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Abstract: - The purpose of this study is to show the influence of fiber orientation of laminated composites 
on bending-torsion coupling rigidity and Frequency analysis of aircraft wing model by using finite element 
composite beam model. The beam model is effective for preliminary design of aerospace structures 
(optimization, dynamic response and aeroelasticity, etc). New materials or composites have a high 
relationship between the bending and torsion modes due to their anisotropies. The bending-torsion coupling 
coefficient considered here is calculated using different ply angles of laminated composite materials. The 
Energy Method is used to derive the basic mass and rigidity matrices of the beam where the stiffness matrix 
contains terms of bending-torsion coupling. An application for free vibration analysis of aircraft wing is 
validated in this study and a frequency response using a MATLAB@ program is illustrated. 
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1. INTRODUCTION 
 

Beam models have been used in preliminary 
design of high aspect ratio, all metal aircraft wings 
from the early days of aviation [5].  

Analytical and numerical methods are adopted to 
determine approximate natural frequencies and mode 
shapes of uniform beams. Among these methods, the 
Dynamic Stiffness Method (DSM) and finite element 
method (FEM). 

The finite element approach is the most widely 
used method for static and dynamic theoretical 
modeling of aircraft structures, providing the basic 
equations involving mass and stiffness terms for both 
aeroelastic and loads calculations (Jan R. Wright and 
E. Cooper [5]).  

A sound pressure excitation produced by a speaker 
used by Romanu et.al [16] to determine the natural 
frequencies of beams. Tufoi et. al.[17] studies the 
influence of temperature changes on clamped-
clamped Euler Bernoulli beams. 

Arghir et Bere[18] studied the utilisation of 
composite materials in model aircraft structure. Free 
vibration analysis of composite beams and its 
application to aircraft wings using DSM method has 
been studied by Banerjee et. al.[2]. Li Jun et. al. [14] 
used the dynamic finite element method for free 
vibration analysis of generally laminated composite 
beams.  

The coupled bending and torsional natural 
frequencies of uniform beams with an arbitrary cross-
section are studied by Tanaka and Bercin using the 
finite element method in which non coincident shear 
centre and centroid of the beam cross-section is 
considered [1]. A finite element program is developed 
by Yildizet. et.al.[15] to analyze multi-layer 
composite beams and plates. A finite element beam 
elements structural model of a small flexible aircraft 
is updated using ground vibration test is studied by 
Gupta et. al.[6]. 

The purpose of the present study is to show the 
influence of the layers ply’s angle on the frequency 
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response of composite aircraft wing using Euler 
Bernoulli beam model. The Euler-Bernoulli beam 
theory based on the assumption that the plane normal 
to the neutral axis before deformation remains normal 
to the neutral axis after deformation (no effects of 
transverse shear deformation) [4].The Fast Fourier 
Transform (FFT) adopted in this study developed by 
Kwon, and Bang [4] using MATLAB computer 
programs. 

Eight layers model the section of the beam 
symmetric about the midplane axis (see figure 1.). 
The laminated composite beam has three 
configurations as shown in figure 1,  / / /

S
    ,

 / / /
S

       and  / / /
S

     . θ is the 

ply angle orientation. 
 

 
Figure 1. Eight layers composite beam 
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Figure 2. Three proposed configuration for the eight 
layers 

 
2. The FEM Modeling 
 

The finite element method is adopted to model the 
wing aircraft structure and deduce its mass and 
stiffness matrices [2]. 
 

2.1. The Kinetic Energy 
 

The kinetic energy of bending-torsional layered 
composite beam given by [2]: 
 

𝑇 ൌ
ଵ 

ଶ
׬ 𝜌ሺሼ𝑤ሶ ሽ ൅ 𝑥ఈሼ𝛹ሽሻଶ𝑑𝑥𝑑𝑦𝑑𝑧           (1.a) 

 
w and 𝛹 represent the movement in bending and 
torsion, respectively, ρ is the mass density and xαis the 
geometric coupling (distance between the mass axis 
and elastic axis of the wing). 

The kinetic energy can be written as [9]: 
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ଵ

ଶ
ሼ𝑞ሷ ሽ௧ሾ𝑀௘ሿሼ𝑞ሷ ሽ                          (1.b) 

 
ሾ𝑀௘ሿ : Beam element mass matrix 
 
2.2. The potential Energy 
 

The potential energy of bending-torsional layered 
composite beam given by [21]: 
 

𝑈 ൌ 𝑈௖௢௨௣௟௘ௗ ൅ 𝑈ௗ௘௖௢௨௣௟௘ௗ 

𝑈ௗ௘௖௢௨௣ ൌ
ଵ

ଶ
׬ 𝐸𝐼 ቀௗమ௪

ௗ௫మ ቁ
ଶ

𝑑𝑥 ൅
ଵ

ଶ
׬ 𝐺𝐽 ቀௗஏ

ௗ௫
ቁ

ଶ
𝑑𝑥 (2.a) 

𝑈௖௢௨௣௟௘ௗ ൌ
ଵ

ଶ
׬ 𝐾 ቀௗమ௪

ௗ௫మ ቁ ቀௗஏ

ௗ௫
ቁ 𝑑𝑥                       (2.b) 

 
The kinetic energy can be written as [9]: 

 

𝑈 ൌ
ଵ

ଶ
ሼ𝑞ሽ௧ሾ𝐾௘ሿሼ𝑞ሽ                          (2.c) 

 
ሾ𝐾௘ሿ : Beam element stiffness matrix 
 

The governing partial differential equations of 
motion for the coupled bending-torsional free natural 
vibration of the composite beam are given by 
[2][13][12]:  
 

𝐸𝐼
డర௪

డ௫ర ൅ 𝐾
డయஏ

డ௫య െ 𝑚𝑥ఈ
డమஏ

డ௧మ ൅ 𝑚
డమ௪

డ௧మ ൌ 0      (3.a) 

 

𝐺𝐽
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EI is the bending stiffness, GJ is the torsional stiffness 
and K the stiffness of bending-torsion coupling, m, 
I𝞪is the mass per unit in length and the moment of 
inertia about the axis elastic.  
 
2.3. Modal Analysis 
 
The matrix system obtained by the discrete equations 
of motion for a global structure without damping 
(conservative system) is given by [2][4][5][19]: 
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ሾ𝑀ሿሼ𝑞ሷ ሽ ൅ ሾ𝐾ሿሼ𝑞ሽ ൌ 0                           (4) 

 
ሾ𝑀ሿ is the global mass matrix, ሾ𝐾 ሿis the global 
stiffness matrix and ሼ𝑞ሽis The displacement vector. 
 
2.4. Frequency Response Analysis  
 

Most of the vibration systems can be characterized 
by their inherent frequency components which dictate 
both time and frequency response [4]. The governing 
differential equation of motion of forced system given 
as [8]: 
 

ሾ𝑀ሿሼ𝑞ሷ ሽ ൅ ሾ𝐾ሿሼ𝑞ሽ ൌ ሼ𝐹ሽ                                (5) 
 
ሼ𝐹ሽ : vector force,  𝐹 ൌ 𝑓଴cos ሺ𝜔𝑡ሻ.𝜔 : Frequency of 
excitation in rad/s. 
 
3. LAMINATED COMPOSITE WING 
MODEL 
 

The composite wing is simulated to clamped-free 
finite element composite beam, the wingspan is 

0,55L m the width and thickness of the wing are:
0,0605d m and 0,00424t m with 8 layers [3]. The 

mechanical proprieties of the wing are[3]:

1 2 10,2E E Gpa  , 12 1.767G Gpa , 12 0,1  ,

0,68 /m Kg m ,𝐼ఈ ൌ 2,75 𝑘𝑔. 𝑚 and xα=0.0095m. 

Different configurations are given to evaluate the 
frequency response of the proposed composite wing. 
For each configuration the bending, torsional and 
coupled stiffness rigidities are calculated for laminate 
layer by [7][20]: 
 

𝐸𝐼 ൌ 𝑑 ቀ𝐷ଶଶ െ
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మ

஽భభ
ቁ                      (6.a)    
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మ
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஽భభ
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ሾ𝐷ሿ଺ൈ଺ Called bending stiffness matrix of laminated 
composite beams [10][11][14]. 
 
4. RESULTS AND DISCUSSION 
 
4.1. The effective rigidities evaluation for 
various ply angle orientation 
 

Figures 3, 4 and 5 show the effectives rigidities as 
a function of ply angles, it appears clearly that a 
similar curves for bending and torsional rigidities for 
all configurations, where the coupling rigidity is not 
the same for all configurations. 

Varying the ply angle from 0° to 90°, the material 
coupled rigidity 𝐾equal to zero (decoupled case) for 
0°, 90° and 45° angles, the bending rigidity is 
minimal in 45° and the same for 0° and 90° angles, 
where the torsional rigidity is maximal in 45°.  

 
Figure 3. Effective rigidities for  / / /

S
     

 
Figure 4. Effective rigidities for ሾെ𝜃/െ𝜃/െ𝜃/െ𝜃ሿ௦ 

 
Figure 5. Effective rigidities for ሾ𝜃/െ𝜃/𝜃/െ𝜃ሿ௦ 
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4.2. Validation 
 

In order to validate the present beam model, the 
first and second frequencies results obtained from the 
beam model using MATLAB program are compared 
with those obtained by a composite plate free 
vibration analysis using ANSYS Software, for 
different configurations (see 6, 7 and 8 figures).  

 
Figure 6. 1st and 2nd frequencies for Beam Model and 

Plate Model (ANSYS) for  / / /
S

     

 
Figure 7. 1st and 2nd frequencies for Beam Model and 

Plate model (ANSYS) for  / / /
S

      

 
Figure 8. 1st and 2nd frequencies for Beam Model and 

Plate Model (ANSYS) for  / / /
S

        

4.3. The three first frequencies for various 
ply orientation 
 

In this part, the influence of ply angle in the three 
first frequencies is illustrated for the three proposed 
configuration:  / / /

S
    ,  / / /

S
       and 

 / / /
S

     , the obtained curves shows the 

dimensionless frequencies of various ply’s angle 
orientation. The obtained dimensionless frequencies 
are calculated by using the rate between the three first 
frequencies obtained by using modal analysis and the 
first three frequencies for ply angle of 0° as shown in 
figures 9, 10 and 11, of each ply angle.𝜔ଵሺ1ሻ, 
𝜔ଶሺ1ሻand 𝜔ଷሺ1ሻare the three first frequencies of 0° 
ply angle. 
 

 
Figure 9. The Three first dimensionless frequencies for 

ሾ𝜃/𝜃/𝜃/𝜃ሿ௦ 
 

 
Figure 10. The Three first dimensionless frequencies for 

ሾെ𝜃/െ𝜃/െ𝜃/െ𝜃ሿ௦ 
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Figure 11. The three first dimensionless frequencies 

for ሾ𝜃/െ𝜃/𝜃/െ𝜃ሿ௦ 

 
It’s appears clearly that the results obtained from 

varying ply’s angle from 0 to 90°, the first and second 
dimensionless frequencies are almost similar (rate of 
0,3), where the third dimensionless frequency varying 
with ply angle (rate of 1,6), and it’s observed that 
these results are almost symmetric. 
 

4.4 Frequency response 
 

In order to further the present work, a spectrum 
response is investigated. The FFT result of the wing 
at the tip using an impulse force is presented. In this 
part, the various ply angles are given: 0°, 20°, 25°, 
30°, 45°, 75° and 90°. 

Figures 12(a), 12(e) and 12(h) show the FFT result 
of different ply angles of 0°, 45° and 90° respectively 
for all proposed configurations. The results show that 
there are two peaks of resonance of the 100 first 
frequencies range; each peak corresponds to the first 
and second frequencies. It observed that for these 
three-ply angles the curves are very similar for all 
configurations.  

Figures 12(b), 12(c), 12(d), 12(f) and 12(g) show 
the FFT result for different configurations with ply 
angles of 20°, 25°, 30°, 60° and 75° respectively. 

 It’s appears that there are three remarkable peaks 
of resonance in the frequencies range but the 
frequency response is not the same for each ply angle. 
For 20° ply angle, for example, the FFT value for the 
 / / /

S
   

configuration is greater than the FFT 
value of the other configurations, where it’ different   
for the other ply angles.  
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 



 

RJAV vol 15 issue 1/2018                                          31                                                         ISSN 1584-7284 

 
(e) 

 
(f) 

 
(g)  

 
(h) 

Figure 12. The FFT result for different configurations  

5. CONCLUSIONS 
 

In this paper, a finite element method is developed 
to illustrate the frequency response analysis of a 
composite aircraft wing using Euler-Bernoulli beam 
approximation. 

The results obtained by free vibration analysis 
using the present beam model are validated with a 
composite plate free vibration analysis by ANSYS in 
first time. It's denoted that the first frequencies results 
obtained from both models for the different 
configurations are almost similar, where remarkable 
difference between models (beam model and plate 
results) in the second frequencies which explains the 
difference between the chosen model and the plate 
model. 

The Absolute values of FFT (Fast Fourier 
Transform) result of an impulse response in 
MATLAB program for three different proposed 
configurations  / / /

S
    ,  / / /

S
        and

 / / /
S

      is observed. 

These three configurations are the most possible 
configurations for height layers with one ply angle 
value.  

The obtained effective rigidities (bending, 
torsional and coupling) for all configurations have a 
symmetric axe at 45° for bending and torsional 
rigidities and symmetric point at 45° for material 
coupled rigidity. 

The calculated coupling rigidity is influenced by 
ply angles, which explain the difference between 
metallic (isotropic) wing and laminated wing. 

The obtained three first dimensionless frequencies 
from modal analysis curves show that the variation of 
ply angles has influence in third frequency, where the 
first and second have the same rate for all ply angles. 

 
The FFT result at the tip for the three proposed 

configurations  / / /
S

    ,  / / /
S

       and

 / / /
S

     of 8 various ply angles 0°,20°,25°, 

30°,45°,60°,75°,90° demonstrate the frequency 
response of the wing. These results explain the 
influence of ply angles on coupled rigidities obtained 
by composite (laminated) materials, where the 
relationship between bending and torsion appears 
clearly in ply angles response results of 20°,25°, 
30°,60°, 75°, and it gives a good argument for 
orthotropic angles 0° and 90°and for 45° ply angle. 
This last, can be explained that for this three angles 
(0°, 90° and 45°)the bending-torsional material 
coupling rigidity 𝐾 equal to zero (decoupled case) for 
the three proposed configurations and the obtained 
frequencies from FFT are the same (no effects of 
ply’s angle on frequencies results) . 
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The frequency response results obtained for the 
Euler-Bernoulli beam model for aircraft wing give an 
easy way to model a frequency response analysis for 
thick beams using Timoshenko beam model that 
includes the effect of transverse shear deformation.  
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