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Abstract: - In the present paper, motion trajectories corresponding to the working process for a multibody 
system, specifically a serial robot structure, have been studied. Within working processes, robots perform 
mechanical motions, where active forces are governed by laws of temporal variation, thus inducing higher-
order accelerations in the mechanical system. These accelerations become essential in the analysis of 
acceleration energies. The study of advanced dynamics of multibody systems, often characterized by 
symmetry, is approached by applying differential and variational principles, frequently utilizing Lagrange–
Euler equations, as well as Gibbs–Appell equations, where the central function is represented by the 
acceleration energy of first order. Considering these aspects, in this paper will be determined generalized 
inertia forces, as components in dynamic control functions of the mechanical systems. 
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1. INTRODUCTION  
 

Robotic systems have become indispensable for 
industrial applications, where high accuracy and 
efficiency are required. Understanding the dynamics 
of these systems, particularly the role of kinetic and 
acceleration energy, is fundamental for optimizing 
their performance. In robotic movements, higher-
order accelerations have a significant role, impacting 
the wear and tear of mechanical components and the 
accuracy of working processes. 

The concepts of kinetic energy and acceleration 
energy are critical in the operation of a robot, as 
evidenced by numerous sources [1-20]. During 
robotic movements, higher-order accelerations are 
generated, which form an essential component of 
higher-order acceleration energies, also referred in 
the literature as the kinetic energy of higher-order 
accelerations [9 – 14]. 

Kinetic energy is a fundamental concept in 
classical mechanics that represents the energy 
possessed by an object due to its motion. For a robot 
structure, kinetic energy plays an important role in 
modeling and understanding the dynamic behavior of 
a system. It serves as a central component in the 
formulation of the Lagrange-Euler equations, which 

are used to derive the differential equations of motion 
for robotic systems. 

In the dynamic modeling of robotic structures, 
both the Lagrange-Euler and Gibbs-Appell equations 
are applied to accurately describe the behavior of the 
system.  

The Lagrange-Euler equations are obtained from 
the principle of least action, which states that the path 
taken by a system between two states is the one for 
which the action is minimized and are particularly 
useful for its thorough approach to incorporating 
kinetic and potential energies.  

This approach allows for the systematic derivation 
of the equations of motion for complex robotic 
structures, accommodating multiple degrees of 
freedom and interactions between different 
components of the robot [1], [2] In analytical 
mechanics, the Gibbs-Appell equations provides an 
alternative formulation for obtaining the equations of 
motion, particularly advantageous for systems with 
many degrees of freedom.  

The method focuses on acceleration energy, which 
is defined in terms of the generalized accelerations, 
and simplifies the dynamic equations by directly 
relating the accelerations to the forces, avoiding the 
need to explicitly calculate the velocities [3]. It 
provides computational efficiency in handling 



 

RJAV vol 21 issue 1/2024                                          92                                                        ISSN 1584-7284 

complex systems with many degrees of freedom. By 
combining these variational principles with the 
kinetic energy framework, robust models that predict 
the performance of robots under various operational 
conditions can be developed. These models are 
essential for designing control algorithms, optimizing 
performance, and ensuring the reliability and safety 
of robotic systems. In practical applications that 
require the implementation of a serial robot in a work 
process, polynomial interpolation functions are 
frequently applied.  

Serial robots consist of a series of linked rigid 
bodies (links) connected by joints, typically rotary or 
prismatic. Each joint can be modeled using 
polynomial interpolation functions to ensure smooth 
transitions. For instance, joint trajectories are 
interpolated using cubic polynomials to ensure that 
the angles, velocities, and accelerations at each joint 
are smoothly and continuously defined, filling in the 
motion between specified key points [1], [4]. 

Cubic polynomial interpolation is commonly 
applied in the mathematical modeling of serial robots, 
ensuring smooth and precise motion trajectories. The 
method involves fitting a cubic polynomial to a set of 
known data points to obtain a continuous and 
differentiable trajectory. As it ensures smooth and 
precise motion, this technique is essential in the 
mathematical modeling of complex systems, such as 
serial robots.  

Thus, the coefficients of the polynomial are 
determined by solving a system of equations that 
includes the positions and derivatives at specified 
points. This approach ensures that the resulting 
trajectory is both smooth and continuous, meeting the 
necessary criteria for both positional accuracy and 
derivative continuity [1], [4].  

Depending on the number of restrictive conditions 
imposed by the technological process, different types 
of trajectories are obtained in the configuration space, 
according to [11], [16].  

They are presented below as follows: 
• Type 1 trajectories - the two end segments of the 

motion trajectory are interpolated with fifth-
degree polynomial functions. The first and last 
segment are interpolated with fourth-degree 
polynomial functions, while each intermediate 
segment is interpolated with cubic polynomial 
functions. 

• Type 2 trajectories - The end segments of the 
trajectory are interpolated with fourth-degree 
polynomial functions for position, while each 
intermediate segment is interpolated with cubic 
spline functions. 

• Type 3 trajectories - In this case, the interpolation 
of each segment of the motion trajectory is done 

only by applying cubic spline polynomial 
functions.  
Dynamic analysis benefits from cubic polynomial 

interpolation through precise control over the velocity 
and acceleration profiles of the robot’s joints, which 
is essential for dynamic stability and control. The 
smooth profiles provided by cubic interpolation 
facilitate accurate calculations of the forces and 
torques required at each joint, enhancing the robot’s 
dynamic performance [4], [5].  

The main advantages of cubic polynomial 
interpolation include the ability to produce smooth and 
continuous trajectories, which are vital for maintaining 
mechanical integrity and ensuring precise operations. 
This method provides a predictable framework for 
motion planning, enhancing the stability and reliability 
of robotic performance. [4], [6]. 

However, there are certain limitations to this 
approach. Adjusting a single data point affects the 
entire polynomial, making local modifications 
challenging. Polynomials can exhibit undesired 
oscillations near the boundaries of the data set, 
potentially causing instability. Additionally, when 
extrapolated beyond the known data range, 
polynomials can behave erratically, which can be 
critical in certain applications [1], [5]. Before 
deploying robots in real work processes, simulations 
using cubic polynomial interpolation are applied to 
test various motion strategies. These simulations 
ensure that robots can perform their tasks reliably and 
efficiently under different conditions, further 
validating the practicality and robustness of this 
interpolation method in robotic applications [1], [6]. 

This paper aims to explore and refine the dynamic 
modeling of robotic structures by focusing on several 
key areas.  

One of the objectives is to study the dynamic 
behavior of multibody systems, specifically serial 
robots, during a simulated work process.  

Understanding how different motion strategies 
impact the robot's overall performance and stability is 
an essential factor that must be considered when 
implementing a robot in a real work process.  

To this end, the differential and variational 
principles, such as the Lagrange-Euler and Gibbs-
Appell equations, will be applied to obtain the 
dynamic equations based on acceleration energy.  

This approach provides a robust mathematical 
framework for modeling the dynamics of robotic 
systems. Additionally, polynomial interpolation 
functions will be applied to calculate variations in 
generalized coordinates, velocities, and accelerations 
throughout the robot's work process.  

The variations in time of generalized coordinates, 
velocities and accelerations are illustrated using 
graphical representations.  
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The application of cubic spline interpolation (of 
type 3 ⋅ l  with constraints) ensures smooth and 
precise motion trajectories, thus enhancing the robot's 
performance by maintaining the continuity and 
differentiability during the work process. 

 
2. THE STRUCTURE OF THE ROBOT  
 

Dynamic analysis is performed on a multi-body 
system, specifically on a serial robot of type 2RTR 
(rotation-rotation-translation-rotation), as shown in 
Figure 1. For this relatively simple robot structure, in 
the paper, [18] the robot's structure was presented, 
and the geometric model was determined using 
various calculation methods necessary for kinematic 
and dynamic study.  

 

 
Figure 1. The kinematic diagram of the robot 

 
The selection of the specific robot structure for 

analysis in this study is primarily justified by its 
availability in the laboratory where the research was 
conducted. This structure provides a practical 
foundation for the study, allowing direct observation 
and interaction with the robot during experimental 
procedures. The access to the robot ensures that the 
theoretical models and simulations developed in the 
study can be directly validated against real-world 

performance, enhancing the reliability and 
applicability of the findings. 

Furthermore, the chosen robot structure is well-
suited for the advanced dynamic analysis performed 
in this research. Its design includes multiple degrees 
of freedom, which are essential for studying complex 
behaviors and interactions within multibody systems.  

Being a serial robot structure, all four joints are 
active joints of the fifth class, the first two and the 
fourth being rotational joints, and the third is a 
translational joint.  

The robot's configuration allows the exploration of 
various motion strategies and their impact on 
dynamic performances, making it suitable for the 
implementing and testing of interpolation methods 
and dynamic equations.  

In the present study, the previously mentioned 
robot has been incorporated into a working process. 
The working process, in which the analysis of the 
robot's movements, speeds, and accelerations was 
conducted, is a handling operation. The robot is 
tasked with handling four products of varying sizes 
for packaging purposes. 

 
3. MOTION TRAJECTORIES  
 

The robot's trajectory is analyzed between two 
distinct points in the workspace, corresponding to the 
initial and final moments. To avoid collisions with 
external obstacles, a finite series of intermediate 
points is added to the two main points. According to 
studies [19], [21], the generation of movement 
trajectories is generally accomplished using 
polynomial interpolation functions. 
 

( ) ( ) ( ); 1θ  ≡ = = → 
T

jh t t q t j N          (1) 
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x y z

p p pp t
h t X t

t

(2) 

 

The trajectory is established for each component 
of the column vector of generalized variables and the 
column vector of operational variables according       
to [19]. Consequently, the robot's movement 
trajectory represents the union of all polynomial time 
functions and can be expressed either in the 
configuration space (1) or in the Cartesian space 
when applying equations (2). The degree of the 
interpolation polynomials depends, among other 
factors, on the restrictive conditions imposed by the 
technological process in which the robot is 
implemented. Generally, four sets of parameters are 
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required to describe the robot's movement trajectory, 
as follows: 

{ }; ; ; ; 0τ = →i i i ih v a i n           (3) 

According to [19], ih  represents the points in the 
workspace that the trajectory must pass through at 
moments τ i . The variables iv  and ia  represent the 
generalized or operational velocities and 
accelerations at the specified points ih  and moments 
τ i . By setting the values of all parameters in 
expression (3), the necessary polynomial 
interpolation functions are obtained for generating the 
robot's movement trajectory, either in the 
configuration space or in the cartesian state space. 
 
4. INTERPOLATING POLYNOMIAL 

FUNCTIONS 
 

Based on the studies presented in sources              
[19-25], the following analysis focuses on 
interpolating the motion trajectory in the 
configuration space using cubic spline functions, 
while adhering to the constraints imposed by the 
robot's actuation and control system.  

Establishing polynomial interpolation functions, 
particularly cubic splines, relies on generating linear 
functions with respect to time for the generalized 
accelerations in each motor joint of the robot 
implemented in a process. 

The motion trajectory in configuration space must 
pass through the ( )1+n  points corresponding to the 

moments ( )0τ = →  i i n , from the studied working 
process. Additionally, in accordance with the initial 
parameters, the motion trajectory must ensure strict 
control over the position, velocity, and acceleration at 
times 0τ  and τn , respectively, while ensuring 
velocity and acceleration continuity at time 

( )1 1τ = → −  i i n . 

For a trajectory type ( )3 ⋅ l , the following 
conditions are imposed, according to [19], [21]. 

( ) { }

( ) ( ) ( ) ( ) ( )

( ) { }

0 0 0 0 0 0 0

1

1 1

; ;

; 2 2

;

1 1

; ;

τ

τ

τ

+ − + −
+ +

⇒ = = =

= = → − 
   ⇒ = =  
  
  = → −  

⇒ = = =

 

 

j j j

ji

i i i i i

n n jn n jn n jn

h q v q a q

h q i n

v t v t a t a t

i n

h q v q a q

   (4) 

where ( )0τ = →  i i n  
In accordance symbols from classical mechanics 

as well as analytical mechanics, in this work we 
adopted the following notations: 

- for velocities:  =
dqq
dt

 

- for accelerations: 
2

2
 = = 
 



d dq d qq
dt dt dt

 

 
Table 1. Coordinates of the robot over time 
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q1jkl q2jkl q3jkl q4jkl lτ  tl 

[rad] [rad] [m] [rad] [s] 

 
 
 
 
 
 
 
 
 
 
 
 
 
1 
 
 

 
 
 

 
 
1 
 

0 -0.84 3.642 0.100 1.344 0 0 
1 -0.84 3.642 0.100 1.343 0.52 0.52 
2 -0.80 3.649 0.106 1.317 0.61 0.09 
3 -0.72 3.668 0.122 1.245 0.71 0.10 
4 -0.57 3.699 0.148 1.129 0.81 0.10 
5 -0.39 3.737 0.180 0.984 0.96 0.15 
6 -0.33 3.749 0.190 0.940 2.1 1.14 

 
 
2 
 

0 -0.33 3.749 0.190 0.940 2.1 0 
1 -0.33 3.749 0.190 0.940 2.11 0.01 
2 -0.33 3.749 0.176 0.940 2.27 0.16 
3 -0.33 3.749 0.156 0.940 2.36 0.09 
4 -0.33 3.749 0.134 0.940 2.46 0.1 
5 -0.33 3.749 0.123 0.940 2.55 0.09 
6 -0.33 3.749 0.120 0.940 2.62 0.07 

 
 
3 
 

0 -0.33 3.749 0.120 0.940 2.62 0 
1 -0.33 3.749 0.120 0.940 2.63 0.01 
2 -0.02 4.072 0.120 0.945 2.96 0.33 
3 0.248 4.339 0.120 0.949 3.13 0.17 
4 0.480 4.575 0.120 0.953 3.28 0.15 
5 0.638 4.735 0.120 0.955 3.42 0.14 
6 0.677 4.775 0.120 0.956 3.53 0.11 

 
 
4 
 

0 0.677 4.775 0.120 0.956 3.53 0 
1 0.677 4.775 0.120 0.956 3.54 0.01 
2 0.677 4.775 0.134 0.956 3.7 0.16 
3 0.677 4.775 0.156 0.956 3.8 0.1 
4 0.677 4.775 0.175 0.956 3.89 0.09 
5 0.677 4.775 0.187 0.956 3.98 0.09 
6 0.677 4.775 0.190 0.956 4.06 0.08 

 
 
5 
 

0 0.677 4.775 0.190 0.956 4.06 0 
1 0.677 4.775 0.190 0.956 4.07 0.01 
2 0.677 4.775 0.168 0.956 4.27 0.2 
3 0.677 4.775 0.146 0.956 4.36 0.09 
4 0.677 4.775 0.131 0.956 4.44 0.08 
5 0.677 4.775 0.122 0.956 4.52 0.08 
6 0.677 4.775 0.120 0.956 4.58 0.06 

 
The parameters presented earlier are obtained 

through the geometric modeling of the robot 
mechanical structure. The following section presents 
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the input data for determining the polynomial 
interpolation functions applied to the 2RTR robot 
structure. At the end of the section, the polynomial 
interpolation functions are also determined. 
 
4.1. The working process of the robot 
 

The working process for which the motion 
trajectory study was conducted, was divided into 
phases denoted by the symbol j, where j=1→5. For 
each of the phases, the points through which the robot 
needs to pass to change its position and orientation 
during the working process were taken into account, 
thus forming multiple sequences k, of phase j, where 
k=1→6.  

To ensure that the study is as close as possible to 
real results, for each of the sequences k, of phase 
j=1→5, six arbitrary time locations were taken into 
consideration and the coordinates at which the robot 
is located at time τ i  were determined, where 

[ ]0 32,95τ = →i s . 
Table 1 presents the generalized coordinates of 

each joint ijklq  for the five sequences (k) of the first 
phase (j=1), and the corresponding configurations 
(l=1→6), where i=1→4.  

 
4.2. Polynomial interpolation functions  
 

To determine the polynomial interpolation 
functions of the type ( )3 ⋅ l , it is extremely important 
to know the robot's coordinates at as many points as 
possible where the robot executes the movement 
during the working process. Based on the data from 
Table 1, the matrix of unknown coefficients A, the 
column vector of free terms ijkB , the generalized 
accelerations ijkX , and finally the kinematic control 

functions ( ( )τj k q , ( )τ j kq  , ( )τ j k  q ) will be 
determined as follows. 

First, it is necessary to determine the matrix of 
coefficients of the unknowns, as stated in [11], 
expressed as follows: 
  

[ ]1 1; 3 3 −
 = = → −  

T T
l mA A A l m A       (5) 

 
where matrix A has the dimension ( ) ( )1 1− × −m m . 
In case of the working process, where m=6, the first 
term of expression (5) is the submatrix 1A , which has 
the form 2 x 5 (two rows and five columns) and is 
determined by the following expression: 
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tt t t
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  (6) 

 
The second term in expression (5) is the row 

submatrix of size 1x5 and is expressed as follows: 
 

[ ] ( ) [ ] ( )2 2
1 10 2 0− − +
+ +
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l m l

l l l l lA t t t t  (7) 

 
The final term of the coefficient matrix of the 

unknowns (5) is the submatrix 1−mA  with 
dimensions 2x5 and is expressed as follows: 
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  (8) 

 
Thus, the complete framework for determining the 

coefficient matrix of the unknowns for the 
polynomial interpolation functions is presented, in 
accordance with sources [19] and [21]. 

The next step described in [19] for the polynomial 
functions algorithm is to determine the column vector 
of the free terms ijkB  for each rotational/translational 
joint of the robot within each phase j and each 
sequence k  of the phase. Therefore, ijkB  is expressed 
as follows: 

 

1 2 3 4 5 =  
T

ijk ijk ijk ijk ijk ijkB b b b b b       (9) 
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The generalized accelerations ijkX , according to 

[19], is expressed as follows:  
 

1 , 1 1−  = ⋅ ≡ = → − 

T
ijk ijk ijklX A B q l m  (11) 

 
where 1−A  represents the inverse matrix of the 
coefficient matrix A , and  6=m  configurations. 

The terms resulting from ijkX  according to [19] 
are further introduced into the kinematic control 
expressions, as follows: 
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where, ( ) ( ) ( ); ;τ τ τ ij kl ij kl ij kl   q q q  are the 

generalized coordinates, velocities and accelerations 
from each joint, also known as the kinematic control 
functions.  

They are corresponding to each phase, sequence 
and configuration of robot in working process. 

 

Applying this algorithm of polynomial 
interpolation functions of type 3 ⋅ l  with constraints, 
for the working process of the robot structure under 
study, the following results are obtained, as presented 
in Table 2, for phase j=1 and sequence k=1: 

 
Table 2. Coordinates of the robot over time 
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1112( )τq  19.983 8.712τ −  

3 

1113( )τq  
3 26.44 16.45

14.41 5.050
τ τ

τ
− +

+ +  

1113( )τq  219.316 32.905 14.409τ τ− +  

1113( )τq  38.632 32.905τ −  

4 

1114( )τq  
3 24.071 10.130

18.782 3.381
τ τ

τ
− +

+ +  

1114( )τq  212.212 20.260 8.782τ τ− +  

1114( )τq  24.424 20.260τ −  

5 

1115( )τq  
3 24.102 16.596

20.723 7.610
τ τ

τ
− +

+ −  
1115( )τq  212.307 33.193 20.723τ τ− +  
1115( )τq  24.615 33.193τ −  

6 
1116( )τq  

3 20.518 3.260
6.399 3.519
τ τ

τ
− +

+ −  
1116( )τq  21.553 6.521 6.399τ τ− +  
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Table 2. Continuation 
 

 

Table 2. Continuation 

2 2 

1 

2111( )τq  30.113 0.031 3.642τ τ− + +  

2111( )τq  20.339 0.031τ −  

2111( )τq  -0.678τ  

2 

2112( )τq  
3 20.691 0.902

0.282 3.642
τ τ

τ
− +

+ −  

2112( )τq  22.073 1.804 0.282τ τ− +  

2112( )τq  4.147 1.804τ −  

3 

2113( )τq  
3 21.345 3.436

3.009 2.763
τ τ

τ
− +

+ +  

2113( )τq  24.036 6.872 3.009τ τ− + +  

2113( )τq  8.072 6.872τ −  

4 

2114( )τq  
3 20.840 2.086

1.808 3.119
τ τ

τ
− +

+ +  

2114( )τq  22.520 4.173 1.808τ τ+ +  

2114( )τq  5.040 4.173τ −  

3 

2115( )τq  
3 20.854 3.452

4.310 5.400
τ τ

τ
− +

+ −  

2115( )τq  22.562 6.905 4.310τ τ− +  

2115( )τq  5.123 6.905τ −  

4 

2116( )τq  
3 20.107 0.674

1.323 4.545
τ τ
τ

− + −

− +  

2116( )τq  20.321 1.349 1.323τ τ− +  

2116( )τq  0.642 1.349τ −  

3 1 

1 

3111( )τq  30.095 0.026 0.100τ τ ++−  

3111( )τq  20.286 0.026τ −  

3111( )τq  -0.571τ  

2 

3112( )τq  
230.585 0.764

0.239 0.100
τ τ

τ
− +

+ −  

3112( )τq  21.755 1.528 0.239τ τ− +  

3112( )τq  3.509 1.528τ −  

3 

3113( )τq  
3 21.133 2.896

2.537 0.641
τ τ

τ
− +

+ −  

3113( )τq  23.400 5.792 2.537τ τ− +  

3113( )τq  6.801 5.792τ −  

3 1 

 
4 

3114( )τq  
3 20.709 1.764

1.530 0.342
τ τ

τ
− +

+ −  

3114( )τq  22.128 3.528 1.530τ τ− +  

3114( )τq  4.257 3.528τ −  

5 

3115( )τq  
3 20.718 2.904

3.625 1.579
τ τ

τ
− +

+ −  

3115( )τq  22.154 5.808 3.625τ τ− +  

3115( )τq  4.309 5.808τ −  

6 

3116( )τq  
3 20.568 0.090

1.115 0.861
τ τ

τ
− −

− +  

3116( )τq  20.271 1.136 1.115τ τ− +  

3116( )τq  0.541 1.136τ −  

4 1 

1 

4111( )τq  30.427 0.117 1.344τ τ− +  

4111( )τq  
21.281 0.117τ −  

4111( )τq  2.562τ  

2 

4112( )τq  
3 22.625 3.429

1.078 1.340
τ τ

τ
− +

+ +
 

4112( )τq  2-7.875 6.858 1.078τ τ+ +  

4112( )τq  15.750 6.858τ −  

3 

4113( )τq  
3 25.037 12.891

11.314 4.654
τ τ

τ
− +

+ −
 

4113( )τq  
215.111 25.782 11.314τ τ− +  

4113( )τq  30.221 25.782τ −  

4 

4114( )τq  
3 23.283 8.207

7.145 3.418
τ τ

τ
− +

+ −
 

4114( )τq  29.848 16.414 7.145τ τ− +  

4114( )τq  19.696 16.414τ −  

5 

4115( )τq  
3 23.254 13.168

16.447 5.367
τ τ

τ
− +

+ −
 

4115( )τq  
29.762 26.336 16.447τ τ− +  

4115( )τq  19.525 26.336τ −  

6 

4116( )τq  
3 22.595 0.412

5.094 2.128
τ τ

τ
− −

− +
 

4116( )τq  
21.236 5.191 5.094τ τ− +  

4116( )τq  2.472 5.191τ −  
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In accordance with the polynomial functions from 
Table 2, further are presented the variation in time of 
the generalized coordinates and of the kinematic 
parameters of each driving joint for the entire work 
process.  

The graphical representations highlight how the 
generalized coordinates, velocities, and accelerations 
vary during the motion performed by the robot during 
the work process.  
 

Table 3. The graphs of the polynomial functions. 

The variation of the generalized coordinates for 
the robot joints 1q , 2q , 3q  and 4q  as a function of 
time τ  is represented in the following: 

 

 

 

 
The variation of the generalized velocities for the 
robot joints 1q , 2q , 3q   as a function of time τ  is 
presented below: 
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The variations of the generalized accelerations for the robot joints 1q , 2q , 3q  and 4q  as a function of time 
τ  are graphically presented below, in Figure 2. 
 

 
 

 
 

 
 

 
 

Figure 2. The variations of the generalized accelerations for the robot joints 1q , 2q , 3q  and 4q
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In the graphical representations corresponding to 
generalized acceleration (see Figure 2), it is noticed 
how the generalized coordinates, velocity, and 
acceleration of the robot vary over time during the 
working process. This observation is crucial for 
understanding the system dynamics and can provide 
valuable insights into the behavior and performance 
of the robot during its operations. By analyzing these 
variations over time, we can identify trends, patterns, 
and critical aspects that may be important for 
optimizing and improving system performance. For 
example, we can detect periods of rapid acceleration 
or deceleration, fluctuations in velocity or 
coordinates, or even critical points during motion. 

These results can be used to adjust parameters and 
control strategies, thus optimizing the performance 
and efficiency of the robot in various working 
scenarios. 

 
5. THE DYNAMICS EQUATIONS 
 

Based on the polynomial functions from Table 2, 
the dynamic study of the robot is conducted to carry 
out the work process.  

The dynamic study [20 - 27] can be performed 
using either Lagrange-Euler equations or Gibbs-
Appell equations. In the first case, the central function 
is the kinetic energy, whose definition expression, 
according to [9 - 25] is:  
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Within Gibbs-Appell equations, the central 

function is acceleration energy of first order. 
According to [9-11], [21-27], the general expression 
of definition is shown in the following: 
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Considering [14], the same expression for 

acceleration energy  is obtained with: 
 

( ) ( )
21
2

1 1
2 2

∗ ∗= ⋅ = ⋅C CA
dE E E
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               (17) 

 
In the relations (15) and (17), the terms have the 

next significances: 
iCv , 

iCv is velocity and 

acceleration of the mass center; ω ωi iand  
representing angular velocity and acceleration; and 
∗
iI is named inertial tensor axial centrifugal versus 

mass center. 
For 2RTR-type robot these are determined, for 

example acceleration of the mass center: 
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Performing the calculus, the kinetic energy for 

2RTR type robot becomes: 
 

2
3 1 2

2
1 2 1 2

1 4 1 4

2 2
1 2

2 2
3 4

7.1617 0.19997

0.00021 0.19161

0.00042 0.00042

0.37477 0.09580

0.36502 0.00021

= ⋅ + ⋅ ⋅ −

− ⋅ ⋅ + ⋅ ⋅ +

+ ⋅ ⋅ + ⋅ ⋅ +

+ ⋅ + ⋅ +

+ ⋅ + + ⋅

 

  

   

 

 

jkl
jkl jkl jklC

jkl jkl jkl jkl

jkl jkl jkl jkl

jkl jkl

jkl jkl

E q q cq

q sq q q

q q q q

q q

q q

1 2 2

1 2 2

0.19997

0.00021 433.82

+

+ ⋅ ⋅ ⋅ −

− ⋅ ⋅ ⋅ +

 

 

jkl jkl jkl

jkl jkl jkl

q q cq

q q sq

(21) 

 



 

RJAV vol 21 issue 1/2024                                          101                                                        ISSN 1584-7284 

Performing the calculus in (16), acceleration 
energy of first order for 2RTR type robot is 
established: 
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Using Gibbs-Appell equations, having as central 

function the above acceleration energy, in accordance 
with [7-14], for holonomic systems, the generalized 
inertia forces will be obtained:  
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The expression (23) is particularized for 2RTR 

robot. So, the generalized inertia forces from every 
driving joint are written below:  
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In the above equations (21, 22), (24 - 27), 

polynomial interpolation functions (see Table 2) are 
included.  

In the present paper, the authors' intention was to 
emphasize the time variation laws using polynomial 
interpolation functions for coordinates, velocities, 
and accelerations, and their implementation in the 
acceleration energy, respectively in the Gibbs-Appell 
equations.  

Given the laborious nature of the study, the 
calculus of the link forces and external forces 
(generalized inertia forces) as functions of time will 
represent the objective of another paper 
 
6. CONCLUSIONS 

 
In the industrial field, many applications rely on 

multibody mechanical systems, such as serial and 
parallel robots. In advanced dynamics, the study of 
multibody systems is conducted by applying the 
differential and variational principles of analytical 
mechanics. In this paper, first of all, the polynomial 
interpolation functions of 3 ⋅ l  type have been 
determined for 2RTR type robot. These will represent 
the input data for establishing the dynamics 
equations. In the view of this the kinetic energy and 
then acceleration energy of first order was 
determined. On the basis of Gibbs-Appell equations 
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the generalized inertia forces have been obtained, 
considering holonomic systems (serial robots). These 
will be included in another paper to define the control 
functions or generalized driving forces for the robot 
2RTR type analyzed in the present paper. 

The paper emphasizes advanced dynamic analysis 
of multibody systems, specifically serial robots, 
during a simulated working process. The focus on 
dynamic behavior and the application of differential 
and variational principles (Lagrange-Euler and 
Gibbs-Appell equations) to obtain dynamic equations 
based on acceleration energy demonstrates an 
innovative approach in robotic modeling.  

The use of polynomial interpolation functions to 
determine variations in generalized coordinates, 
velocities, and accelerations during a robot's 
operational process is a novel contribution. This 
method ensures smooth transitions and precise 
control over the robot's movements, enhancing 
performance and stability. The detailed mathematical 
models for calculating polynomial coefficients 
provided in the paper and of the extreme values 
corresponding to positions, velocities, and 
accelerations makes noteworthy contributions to 
robotic trajectory planning. 
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