These modes
will be analyzed to determine the shear modulus.
Thus Fig. 1 represented the FEM model of the
considered beam. Take a sample of the analyzed
material, small in size, to describe as well as possible
the composite material used. It is made up of four
cylindrical carbon fibers, parallel, which are
incorporated into a polymeric epoxy matrix. Young's
modulus for the carbon fiber used is 86.960 GPa. For
the matrix incorporating carbon fibers, Young’s
modulus is 4.140 GPa. The density of the materials is
1850 kg/m? for matrix and 2000 kg/m?® for carbon
fiber respectively. Poisson's ratio is 0.22 and 0.34 for
matrix and carbon, respectively. In Fig. 2 shows the
torsional vibration modes of the bar.

So, knowing the eigenfrequency, the eigenmode
corresponding to this frequency, the length and the
density of the homogenized material, it is possible to
obtain the shear modulus.

If the density of the fiber is o, the density of the

matrix is p,, , the ratio of the fiber is v, and the ratio
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of the matrix is v, =1-v,, the density of the

homogenized material is:

p:prf+Vmpm (58)
By calculation, the eigenfrequencies of the beam
fixed at the two ends were determined and the first
three values were obtained: 82,288 Hz;164,757 Hz;
247,584 Hz. Using these values, it is possible to
obtain the shear modulus: 5.212 GPa; 5.224 GPa;
5.243 GPa having an average value G=5.227 GPa.

L =

Figure 2. The first four eigenmodes of torsional vibration

4. CONCLUSIONS

The homogenized elastic constants that define the
behavior of a polymeric composite material,
reinforced with cylindrical fibers can be calculated
using different analytical formulas, obtained by
various methods. These methods are very laborious
and assume, in most situations, the field of stresses
and deformations for different loading situations of
the composite. Experimental methods obviously
represent the most suitable solution for this type of
problem, but they require the preparation of the
experiment and therefore significant time and
resources from the project phase.

In the present paper we make a review of the
methods that allow us to obtain the elastic constants
of a composite material using the classical theories of
homogeneous body to determine the
eigenfrequencies. Then FEM is used to determine

these values for a specimen of the material,
considering the exact composition, phases, and
dimension of the constituent phases. Comparing the
obtained FEM values with the values used in classical
theory, it is possible to obtain some of the
homogenized material constants. This method
presents the major advantage of simplicity and the
possibility of quickly obtaining sufficiently accurate
estimates in a process of designing a system that has
composite materials in its composition. If several
FEM determinations are considered for the same
engineering constant, by averaging the results the
obtained precision can be improved. Obviously, the
presented method is accurate if we are within the
assumptions considered for the calculations made. In
this case the errors will be due to the inherent errors
that appear in the use of FEM, but this method is
currently accurate enough to satisfy engineering
needs. We can talk about a virtual experiment, using
FEM, to determine the eigenfrequencies.

The need to have sufficiently precise estimates of
the mechanical properties of the composite materials
used in a project has been determined, since the
beginning of the use of composites, numerous studies
and research to solve this problem.

Polymeric composites reinforced with cylindrical
fibers are a type of composites often used in
engineering practice and researchers have been
focusing on this type of materials for a long time.
Multiple methods have been developed and analyzed
for this. The main models developed since the
beginning of the use of composites, namely the
micromechanical models and the theory of
homogenization, imply in each case, the
determination of the field of stresses and strains for a
certain load of the analyzed body. The scientists tried
to avoid this difficult calculation by considering some
particular loading cases, but in this case, upper and
lower limits are obtained for some elastic constants,
which can be, in certain circumstances, a rather
imprecise result. The paper aims to analyze the
problem considering the dynamic behavior of the
materials, linking the eigenfrequencies obtained with
FEM to the elastic constants of the materials, which
appear in formulas obtained on classic beam or plate
models.

So, it was possible to determine some important
elastic constants used in engineering as axial tensile
modulus, transverse tensile modulus, axial shear
modulus, transverse shear modulus, axial Poisson's
ratio, transverse Poisson's ratio, or bulk modulus (the
method applied depend on the obtained composite
material: homogeneous and isotropic, transversely
isotropic, orthotropic).

In engineering practice, other situations of
increased complexity can be encountered, involving
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thermal effects, humidity or other factors that cannot
be neglected. For these cases, it is necessary to look
for existing results or to develop classic models that
can also take these effects into account when
determining the eigenfrequencies of the studied
bodies. The additional parameters that describe the
newly appeared situations must be identified and used
in the modeling. Each time this happens, the
appropriate model must be considered, and the
necessary calculations must be performed.

In current practice to determine Young's modulus,
experimental measurements are used. Then
comparing these values with calculated values
considering different theories of the beam, it is
possible to determine the elastic constants of the
material. These could be Young's modulus, shear
modulus or Poisson’s ratio. Within the paper this
basic idea of the method stated above was taken over
but instead of making the experimental determination
of the eigenfrequencies of a material specimen a
quick calculation is made with FEM. In this way it is
possible to quickly determine the elastic constants of
the materials. This method presents the advantage of
being able to be applied quickly and involving low
costs compared to the experimental methods. Being a
numerical solution method, the use of FEM depends
on a number of factors such as the number of
elements, the fineness of the discretization, the
appropriate geometric description, the type of finite
element chosen, etc. In this work, the authors did not
investigate the influence of these factors, but wanted
the possibility of applying this method successfully in
the case of this type of problem. The influence of each
of the previously mentioned factors can be studied in
further research.

In the paper, the authors tried to present different
methods to determine the eigenfrequencies of a
sample of material manufactured in a simple form,
depending on the elastic constants of the materials
considered as homogenized materials and depending
on their geometry. This presentation has sought to
illustrate the most common and simple methods to
achieve this. With the help of the provided
relationships, it is possible to determine the values of
the elastic constants of some fiber-reinforced polymer
composite materials in the design phase. Obviously,
there can be more complicated relationships and more
complex theories for solving problems with more
parameters, and literature offers us numerous such
examples. The method presented in the paper can be
used successfully in these situations as well. The
proposed method allows a quick determination, with
relatively low costs and in a short time, of the elastic
constants of a composite material, considered a
homogenized material made up of a single material,
homogeneous on a macroscopic scale.
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