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Abstract: - A new mathematical framework is used to look into how plane waves move through a
micropolar thermoviscoelastic half-space using the modified Green-Lindsay (MG-L) generalized theory of
thermoelasticity and impedance boundaries. With the right amounts, the controlling equations for the two-
dimensional case become dimensionless. To make things even easier, the potential function method is used
to separate the set of equations. The plane wave (longitudinal displacement (LD) wave, temperature (T)
wave, coupled transverse displacement (CD I) wave, or coupled transverse microrotational (CD II) wave)
hits the model, and four waves are reflected: LD, T, CD I, and CD II. For the impedance border, the
amplitude ratios of these reflected waves are found compared to the wave that came in (LD or T or CD I or
CD 1II). The amplitude ratios that are found depend on the frequency, the angle of incidence, and on the
physical qualities of the medium. A graph shows how the factors of viscosity and impedance change the
amplitude ratios. Due to this study, some special cases have been cut down. The results obtained can be
used to develop new materials, which can be used to investigate coupled transverse and microrotation waves
as well as coupled longitudinal and thermal waves.

Keywords: - micropolar thermoviscoelastic, modified Green-Lindsay, reflection, impedance factors,

amplitude ratios.

1. INTRODUCTION

Engineering structures are often made of things
that have a certain make-up inside. Included in this
group are polycrystalline substances as well as those
with a flexible or coarse grain structure. Classical
elasticity is not enough to describe how this material
behaves. The micropolar linear theory of elasticity is
enough to describe how this kind of material behaves.
The microstructure of the body has a big effect on
brisk waves, which are high-frequency waves that
have a short wavelength. These waves are caused by
elastic shaking. Microstructure has an effect on
elasticity that makes new types of waves appear that
can't be seen in a standard linear theory of elasticity.
A microstructure can be found in most natural and
man-made materials, as well as in building, geology,
and biology. Metals, polymers, dirt, rocks, and
concrete are some other common things that have
microstructure.

Eringen [2] and Eringen and Suhubi [1] came up
with the linear theory of micropolar elasticity. People
have come up with the linear theory of micropolar
viscoelasticity [3, 4]. It was talked about how waves
move through micropolar viscoelasticity and the
growth equations that control this. The linear theory
of micropolar thermoelasticity was created by adding
temperature effects to the theory of micropolar
continual [5]. This theory is called micropolar
coupled thermoelasticity.

The concept of micropolar thermoelasticity and
viscoelasticity, which is known as micropolar
thermoviscoelasticity in the field of continuum
mechanics.

Viscoelasticity looks at how a material reacts to
changes in shape over time, while micropolar
thermoelasticity checks how the material reacts to
loads that are applied at high temperatures. In real-life
engineering, micropolar thermoviscoelastic material
is used in areas like aircraft and automotive where
parts need to be able to handle changes in temperature
and mechanical load over time.

Several writers have written about different kinds
of issues that can arise in a micropolar
thermoviscoelastic medium. Some of the most
important ones are [6,7,8,9). Sharma and Kumar [10]
presented plane waves analysis and fundamental
solution thermoviscoelastic with voids. Sharma and
Marin[11] explored the impact of two temperatures
on the reflection of waves in micropolar realistic half
space.

The Moore-Gibson-Thompson (MGT) model of
thermoelasticity was used by Conti et al. [12] to show
how to analyze a viscoelastic plate. The concept of
thermoelasticity was employed by Marin et al. [13] to
investigate a dipole fluid under a modified MGT by
incorporating suitable initial conditions. Abouelregal
and Sedighi [14] looked into what happens when the
thermal conductivity changes in a yearly cylinder by
using the MGT heat equation to build a

RJAV vol 21 issue 2/2024

199

ISSN 1584-7284



thermoviscoelastic model. Youssef and Al-Lehaibi
[15] looked at how ramp-type thermal loading in a
viscothermoelastic medium affected the shaking of a
nanobeam with changing thermal conductivity. Marin
et al. [16] employed fractional calculus with thermal
relaxation periods to analyze a novel representation
of the porothermoelastic model.

Abouelregal et al. [17] looked at the viscous
stressed microbeam in the MGT heat equation when
lasers heat it very quickly.

Sharma and Khator [18,19] examined some
problems of power generation due to renewable
sources and also explored micro-grid planning in the
renewable inclusive prosumer market. Choudhary et
al. [20] showed how plane waves are affected by non-
local effects in a transversely isotropic
viscothermoelastic =~ material ~ whose  thermal
conductivity changes. Sharma et al. [21] studied
fundamental theorems and plane waves by using a
novel mathematical formulation of temperature-
dependent thermoelastic diffusion with multi-phase
delays.

In acoustics, impedance is a way to measure how
much a system blocks the flow of sound frequencies
when sound waves are given to it. A lot of different
areas, like earthquakes, geophysics, soil dynamics,
seismology, and more, use the study of how seismic
waves move through thermoviscoelastic media. The
issue of plane waves reflecting off of things has been
looked into in more than one way. Some of the
notable works on the reflection of plane waves and
Rayleigh waves under impedance boundary are listed
in the kinds of literature [22,23,24,25].

Yu et al. [26] presented the Modified Green
Lindsay (MG-L) theory of thermoelasticity. Kumar et
al. [27] explored reflection problem in micropolar
under the MG-L theory of thermoelasticity..

In this study, the reflection of plane waves in
micropolar thermoviscoelastic by using the MG-L
theory of thermoelasticity with impedance boundary
has been investigated. The amplitude ratios of
different reflected waves are obtained, such as the
Longitudinal displacement (LD) wave, the Thermal
(T) wave, the Coupled transverse (CD-I) wave, and
the Coupled micro-rotational (CD-II) wave. The
effects of viscosity and impedance parameters on
amplitude ratios in micropolar under MG-L theory
of thermoelasticity are figured out analytically and
shown in the form of graphs.

2. BASIC EQUATIONS

After taking out the heat source, body forces, and
body couple (Eringen [3,5] and Yu et al. [26]), the
field equations and constitutive relations look like the
following:

a - -
(14 mum 3) [Qo + ) V(V.T) + (ko + Ko) V20 +

Ko(Vx§)] - (14 2y vT=p28, (1)
YoV2P + (ao + Bo)V(V. ) +

Kol(Vx D) - 28] = 128, @
K*V2T = pCe (1+1M57o5) 20+ (14
N4To5) ¥1To 3x (Urr), 3)

thg = (1 +M1T %) [Aour,rSPq + o (uplq +
Ugp) *+ Ko(ugp - 8pqrq)r)]a_
Y1 (1 +121 E) T8pq, 4)
Mpq = o(0(1)1‘,r6pq + Boq)p,q + Yoq)q,p: 5)

and
Ao :A(1+Q1%), Ho = H(1+Q2%):
Ko=K(1+Q=) oo=a(1+Q3),

Bo=B(1+Qs5)  vo=v(1+Qs5)

The numbers (Qq,Q2,Q3,Q4,Qs,Qg) represent
the micropolar viscoelastic relaxation times

All  the
nomenclature.
The following cases come up:
M1 =mM2=m3=1m4=1: for the Modified
Green-Lindsay (MG-L) theory [26];

symbols are mentioned in the

(i) My =m4=0, Ny =1n3 =1L:for the Green-
Lindsay (G-L) theory [28];
(iii) My =m2=0, nz3 =n4 = L:for the Lord-

Shulman (L-S) theory [29];

(iv) My =Mz =m3 =14 =0: for the Coupled
thermoelasticity theory [30];

3. PROBLEM FORMULATION

A homogeneous, isotropic, micropolar
thermoviscoelastic half space within the frame work
of the MG-L model, where x3 = 0 and Ty is the
initial uniform temperature that has been considered.
It is assumed that the rectangular Cartesian coordinate
system (X1, X2, X3) has an origin at the plane boundary
x3= 0 with the x3-axis pointing normally into the
medium as shown in Figure 1. Plane waves in the x;-
x3 plane are considered such that the wave front is
parallel to the xj-axis, therefore, all the field
variables are functions of xi, x3, and t. For the two-
dimensional problem, the displacement vector and the
micro-rotation vector are of the form
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l_i = (ulr 0: U3), d) = (Oa ¢21 0)' (6)
Dimensionless quantities are taken as

w
xi',u) = C—ll (xppup),  t = ——ts,

yT

T
T’ = T_O, (t,lT:)lTll) = (Dl(t,To,Tl),

r pC1 r . W1
by = YiTo bz, m3, = YieiTo msp,
C
(z,,25") = TEFO(ZLZZ), Zy = pc—llgzs,
7y = FZ4 (i=13), (7)

where

A+2p+K c3c
2 =" and w, = =P

1_ K*

Using (6) and (7) in (1) and (5) after turning off
the primes lead to
992

(14 mm ) [ (G2 +52) a2+
bZVZul] — by, (1 + 1,1 6%)60_:1 = 6;;1, (8)

(1 +mT %) [b1 aix3 (% + Z:) + b3 aq)z

6X1
2 _ 2 6_T _ 62u3
b,V u3] b, (1 TNh 6t) ax;  ot2’ ©)
24 Quz _ Oduy _ 0%,
bsV P2 — be (6)(1 %3 ) brds =55 (10)
V2T = (1 + 0 ) o +
a 3% 5¢) Bt
22 (ug , dus
bg (1 +M4To at) at (ax1 + axg)' (1)
i}
t33 = (1 Tty ) (b12 %, >+ b3 aTui) -
a
(14nma)T, (12)
a
ts = (L4 mm ) (bt +
d
bio 5~ buids ), (13)
a

m3; = by aj:z (14)
where b; (i = 1---14) are given in Appendix I.

By introducing potential functions through
Helmholtz decomposition, uq (X1’X3’t) and
Us (Xl‘X3,t) can be expressed as

_ 0y A 0l
U= o T a3 T ok, + 0x3’ (15

Inserting equation (15) in equations (8)-(11)
reduces to the following equations

xxxxxx

Micropolar
thermo-viscoelastic B
half-space ~_

CD-1 WAVE
CO-1l WAVE

Xy — axis

Figure 1. Schematic of the problem: incident and
reflected waves for the incident wave at the boundary
surface x3 = 0

A
(1 +T11T1E>V Yy =

s (16)

otz ’

by (1 + 1,17 at) T=

d 92
(1 + 11T E) (b2V2r, + bzd,) = T‘gz' (17)
24 1 U2y — _ %%,
bsV<d, — bg VY, — by, = 5z (18)

9\ T NG
(1 +1’I3Toa)a+b8 (1 +T]4T0a)av Uy

= V2T. (19)

4. PLANE HARMONIC WAVE
SOLUTIONS

Seeking, the plane harmonic solutions of

equations (16) - (19) as
W1, Tz, d2) =

(qjlor TO, LIJCZ)I ¢20)eu<(x1 sin Bg—x3 cos B +vt), (20)

where 1 is known as iota, k denoted as wave number,
and quantities such as ;°, T, 9, $,° are the
constants representing the coefficients of the wave
amplitudes, 6, is the angle of incidence.

By using the values of Y1, T, U5, ¢, from equation
(20) in equations (16)-(19)determine the following
equations:

(W* 4+ Ep1v? + Eg2) (W1, T) =0,

(v* + Eg3v? + Ega) (W2, d2) = 0,

€2y
(22)
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where v;(i = 1,2) are roots of the characteristic
equation (v* + Egv% +Egp) =0 and v; (j = 3, 4)
are roots of the characteristic equation (v* +
Eo3v? + Eg4) = 0. vy, V,, correspond to velocities of
the LD-wave and T-wave in order of decreasing,
whereas v3, v, correspond to velocities of the CD-I
wave and CD-II wave, decreasing from highest to
lowest. Symbols are explained in Appendix II.

5. RESTRICTION ON BOUNDARY

The appropriate impedance boundary by
following, Tiersten [31] and Malischewsky [32] at
x3 = 0 are

(l) t33 + WZiUu 3 = 0,
(11)t31 + wWZyuq = 0,

(lll) ms;; + (DZ3(|)2 = 0,

. aT

(iv) K*—+ wz,T =0, (23)
6X3

where 1z, z, are impedance parameters with

dimensions Nsm™3. The impedance parameters

Z3 and z, are having dimensions

Nsm~! and Nm~1K™? respectively.
Using the dimensionless quantities from equation
(7), equation (23) becomes

(1) t33 + WZiUu3 = 0,
(ll) t31 + wWzyuq = 0,
(i) m3; + wz3d, = 0,

(iv) 2=+ wz, T =0, (24)
0X3

6. REFLECTION PHENOMENON OF
WAVES

Taking the half-space surface x3 =0, that is
subjected to impedance boundary with the x3-axis
pointing  downward into  the  micropolar
thermoviscoelastic medium. An incident wave makes
an angle 8y with normal strikes the surface x3 =0 and
four waves traveling in different directions with 0,
05,05, and 0,, the angle of reflection with the normal
is reflected in the half-space as LD, T, CD-I, and CD-
II waves. Figure 1 shows the complete geometry of
the incident and reflected waves. The appropriate
potentials in the half-space are read as

‘~|11 — Z CO' euco(x1 sin B8 —X3 cos Bp)+Lwt +
- i

C_eLKi(Xl sin 0j +x3 cos B;)+wwt
1 )

(25)

T= Z gi(coielko(xl sin Bp —x3 cos Bp) +lwt +

C.elKi(Xl sin 0j +x3 cos 91)+La)t) (26)

1 )]

qu — Z DOi elKo(X1 sin 89 —x3 cos Bp)+Lwt 4

D-elKj(Xl sin 6 +x3 cos 6j)+Lwt (27)
1 ’

(bz — Z hi (Doieuco(xl sin 05 —x3 cos 0)+wwt +

Dieu(j (%1 sin 65 +x3 cos 6]')+L(x)t)‘ (28)

where the coupling constants g; and h;(i = 1 — 2) are
defined in Appendix III. Cy;(i =1,2) stand for
amplitude of incident LD-wave, T-wave and
Dyi(i = 1,2) display the amplitude of incident CD-I
wave and CD-II wave. Ci(i=1,2) show the
amplitude of the reflected LD-wave and reflected
T-wave. Dj(i = 1,2) correspond to the amplitude of
the reflected CD-I wave and CD-II wave.

In order to achieve the appropriate boundary
conditions, the Snell’s Law extension is given by
sin 0;

=35 (29)

Vo Vi

sin 90

where
KiVi =w, at X3 =0(@{=1--4),

V1, incident LD — wave
vy = Uy, incident T — wave

VU3, incident CD — I — wave

VU4, incident CD — II — wave,

Using the values of Y1 ,T, Y, and o, given
by equations (25)—(28) in the boundary conditions
given by equations (24) along with the equations
(12)—(15) and equation (29), yield a linear system of
equations as

2d; Ry =X;

4j=1-4), (30)

where all djj, Rj and X; are defined in Appendix IV.

7. SPECIFIC CASES

i) The amplitude ratios for the micropolar MG-L
thermoviscoelastic ~ half-space ~ with  thermal
conducted impedance parameter are obtained by
considering z; =z, = z3 = 0 in (30).

ii) The results for micropolar thermoviscoelastic
half-space  under @ MG-L  with  tangential
impedance parameter are figured out by taking z; =
Z3 = 74 = 01in (30).

iii) The corresponding expressions for amplitude
ratios are found for the micropolar MG-L get
thermoviscoelastic half-space with tangential coupled
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stress impedance parameter if z; =z, =2z, =0
in (30).

iv) The results are explored for the micropolar theory
of thermoviscoelasticity under the L-S model by
substituting n; =n, =0, N3 =1n4 = 1in (30).

v) The results for micropolar thermoviscoelastic half-
space under MG-L are determined when the
impedance parameters z,,Z,, Zzand z, are not
present in (30).

vi) The corresponding amplitude ratios for the
micropolar theory of thermoviscoelasticity under the
G-L model are attained by invoking the conditions
Ny =MNg =0, Nz =n3 = 11in(30).

vii) The analogous amplitude ratios for micropolar
MG-L thermoviscoelastic half-space with normal

impedance parameters are procured by taking z, =
73 = 74 = 0 in (30).

8. NUMERICAL RESULT AND
DISCUSSION

Taking an aluminium-epoxy material for
numerical computation and the values of relevant
physical constants are given by Gauthier [33],

A =759 x 10'°Nm~2, p = 1.89 x 101°Nm2?,
K = 0.0149 x 101°Nm~?,

y = 0.268 x 10°N, j =0.001964m?,

Ce = 2.361 x 101%m?s2K™1
p=27x103Kgm™3, w=02s71,

ar = 2.36 X 107°K™1, T, = 298K,

K* = 0.492 X 10°Ns™1K™%, 15 = 0.2s,1; = 0.4s.

The relevant parameters used for numerical
computation can be expressed as

Q,=.20s, Q,=.15s,
Q6 = .55.

The software MATLAB 7.10.4 has been used for
numerical computation. The amplitude ratios of
different reflected waves are plotted against the angle
of incidence 8, for micropolar thermoviscoelastic
MG-L model with the impedance parameters
ie.zy=1,z, =523 =2, z, =3, without
impedance parameters i.e. z; = Z, = zZ3 = Z4 = 0,
with viscosity parameters and without viscosity
parameters.

Q3 = .105,

For numerical illustration, we take the following:

I. Micropolar MG-L model with viscosity parameter
and impedance parameters is represented by a solid
line (VI).

II. Micropolar MG-L model with viscosity parameter
and without impedance parameters is represented by
the big dashed line (VWI).

HII. Micropolar MG-L model without viscosity
parameter and with impedance parameters is denoted
by a solid line with center symbol diamond (<)
(WVD).

IV. Micropolar MG-L model without viscosity
parameter and without impedance parameters is
demonstrated by a big dashed line with center symbol
circle (o) (WVWI).

8.1. Longitudinal Displacement-Wave

47

w

Amplitude ratio IR,
N

-

0 18 36 54 72 90
Angle of incidence

Figure 2. Variation of Amplitude ratio |R| for LD wave

(0] 18 36 54 72
Angle of incidence

Figure 3. Variation of Amplitude ratio |R| for LD wave
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Amplitude ratio IR,|

0 18 36 54 72 90
Angle of incidence

Figure 4. Variation of Amplitude ratio [R3| for LD wave
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N

Amplitude ratio IR,I
o
o

©
~

0 18 36 54 72 90
Angle of incidence

Figure 5. Variation of Amplitude ratio [R4| for LD wave

The variations of |R4| vs 8, are shown in figure 2.
It is evident that the values of |R;| for VI and WVI
are going in the opposite direction of VWI and
WVWI across the whole range.

Figure 3 displays the variations of [R,| vs 8. Itis
noticed that the values of |R,| follow a descending
trend for all the considered cases, but the magnitude
of VI stays high as compared to other cases.

Figure 4 exhibits the variations of |[R3| vs. 0. It is
noticed that |R3| for WVI and WVWI follow an
increasing trend in the first half of the interval and
decrease for the rest of it. However, due to impedance
parameters, the magnitude of |R3| for WVI to remain
high. It is also been seen that |[R3| for VI and VWI
goes up near the boundary and down for the rest of
the interval.

Figure 5 presents the variations of [R,| vs. 0. It is
observed that |[R4| for VI VWI behaves differently
near the boundary and stays the same for the rest of

the range. The values of |R,| depicts same trend for
WVI and WVWI with significant difference in their
magnitude.

8.2 Thermal-Wave

Figure 6 shows the variations of |Ry| vs. 6. The
magnitude of |R;|shows steady behaviour for VI,
WVI, and WVWI, with a significant difference in
their magnitudes whereas for VWI, the values of
|[R;| show small variations for the interval 0° <
By < 45° and show an increasing trend for rest of the
period.

Figure 7 depicts the variations of |R,| vs. 8. It is
noted that, the magnitude of |R,| drops sharply near
the boundary for VI and VWI but stays the same
behaviour in the left over the interval. It is also seen
that the magnitude of |R,| follow similar trend for
WVI and WVWI with considerable variance in their
magnitude.

57
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Figure 6. Variation of Amplitude ratio |R| for T wave
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<
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Figure 7. Variation of Amplitude ratio |R,| for T wave
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Figure 8 demonstrates variations of |R3| vs 6.
The magnitude of |R3| depicts an escalating trend for
WVI and WVWI but the magnitude of WVI stays
high because of impedance factors. Also, the
magnitude of |R3| drops sharply near the boundary
and then changes slightly around the origin for VI and
VWI

Figure 9 depicts the variation of |[R4| vs 8. The
magnitude of |R,| shows an opposite trend near the
boundary for VI and VWI when compared with WVI
and WV WI and depicts the same trend for the rest of
the interval for all considered cases.

67

Amplitude ratio IR,]

0 I

T T T T
0 18 36 54 72 90
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Figure 8. Variation of Amplitude ratio [R3| for T wave
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Figure 9. Variation of Amplitude ratio |R4| for T wave

8.3. CD I-Wave

Figure 10 depicts the variations of |Ry|vs 0.
When VI and WVI are close to the border, the value
of |[Ry| goes up until it reaches its highest point at
0, = 36°, after that, it goes down for the rest of the
interval. It is also noticed that |R,| goes up near and
far away from the boundary and down for rest of the
range in the case of VWI and WVWL

Figure 11 demonstrates the trend of |R,| vs. 8. It
is evident that the values of |R,| follow the same
trend for all the considered cases with significant
differences in their magnitudes.

6

N

Amplitude ratio IR,I
N

0 18 36 54 72 90
Angle of incidence

Figure 10. Variation of Amplitude ratio |R;| for CD I
wave

Amplitude ratio IR,|

0 18 36 54 72 90
Angle of incidence

Figure 11. Variation of Amplitude ratio [Rz| for CD I
wave

Figure 12 depicts the variations of |R3| vs. 6. The
magnitude of |R3| goes down for VWI and WVWI
over the whole range whereas it but stays the same for
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VI in the range 0° < 8, < 81°. After that, it goes
down quickly for the rest of the range.

Figure 13 exhibits the trend of wvariations
of [R4| vs. 0. It is claimed that |R,| shows a similar
trend for VWI and WVI but due to the viscosity
magnitude of |R,| stays high for VWI while it goes
down in all the other cases.

3 —

Amplitude ratio IR,l

0 18 36 54 72 90
Angle of incidence

Figure 12. Variation of Amplitude ratio [R3| for CD I
wave

Amplitude ratio IR,I

0 18 36 54 72 90
Angle of incidence

Figure 13. Variation of Amplitude ratio [R4| for CD I
wave

8.4. CD IlI-Wave

Figure 14 displays variation of |R;| vs. 6,. For
values of |R4 |, the same pattern is observed for WVI
and WVWI. However, because of impedance
parameters, WVI stays large. Also |R;| shows an
increasing trend for VWI and VI in the range

0° < 6y < 63°, while the remaining range shows an
opposite trend.

Figure 15 shows the trend of |R,| vs. 0,. It is
noticed that |R,| goes down for VI and VWI but
because of the effect of viscosity, the magnitude of
IR, | stays high for VI. On the other hand, for WVI
and WV W]I, it goes up and then down for the whole
range

o —_ —_
o (N o

Amplitude ratio IR,I

o
~

0 18 36 54 72 90
Angle of incidence

Figure 14. Variation of Amplitude ratio |R;| for CD II
wave

Vi

Amplitude ratio IR,I

N\

L A B ) R B R

0 18 36 54 72 90
Angle of incidence

Figure 15. Variation of Amplitude ratio |Rz| for CD II
wave

The changes in |R5| with 6 . It can be seen that
|[R3| can be seen in Figure 16 moves in the opposite
direction for WVI and WVWI between 0° and 36°,
but it moves in the same direction for the rest of the
interval. It has also been seen that |[R3| shows an
upward parabolic trend for both VI and VWI across
the whole range.
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Figure 17 shows a graph of |[R4| vs. 0. In the first
half of the interval, the value of |R,| shows an
increasing trend in first half of the interval, goes up
and peaks at 6, = 45°. As 0, goes up, the values of
[R4| go down for VI and WVI but there is an
oscillating trend for WVI and WVWI across the
whole range.

VI and WVI behave in an alternating way between
0° < 6, < 54°. As 0, goes up, the values of |R,]|
stay pretty much the same, though there are big
differences between them. On the other hand, VWI
and WVWI go down over the whole range.

1.2 —

Amplitude ratio IR;!

0 18 36 54 72 90
Angle of incidence

Figure 16. Variation of Amplitude ratio [R3| for CD II
wave

20 —

—_ —_
N (o))

Amplitude ratio IR,|
(o]

0 18 36 54 72 90
Angle of incidence

Figure 17. Variation of Amplitude ratio [R4| for CD II
wave

9. CONCLUSION

This study investigates, how plane waves move
and propagate in a micropolar thermoviscoelastic half
space by employing the MG-L generalized theory of
thermoelasticity along with an impedance boundary.
The occurrence of an LD wave, a T wave, a CD-I
wave, or a CD-II wave gives rise to amplitude ratios
of different waves. Numbers are used to figure out
these ratios, which show how viscosity and
impendence factors affect the system. Based on the
numerical results, the following conclusions are
drawn.

(1) Through some values of 0, the impedance factors
make the amplitude ratios of reflected LD, T, and CD-
I waves bigger, but they make the amplitude ratios of
reflected CD-II waves smaller. This takes place when
an LD wave is incident.

(i) When a T-wave is incident, the amplitude ratios
of the reflected CD-I and CD-II waves go up, but the
amplitude ratios of the reflected LD and T waves stay
the same when viscosity factors are not taken into
account.

(iii) When the CD-I wave is incident, the amplitude
ratios of the reflected LD, T, and CD-I waves all go
up, but the amplitude ratios of the CD-II wave go
down in a limited range of incidence angles because
of the viscosity factors.

(iv) Because of the viscosity factors, the amplitude
ratios of reflected T, CD-I, and CD-II waves follow
the same trend. However, the reflected LD wave
follows the opposite trend when the CD-II wave is
incident.

In conclusion, the viscosity and impedance factors
have a big effect on the amplitude ratios. The problem
is academic in nature, but the results can be used in
geophysics and earthquake engineering. The finding
in the numerical part might show a new way for
waves to travel in a realistic model of the earth. Many
seismological and exploring processes can be more
effectively understood in light of this problem.
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Appendix-IV

— (02 2 2
dip =1t em[b13sm 0y + byycos Gp]Kp
'
+ wo[r f8p — KpZ1 COS Gp],

dig = —l(mcq[xq(b13 —by3)T'gsin By cos B

+ z4 sin Gq],

dzp = WK, [Kp(bg + b1¢)T'g sin B, cos B,
— Zysin ep],

daq = k41T gw[—bgcos?0y + 10405in?0, |
+ Lw[bllhpr'e + KqZ COS eq],
d3q = —hp(b14qu COS eq + (DZ3), d3p = 0,
dyp = —gp[LKp cos 6, + ooz4],
d4q = 0' ’ (p = 1,2), (q = 3'4)'

where
R4, R,, Rz and Ry are the amplitude ratios of reflected

R = — = —
1 B*’ 2 B*’ 3 B*’
D,
Ry =75
4 B*

For incident LD-wave,
B* = C01 and COZ = DOl = DOZ = 0,

X; = — wwT'g[by35in?0, + by,c0s20,]K3
— w|t'sg; + Kozq cos By,

X, = wwKy[Ko(bg + b1g)T'g sin B, cos 0
+ z,sin 0],

X, = —g1[kg cos By — wzy].

For incident T-wave,

B* = COZ and C01 = D01 = D02 = 0,

X; = — 1wT'g[by35in?0, + by,c0s20, K3
— w|t'sg, + Kpzq cos By,

X, = wky[kg(bg + byg)T'g sin 6, cos 0,
+ Zzsin 90],

X3 = 0,
X4 = —ga[tkg cos By — wzy].
For incident CD I-wave,

B* = D01 and C01 = COZ = DOZ = 0,

X1 = —lWKy [Ko(b13 — blZ)T’e sin 90 COoSs 90
— 74 5in 0],
X, = —k31wT g[—bgcos?0, + bysin?0,]

— w[by1hyt'e — Koz, cos 6],
X3 = —(bq4lkg cO0s 8y — wZ3)h4,
X4 =0.
For incident CD II-wave,

B* = D02 and C01 = COZ = D01 = 0,

X; = —wwKy[Ko(by3 — by)T'g sin 04 cos 0,
— 7 sin 90],
X, = —K31wT'g[—bgcos?8, + bysin?0,]

— w[b;1h,T'g — Kyz, cos 6],

LD-wave, reflected T-wave, CD-I wave, and CD-II X3 = —(by4lkg cOs 8y — wz3)g>,
wave making an angle 64, 85, 85, and 6, as shown in
. X4 = O
figure 1 and are given by
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