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Abstract: - The paper aims to use the Gibbs-Appell equations to obtain the evolution equations of a finite
element (FE) to solve a problem that is becoming more and more current in the context of the accelerated
use of composite materials in engineering. It is the problem of modeling materials with voids, which appear
accidentally or are intentionally introduced into a material. In general, Lagrange's equations represent the
most used mathematical tool for solving such cases. The complexity of current engineering applications, in
which numerous parameters must be taken into account and numerous steps must be completed in the
modeling activity, make some of the classical methods of Analytical Mechanics to be reconsidered, in order
to take advantage of the particularities offered by them. This can reduce the number of procedures to follow
in modeling the system and also reduce the amount of computation required (and costs). In this context the
Gibbs-Appell method is used to finally obtain the equations of motion for a material with voids. For
example, it can be noted that for a concentration of voids of 4% the stresses increase by 12%.

Keywords: - vibration, material with void, Gibbs-Appell equations, FEM, two dimensional FEs.

1. INTRODUCTION Until now, most researches are experimental, the
complexity of the problem has determined that
theoretical researches are few and far between. Thus,
experiments were made to identify the mechanical
properties of such materials. The number of
parameters that must be considered in these studies is
generally large [2,3]. The first attempts to develop

numerical calculation methods are presented in [4-6].

The impressive industrial development of the last
period has led to a continuous complexity of the
engineering applications studied and the materials
used. In fields such as aviation, the automotive
industry, the naval industry, manufacturing,
medicine, etc. A current defect encountered in the

manufacture of plastic and composite materials is the
existence of voids, which generally appear
accidentally and with unfavorable effects on the
resistance and functioning of the manufactured
elements. However, these materials may contain
voids accidentally created during production which,
in certain situations, can significantly alter the
material properties. Usually, these voids appear in the
manufacturing process and represent defects, but they
can also appear controlled for certain technical
reasons. Obviously, such a problem aroused the
interest of researchers in the phenomenon [1].

The voids that appear in the studied materials are in
most applications filled with air. Obviously, they can
be filled with various other gases, determined by the
manufacturing process. The appearance of voids is an
undesirable thing, a defect. They have an influence on
the mechanical properties of the studied materials,
which can sometimes be significant. They can even
cause the destruction of the material or the
manufactured part and can reduce the life of the
mechanical system in which they intervene.
Some types of holes can change the isotropy of the
material.
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The development of theoretical models that make
possible the numerical approach to the problems
caused by voids is required.

Technical applications that lead to the appearance
of voids are presented in various works such as [7,8].
The main problem created by voids is that, even in
small concentrations, they can lead to significant
variations in the mechanical properties of the
material [9-11].

A calculation of strain and stress for different
percentages of voids appearing in the material of the
bar is presented in Table 1 [59]. It is found that voids
have an influence on the deformations of the bar in
the sense of their growth, stronger than linear.

Table 1. Displacements and stress for a bar with voids [59]

Displacement[mm] | Stress [MPa]
Without voids 0.5126 22.995
1 % voids 0.5322 23.541
2 % voids 0.5524 24.213
3 % voids 0.5586 24.805
4 % voids 0.5723 25.323

The analysis of the results in this table shows us
that a small percentage of voids in the material can
cause a significant variation of the mechanical
properties, manifested by the variation of strains and
stresses.

The first studies in the field are by Cowin and
Goodman [12]. This study led to applications in
various fields, in the research of soils, rocks and
human bones [13-16]. The difficulty of studying these
systems is due to the complexity of the equations that
appear. If all these problems are taken into account in
the study of hollow materials, the finite element
method (FEM) proves to be a powerful tool for their
study [17].

The use of FEM has become a current practice in
the analysis of the properties of bi- or multiphase
composite materials [18-24]. The first researches
regarding the application of FEM to bodies with voids
are presented in [25] and developments of the method
are made in [26,27]. The present work offers a model
with finite elements for determining the mechanical
behavior of a linear elastic body with voids, using
alternative formulations from Analytical Mechanics.
In the case of using Lagrange's equations to obtain the
evolution equations, the main difficulty is the
complexity of the analytical formulas. To avoid this
problem, the authors propose the use of Gibbs-Appell
equations and the use of the little-used notion of
energy of accelerations. Applying these equations,
using classical FEM assembly methods, with the
corresponding boundary conditions, differential
equations are obtained that describe the evolution of
the system over time. Within this approach there is
an important number of researchers who studied the

problem using a simple one-dimensional finite
elements [28-32], then more sophisticated finite
elements [33-35]. In the case of all these studies,
Lagrange's equations were preferred for system
modeling [36-39], which is generally determined by
their generality and the researchers' familiarity with
these equations. Recent works have begun to
reconsider other alternative methods of analytical
mechanics. The Gibbs-Appel equations were
considered by the authors for the study in the current
work. The main advantage is the decrease in the
number of necessary differentiation operations,
which leads to a decrease in modeling and calculation
time.

The method was used independently by Gibbs in
1879 [40] and by Appell in 1899 [41]. In essence, this
method represents an application of Gauss' principle
of minimum constraint. Of course, the same results
are obtained as in the case of classical methods. The
extension of this method to systems with gaps
represents a natural extension of the method in the
current context of technological development and
powerful existing computational methods [42]
Applications of the method, which prove its
usefulness, can be found in [43-46]. The main
advantage in the case of applying this method is the
reduced number of necessary operations. Currently,
the method is being reconsidered by several
researchers who used it for their studies [47-51].
Other results concerning the materials with voids and
their dynamics can be found in [52-58]. In this
research, the FEM is used together with a Gibbs-
Appell method. The justification is to obtain
computational advantages, and a shorter modeling
time. Consequently, there will be lower costs for
conducting the research and obtaining the results.

In the research, I presented the possibility of using
a classical formalism from Analytical Mechanics
which, for non-holonomous mechanical systems, can
lead to advantages in terms of the number of
operations that must be performed. The form of
writing the equations of motion involves three phases
of differentiations of the Lagrange function while the
use of Gibbs-Appell involves only one set of
differentiations of the scalar expression of energy.
The advantage is obvious. The disadvantage is
constituted by the lack of familiarity of the researcher
with the energy of accelerations.

2. FINITE ELEMENT MODELING
2.1. Basic Kinematics
In the following the basic notations used in the

Finite Flement Analysis (FEA) will be presented
[36]. These notations will be used in our presentation
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of the Gibbs-Appell method. First of all, only one
single FE will be studied. It is considered a local
reference system participating to the rigid motion of
the element of the system to which the finite element
belongs. This FE has an elastic deformation. Every
FE is referred to a local coordinate system and all
these Fes will be refer to a global reference frame, in
order to describe the motion of the whole mechanical
system. It is denoted with V,(Vvp;,Vp, ) the velocity

of the local reference frame and with a,(ap;,ap, )
his acceleration. The local coordinate system has, for
the considered element of the multibody system
(MBS) the angular velocity @=wk and angular

acceleration z =ck . In the following considerations

the indexes L (local) and G (global) show whether a
size is expressed relative to the local (L) or global (G)
reference frames, respectively (if it is necessary to
understand the context). Considering a plane motion,
the angle 8 represent the rotation angle of the local
reference system relative to the global fixed reference
system. The rotation matrix [R] is:

cosf -—sinf
[R]{ } : (1)

sinf@ cosd

Considering this rotation matrix, an arbitrary
vector has the components expressed in the global
coordinate system:

A, =a,cos0-a, sinf ;

. 2
A, =a,sinf+a, cosf )
It will be denoted with 170 the vector of the origin

of the local reference system, refered to the global
reference frame. O, is the origin of the fixed global

coordinate system. The components of the vector 770
are, (Xp,Yy) and (Xp,Yo) respectively in the
global/local reference system. Here 7, represents the
position vector of the point M before deformation,
with the components (X,,Y,) in the global
coordinate system and (X,,Yy) in the local
reference frame and 7, the same vector after
deformation when becomes M’ with the components
(X, Yor), respectively (X, Yyr). These vectors

are expressed considering the origin O;. The position
vectors of the points M considering the origin O of the
local coordinate system are r (with the components

(X,Y) , respectively (x,y)).

The considered point M of a finite element
becames M’ after deformation and its coordinates are:

Xy = Xo +(x+u)cosf —(y+v)sin€ ; 3)
Yy = Yo +(x+u)sin@ +(y +v)cosb .

FEM approximates the displacement of a point u
and v using the shape functions Ny;, N,;, j=1,p,

by the following relations [22]:

u=N1]-5]. ; J=Lp @
U=N2]-5]- ; j=Lp

where 81, 82, ...., J, are the independent coordinates
that define the element and p is the number of these
coordinates (see Fig.1). Using Eq.(4), Eq.(3)
becomes:

Xy =Xp +(x+N -5»)COSH—(]/+N .64)sir149 ;

1j%] 2j%j

Yy =Yo +(x+N,;8,)sin6+(y+N,;5, )cos 6 ;

)

Op =iy
5,=7;
O3 =,
84=7,
Os =1
O =0;
57 =Ty
05 =Us

Figure 1. A plane finite element

So, the velocity vector of M’ has the components:

Xy = Xo —olx+Ny;8,)sin6

+(x+N1ij)Cosﬂ—a)(y+N2j6j)cos¢9 ©6)

—(y+N »5-)sinl9 ;

2j%
Y, =Y, +a)(x+N 45-)c030

1j%j

+(x+ N8, Jsino-0ly+N,8 Jsing (1)

+(y+N2]-5j)cos¢9 ; j=Lp

The components of accelerations are:

Xy =Ko —elx+Ny,8 Jsino

—a)z(x+N1j6j)cos&—2w(x+N1j5j)sin9

+(x+N »5V)C059—g(y+N ~5»)COS€

1j%j 2/
2j5j)c030

—(y+N .5.)sin0 ; )

2j7j

Y, = Y, +g(x+N1j§]- )cos@

—a)z(x+N1j§j)sin6+2a)(x+N1j5j)c039

+?(y+ Ny )sin0-20(y+ N
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+(x+N -5v)sint9—5(y+N v54)sin¢9

1™ 2j7
—a)2(y+N .5»)C050—2a)(y+N2j5j)sin6’

27
j=Lp. )

+ (y2 + N2j5j )cos 0 ;
Considering the local reference frame the previous
relations become, successively:

Xy =Xo +X+Ny;0;

(10)

Ym =Yo+y+Ny6; ; j=Lp.

5 +N, o

2r¥r 1r%r

. (11)
Yw =Yo +tox+woN,, 0, +N,.0 .

1Irr 2rr

;r=1p

2.2. Voids

In the case of a material with voids the density
p(x,v,z) of the body can be expressed by:

p(x,y,2)=0(x,y,2) ¥(x,Y,2) (12)

Here, y(x,y,z) is the mass density of the solid if
the voids do not exist, and v(x,y,z) represents the

volume fraction of the existing material, (0<v <1).
At an initial moment:

Po(xryrZ)ZVo(x/yrZ)%(xr%z) . (13)

The distribution of the percentage of voids can be
written as [60]:

v =[N, ]{6}, . (14)

Here, the quantity v; is scalar, and the shape

matrix [N, ] is a line matrix. There is the relation [60]:

v =[N Je). (15)

and the kinetic energy, due to the existence of the
voids:

Ecv :lJ.pOKv‘)]%/I'GdV . (16)
2 \%

It is denoted with «, the so called “equilibrated
inertia”. It is used the notation:

[, 1= [N IN, Je pv (17)

The term of potential energy due to the voids is:

E. = %ip[(xM)z + (yM)z]iV

1r ‘r )zdv

:%‘_[p(fco -wx, —oN,,0, +N

5, + N, 8, fdv. (19)

1r™r 2r¥r

+ %ip(xm +wx; + oN
or:

E. =%(5cé,1 +13, )ipdV +%wzlp(x12 +x3 jv
+%a)25t5rJ.P(Ner2t + N, Ny JV
\%4

1. .
+5576tj-p(Nerlt +Ny, Ny, BV
v

- a{a’co/l J.pxldV - WXp , J-pr dVJ

\4 14

- w5r[xo,1J.pNzrdV +Xo, I PNlrdVJ

v |4

+ (xo,l J- PN dV +yxg, 5} I pNz,dVJé‘,,
v

1%

+0°0, U PN, . x,dV +J‘lerx1dVJ
v v

—w5r[fpx2N1rdV —IpxlNZrdV]
14 14

- w3,5, [ [ PNy Nyav - | le,,NZdeJ (20)
14 14

Using the notations:

m:IpdV ; ]O:jp(xf+x§)iV ;
v v
my = J-karthdV; Mij e = IPNirthdV ’
v v
S, =Ipx1dV ;0 S, :Ipxde ;
v v
mé),kr = J.kardV ’ ml,mr = J-prmrdV ’
4 v

Mo = [ YN, AV @1)
\%4

1,47 the Eq. (13) becomes:
Ep‘() = E {5}L [kv]{5}L . (18) 1 .2 .2 1 2

E, =Em(xa1 +xO/1)+Ea) Jo
+la)25 o,m +l5 8,m

2.2. Kinetic Energy 72 I
— (kS X025, )— @S, (ko m ,, +X0,mb

The expression for the kinetic energy is: ( o172 o2 2) ( o172 0270l )
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. i . Lo ; 2
+ (xO,lmO,lr +X020,Mp 5, )5r +0°0, (mZ,Zr + ml,lr)

- a)5r (mZ,lr — My )_ @9, St (m12,rt — Mo ) (22)

2.3. Potential Energy

The potential energy is expressed by the well
known relation:

1
E, ZE_[V (611511 +20,61, + 058y )‘ZV - (23)

Finally the potential energy is expressed by the
equation:

1
E, =510} [klio} - (24)
2.4. Work
The generalized concentrated forces 4;, i=1,p,
produce the work:
We=gs ; i=1p. (25)

The generalized volume forces q: i=1p,

produce the work:

wW=gq5, ; i=1Lp, (26)
and the total work is:
W=W+Wi)=(g,+q )5, ; i=Lp. @7
2.5 Energy of acceleration
Energy of acceleration is defined by:
1
E, == [m*av (28)
2
14
In the local coordinate system we have:
$y= o +(x+ N5, -0 (x4 Ny 8, )
—ely+ N, 8, )-20ly+ NS ) 29)
va:yO (y+N2] ]) (y"er] ])
ey, +N,6, )+ 20(x, +N,8,) . (30)

Using Eq.(8) and (9) or (29) and (30) it is possible
to obtain the expression of the energy of acceleration.

3. GIBBS-APPELL EQUATIONS

In the following will be presented shortly the
Gibbs-Appell method. Let’s consider a general a
mechanical system composed by N material points.
The positions of these points are defined by n
independent coordinates, be these g;, where i = 1,n.

If the liaisons between these points are not dependent

on time (scleronoma liaisons), the accelerations can
be expressed as:

. or; ..
Zzaqkaq] U+ 25 e 5y
k,]=1,_n ; i=1,N

where 7, represents the position vector of the point i.

The energy of acceleration denoted by § is defined
as [48] and is:

S:%Zmia? ;

From formal point of view Eq.(32) is similar to
that used to define the kinetic energy.

Eq.(32) can be extended too for an arbitrary point
of the rigid as:

i=1,N . (32)

1o
S‘Ejv” dm . (33)

euivalent with Eq.(21). The acceleration of a current
point of the rigid is:

_ o’r . . or ..
a= Pyl I N el VI
Zzé’qké‘% . Zk:aﬂik ‘
k,j=1,n
Introducing Eq.(34) into Eq.(33) we get:

2
. or ..
jpade— J'p(zzaq aq, 95l +zquj v =

% Of
Eno(q)+Eal(q’q)+Ea2(q) / k’j:]"n'

(34

(33)

The following notations were used:

E, (i) =~ ZZZZ[ O7 4y }fkq'fqzqm ;

v 6q aq 0q,04,,

jk,l,m= 1,n
(36)
. o ar ) R
Ea(d,4) = [ l o, }{kq]ql ; kjl=1n
(37)
or or
Eu (’7)=_ ———dV ¥ q ; k,j:l/n
’ U oq; g,
(38)
The classic forrns of the GA equations are:
=Q, i=1n (39)

%
In Eq.(39), Q; represents the generalized force
corresponding to the generalized coordinate ;.

These equations will be used to determine the
equation of motion of a multibody system with elastic
elements and the material having voids.

oF,
a3,

~=Q, r=Lp , (40)
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Q, = (k,t +k, . )0 +q, + g,. Developing
Eq.(35), it is possible to identify the terms:

Ea2 :%(mrt +mv,rt )grgt T’,t :Lp

o s .. .o\
E, =X,;0,mp +(ajiajk Ty )5rmk,mr

where

(41)

+ (djidjk +a;dy )5r5tmky,mt +20;0,6,6,my, ,,dV
(42)
E , is the term that does not contain generalized

a0 g

accelerations and play no role in obtaining the Gibbs—
Appell equations. So the energy of acceleration
becomes:

Eu = an + Eal + Ea2 . (43)
Equation (40) can be written as:
A(Ey +Ey)
——=Q, r=1, (44)
00, P
The generalized force vector is:
Qr = (krt + kv,rt t + qr + q: y T,t = 1’p (45)
It results:
OE ..
8;2 :(mrt +mv,rt )é‘t T,tzl,p; (46)

.
and:

OE :
E"11 =2w0, (m12,rt — Moy )

r

2
+ [_ €5r (m12,rt _m21,rt )—C() M, Oy

i . 1
+ (xO,lmO,lr +Xp,Mp o, )_ g(mz,lr —My,, )

: i . I
+ a)(xO,l Moo TX0,Mp 1, )

- ? (mur +m1/17) ; rt=Lp. (47)
We have the relations:
aE—”Ozo ; r=Lp (48)
09,
Finally, it results:
(mrt Ty, t + 2w5r (m12,rt - m21,rt)

+ [krt +ky . —€ (m12,rt =My )_ w*6,m,, ]5t
= _(jéom(l_'),lr +Yo mé),2r )+ g(m2,1r —My,, )
- w(xo,lm(l),Zr + XO,Zmé),lr )
+a’2(m2,2r +m1,1r)_% —q,=0 ; 71t =W~
(49)

4. DISCUSSION AND CONCLUSIONS

FEM represents a method widely used at the
moment for the study of mechanical systems with
elastic elements. It incorporates a large base of results
and situations reported in the specialized literature by
numerous researchers. The method lends itself very
well to highly complex systems. Within this method,

calculation procedures and modules have been
developed that can accurately capture different
aspects of the behavior of an elastic body in the case
of different loading cases. In the case of elastic
systems where the dynamic aspect can no longer be
neglected, it is necessary to use a suitable model to
obtain the equations of motion for a single finite
element, equations then used in the analysis of the
entire system. But obtaining these equations involves
difficulties related to the complexity or the particular
aspects of the studied application. In engineering
practice, several equivalent formalisms are used that
finally provide the equations of motion. The planar
movement of an MBS represents a particular case in
the analysis of such systems. The particularities
presented by such a method allow obtaining these
equations in a simpler form, an objective that was also
pursued in the present work. The existence of voids
in the materials used to manufacture the studied MBS
implies the introduction of additional terms in the
motion equations. Pursuing these objectives, the
paper proposes an alternative method for obtaining
these equations. Among the options offered by
Analytical Mechanics for this, the Gibbs-Appell
equations were chosen, for reasons also presented in
the Introduction section. Alternative methods as
Lagrange’s Equations, Maggi’s equations or Kane
equations are equivalent and ultimately provide the
same set of equations of motion, but the particularities
presented by some of these methods make them easier
to use in different circumstances. The choice of one
of the methods offered by Mechanics is generally
determined by the experience of the researcher and
his familiarity with the main concepts used. The use
of Gibbs-Appell equations has the advantage of
reducing the number of differential equations. This
presents an economic advantage that, for complex
systems such as those used in modern industry, with
a large number of degrees of freedom, leads to the
reduction of modeling and simulation costs. A
difficulty for most researchers is the introduction of
the notion of acceleration energy. It is a concept with
which researchers are less familiar. In the use of
Lagrange's equations, very common notions are used
and with which researchers are very familiar, such as
kinetic, potential or work energy.

Voids in materials are generally an undesirable
phenomenon that occurs during manufacturing and
leads to a decrease in mechanical properties. In the
context of the strong development of the use of
composite materials, the study of their effects has
become a necessity. However, such a study is
extremely difficult to perform, involving numerous
calculation aspects that must be taken into
consideration. For this reason, the literature that
addresses this problem and that was presented in the
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Introduction section is still poor in results. Any
possibility to make this calculation easier and to use
opportunities arising in the reconsideration of some
classic modeling methods is welcome. In this
framework, the reconsideration of the Gibbs-Appel
equations for modeling and writing the motion
equations of such materials represents a new element
that facilitates the analysis. The number of operations
involved in the modeling phase is reduced and also
the number of arithmetic operations related to them is
reduced three times. Obviously, the analysis time of a
system will not be reduced by three times, but a
significant decrease in the time for the study of such
problems will be observed.

In conclusion, the advantages presented by this
method consist in reducing the number of operations
required for writing the equations of motion. If it is
taken into account that in the finite element method
one works with systems of very large dimensions,
with many degrees of freedom, this facility offered by
the Gibbs-Appell method can determine the reduction
of the time required for modeling the problem to be
solved and the reduction of computer time (operations
which will of course lead to a decrease in the cost
price in the case of the analysis of such problems).
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