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Abstract: - The size-dependent effects on the oscillatory behavior, nonlinear dynamic and frequency
response analysis of functionally graded- piezoelectric cylindrical nano-shell (FG-PCNS) as nanoresonator
are investigated in the current paper. To this end, Gurtin—-Murdoch surface elasticity and von karman-
Donnell's theory are used. The governing equations and boundary conditions are derived using Hamilton’s
principle. The assumed mode method is used for changing the partial differential equations into ordinary
differential equations. Also, Complex averaging method combined with arc-length continuation is used to
achieve an approximate solution for nonlinear frequency response of the system. The validation of the
mention system is achieved with excellent agreements by comparisons with numerical results published in
the literature. The parametric study such as the effects of geometrical and material properties, different
boundary conditions, the ratio of the length of the nanosystem to the radius L/R, the ratio of nanoshell
thickness to radius hy/R, the ratio of the piezoelectric thickness to the radius h,/R and amplitude of
harmonic force are conducted on natural frequency, nonlinear dynamic and frequency response of the FG
piezoelectric nanoresonator.

Keywords: - FG- piezoelectric cylindrical nano-shell, Nonlinear frequency response, Complex averaging

method, Arc-length continuation.

1. INTRODUCTION

In recent years, piezoelectric materials play an
important role for several applications such as nano-
beams, nano-plates, nano-membranes and nano-
shells, and are attracting worldwide attention in
nanoelectromechanical systems (NEMS) [1-3]. As a
result, investigation on the electromechanical
characteristics of piezoelectric structures at nanoscale
is crucial for NEMS design. The vibration of
micro/nano-electromechanical systems is crucial for
absorbing the ambient mechanical resources and
producing the electric power. To design the nano-
sized shell and obtain the desired properties, the
vibration character should be addressed. Both
molecular dynamics simulation and experimental
investigation have invariably shown that the nano-

sized effects in the analysis of vibration character of
nanostructures cannot be neglected, and since the
classical continuum theory is scale-free, it fails to
predict the size-dependent response of nano-
structures. Consequently, to consider the small scale
effect, some non-classical continuum theories have
been introduced to develop the size-dependent
continuum models [4-9]. The Gurtin—-Murdoch
surface elasticity theory is non-classical continuum
theory applicable to the problems of small-scale
structures [8, 9]. This theory can be utilized to study
the surface energy effects on the mechanical behavior
of nanostructures. In the past two decades,
investigating the surface effects on the mechanical
behavior of nanostructures has become one of the
attractive research areas in nanomechanics, as
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evidenced by the large number of publications on this
issue [10-29].

According to the surface elasticity theory,
Pourkiaee et al. investigated the nonlinear vibration
and stability analysis of a doubly clamped
piezoelectric nanobeam by using the multiple scales
method [10]. The influence of van der Waals forces,
piezoelectric voltages and surface effects are
investigated on the static equilibria, pull-in voltages
and dynamic primary resonances of the nano
resonator. In another work, Pourkiaee et al. studied
the parametric oscillations of an electrostatically
actuated clamped—clamped piezoelectric
nanoresonator considering surface effects [11]. Rouhi
et al. worked on nonlinear free vibration analysis of
circular cylindrical nanoshell with considering
Gurtin—Murdoch surface stress theory and shear
deformation effects [12]. Investigate the size-
dependent free vibration of nano-sized piezoelectric
double-shell are presented by Fang et al. by using of
the combinations of  the electro-elastic
surface/interface theory [13]. Also, based on electro-
elasticity surface/interface theory, Zhu et al.
investigated torsional buckling behavior of FG
cylindrical nano-shell covered with piezoelectric
nano-layers [14]. Vibration analysis of fluid-
conveying nanotubes was presented by Wang [15].
The results show that the surface effects with positive
elastic constant or positive residual surface tension
tend to increase the natural frequency and critical
flow velocity. The effects of small scale and surface
effects on nonlinear vibration of boron nitride nano
sheet were showed by Ghorbanpour Arani et al. [16].
Surface effects on the dispersion characteristics of
elastic waves propagating in an infinite piezoelectric
nanoplate are investigated by Zhang et al. [17]. Based
on nonlocal piezoelasticity theory, Ghorbanpour
Arani et al. [18] worked on dynamic stability of
double-walled boron nitride nanotubes (DWBNNTSs)
conveying viscose fluid by incorporating Euler—
Bernoulli beam, Timoshenko beam and cylindrical
shell theories. In another article by Nonlinear
vibration of smart nano-sandwich viscoelastic
structure conveying visco-fluid considering surface
effects was studied by Fereidoon et al. [19]. Besides,
within the framework of surface elasticity theory, the
nonlinear free vibration and nonlinear postbuckling
behaviors of nano-plates were studied by Wang and
Wang [20]. The nonlinear buckling and postbuckling
behaviors of shear deformable nano-shell under radial
compressive load were studied by Sahmani et al.
based on the surface elasticity theory, and the effect
of surface free energy on the critical buckling load
and end-shortening was discussed [21].

Due to the importance of vibration characteristics
such as natural frequencies and mode shapes in

proper design of a structure, the present study focuses
on the free vibration analysis of a piezoelectric nano-
shell with surface energy effect. Studies on free
vibrations of shells are quite extensive. In an excellent
monograph by Leissa, researches on the vibration
analysis of thin shells before 1970s were reviewed
[22]. There are also more recent survey such as Liew
et al. [23] and Qatu et al. [24] which review articles
about shallow shells and dynamic behavior of
composite shells, respectively. Ye et al. presented a
unified solution method for the free vibration analysis
of composite shallow shells with general elastic
boundary conditions [25]. Fazollari [26] developed an
analytical formulation for free vibration analysis of
doubly curved laminated composite shallow shells by
combining the dynamic stiffness method and a higher
order shear deformation theory. Mirza and Alizadeh
investigated the effects of detached base length on the
natural frequencies and modal shapes of cylindrical
shells [27]. Loy et al. presented the free vibration
analysis of cylindrical shells using an improved
version of the differential quadrature method [28]. An
analytical procedure to study the free vibration
characteristics of thin circular cylindrical shells was
presented by Naecem and Sharma, in which Ritz
polynomial functions are assumed to model the axial
modal dependence and the Rayleigh-Ritz variational
approach is employed to formulate the general
eigenvalue problem [29].

In the present study, the free and force vibration
analysis of a functionally graded- piezoelectric
cylindrical nano-shell (FG-PCNS) with arbitrary
boundary conditions is investigated. The Gurtin—
Murdoch surface elasticity theory is employed to
derive the total energy of the nano-shell, and is used
to obtain the governing differential equations and
also, the assumed mode method is used for
discretization and obtaining the governing
differential equations. Also, Complex averaging
method combined with arc-length continuation is
used to achieve an approximate solution for nonlinear
frequency response of the system. A variety of new
vibration results including the effects of geometrical
parameters and material properties on natural
frequency, nonlinear dynamic and frequency
response for FG-PCNS with non-classical restraints
are presented.

2. MATHEMATICAL FORMULATION

A cylindrical nano shell embedded with a
piezoelectric layer and subjected to harmonic
excitation (fcoswt) shown in Figure 1 where f and
w are the amplitude and angular frequency of the
external excitation. The length of nano shell is L, the
geometrical parameters of the cylindrical shell are
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mid-surface radius R, thickness of cylindrical shell
2hy and thickness of piezoelectric material layer h,,.
With the origin of coordinate system located on the
middle surface of nano-shell, the coordinates of a
typical point in the axial, circumferential and radius
directions are described by x, 8, and z, respectively.

L L

/ Nanoshell
Outer surface s,

v Inner surface s,
2 ]| RS
h, Piezoelectric layer

CTTTTTT

Figure 1. A functionally graded- piezoelectric cylindrical
nano-shell (FG-PCNS)

Ey, vy and py represent Young modulus, Poisson
ratio and the mass density of cylindrical nano-shell.
In the present nano-shell, it is assumed that the
material properties Ey, vy and py vary through the
thickness of nano-shell according to the power-law
function. They are written as

2z+hy\4

Ey = (Br — Es) (%) +Es (1)
2z+hy\4

vy = (ur —vp) ( Z;NN) + Up ()
2z+hy\9

pn = (pr — ps) ( ;NN) + pB 3)

where q is the power-law exponent. The subscripts T
and B represent the properties of the nano-shell at the
upper and lower layers, respectively.

Young modulus, Poisson ratio, piezoelectric and
dielectric constants and the mass density of
piezoelectric layer are Ep, Uy, €31p, €32p, N133p and py,.
Due to the nano-sized property, the ratio of surface to
the volume becomes large, and the surface energy
around the shell expresses significant effect on the
vibration of nano-structure. According to the electro-
elastic surface/interface theory, the surface/interface
region adhered to the neighboring solids is several
atomic sizes, and has its own electromechanical
properties. The surface at the outer piezoelectric layer
is denoted by s,, and the inner surface is denoted by
s1, as shown in Figure 1. The material properties of
surface s, are Lamé’s constants A52, u52, residual

S, . . Sy S
stress 7,” and piezoelectric constants €31p €32p-

Those of the inner surface are Lame’s constants
A51, us1, and residual stress ‘L'gl.

Due to the character of nano-shell, the state of
generalized plane stress of shells is assumed, and the

normal stress in the radial direction is zero. In the
cylindrical nano-shell, the constitutive relation can be
expressed as [30, 31];

OxxN Ciav Cioav 0 J(&xx
Ogon( = [Coin  Coan O (€00 4)
TxoN 0 0 CGGN Vxo

or  {oy} = [Cyl{e}

In the outside piezoelectric shell, the constitutive
relation can be expressed as [30, 31]

Op)  [Cip Cizp 0 ey
{‘79911}= Cop Cazp 0 {599}—

Tx0p 0 0 C66p Vxo
0 0 €31p Exp
o0 ollE,

or {Up} = [Cp]{g} - [ep]{gp}'

in which the subscripts N and P represent the
cylindrical nano-shell and piezoelectric layers,
respectively. {Ep} is the vector of electric field for
piezoelectric layers. [Cy] and [Cp]are the matrixes of
elastic constants, and they can be denoted as

_ En _ _ UNEN _
Cun = 1-02 Cazan, Cion = 102 Ca1n, (6)
N N
C =N
66N T 2(1+vup)’
E UyE
—_Zr _ — Ynfp _
Ciip = 10z Cazps Crop = 102 Ca1p, (7
P P

E
Coop = ——2—
66P T 2(1+up)’

Since the piezoelectric layers are very thin,
Expand Egpare assumed to be zero (Exp = Eep =0),
and only the radial component of electric field E 2p1S
considered. Consequetly, {Ep} can be written as

Exp 0
E9p = { 0 }’ (8)
E,p Vo/

where 1, is the voltage applied to piezoelectric layers.
In addition, the voltages at the piezoelectric surface
S2(z = hy + hy) and S;(z = hy) are +V}, and =V}, ,
respectively. Based on these assumptions mentioned
above, the radial component of electric displacement
D, can be presented as

Dyp = e31p&xx + €32p€09 + n33pEzpr ©)
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3. NON- CLASSICAL SHELL THEORY

Within the framework of classical shell theory, the
displacement fields of the nano-shell can be written
as [31]

e(x,60,7) = u(x, 0) — 2252, (10)
ug(x,0,2) = v(x,0) - 22420, (11)
u,(x,0,2) = w(x,0), (12)

where u, v and w stand for the middle surface
displacements in the x , 6 and z directions,
respectively. The nonlinear deflection and curvatures

are defined by von Karman-Donnell's theory
as [30, 31]
Exx 59(5)36 Kox
{599} =3edg ¢+ Z{KGG} = (13)
Vx6 Y;?e Kxo
( 1 (6_w)2 \ aw
J ox 2 \dx ! 0x?
1 (dv 1 [fow)? 1 0°w
(& — (¥ —Z{= ,
LR (ae + W) HPTT (ae) R 062
10u , 0v | 10w dw J LEaWJ
R69+6x+R6x69 R 0x060

in which €2, «edy and y2y are the middle surface
strains, and K,, ,Kgg and kyg are the curvature
components of the nano-shell.

Since the dimension of the shell is at nanometer
scale, the surface effect needs to be considered. On
based of the Gurtin-Murdoch surface elasticity
theory, the constitute relations for surfaces can be
written as [8, 9]

Top = roz%, + (12 + ASz)sqq ap (14a)
+2(u52 - T, )eaﬂ + TO aﬁ SZEZP,
o - 7o Uy (@ = %,6)

Tap =70 0ap + (10! + 25 )sqq ap (14b)

S1 S1 _ S1
+2(u — 75" )eap + 7o' aﬁ'aaz =70 Uy

in which &,5 is the Kronecker delta function.

Furthermore, the components of stress at the surfaces
can be expressed as

02 = (A2 + 2u52) ey, + (ng + Asz)sgg (15a)
Sz w2 s s

- (—) + 75" — e31,Ezp,

066 (752 + Asz)e,;x + (A%2 4+ 2u52)egy (15b)
s, (w 1 [ow S

(4o (5a) ) + o0t — Sy

Opt = (A5 + 2u) ey + (T3¢ + 2151 ) gg (15¢)

_ﬁ(a_w)z e
2 \ox 0>

‘7;;) = (Tgl + Asl)gxx + (A% + 2u1)ggg (15d)
s (w 1 (ow
%o (R tore (ae) ) + T
v 1 ow dw z 0°w
= 1Yxp ~ T (ax+EE£_Eaxae) (15¢)
o_sl s; 0w (156)
Xz 0 a
’ 1ou 1 owaw
Si RA0 ' 2R 9x 80
Tgr = Ki¥xo — Tp' 0w 00 ), (15g)
" R0x36
Si _ To aw _
bz = = 590 (L = 1.2), (15h)

Based on the classical continuum models, o,, is
neglected due to its small value as compared to other
normal stress components. But, in the present
nonclassical continuum model, this assumption
does not satisfy the surface conditions. Thus, it is
supposed that og,, varies linearly through the
thickness and satisfies the balance conditions on the
surfaces [8, 9], i.e

S S2
(% + EE — pS2 i)
1 ox

R 060 at2
e T (o 10 0% (1)
ax R 00, a2
(aaascg + - 1 6092 — psz i)
1 dx R 00 at?
1904, _

2hythy | | (aaxz s, 0 w)
0x R 96 at?

For simplification, the material properties of
surfaces and interfaces are selected as

S1 _ .52 _ .S 951 — 9S2 — S
Ty =Ty = Tp, A% = A%2 = 45,

S1 — yS2 — S 552 _ .S S2 _ S
PT= T =, 631y = €31py €3op = €32ps

(17

By means of Egs. (15) and (16), O __can be

rewritten as

To —T Z\Ty) T,
Y (L B o) I G
2 2hy+hy Ox?
L(L21=p’®)  2(pP1+p72)Y 07w
(=S )&

1 9%w
+o2507) (1)

According to Eq. (18), the normal stresses o, and
0gg Egs. (4) and (5) can be rewrite ten as

_ UNOzz(N,p)
Oxxn = CranExx + CianEge + I E— (19a)
— UNOzz(N,p)
ogon = CoinExx + C22nE09 + PR (19b)
oxon = CosnYx> _ (19¢)
Txxp = Cr1p€xx + C12p€00 — €31pExp, (19d)
UpOzz(N,p)
1-v,
Ogop = Ca1p€xx T Cazp€oo — €32pE0p, (19¢)
UNOzz(N,p)
1-v,
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(199)

Oxop = CBepnyr
4. GOVERNING EQUATIONS

In this section, the governing equations of motion
of the piezoelectric cylindrical nanoshell are obtained
by applying the assumed mode method. The total
strain energy considering the surface stress effect is
expressed as:

1 L p2 h
n= Efo fo nf_;LVN(O-ijNgij) Rdngdx,
hy+h —
%foL fozn fh;\I/V+ p(aijpgif - EZPDZP) Rdzd@dx+

1 rl r2m _
EJ; _I (Uisl'zgij - EzpDisz) (R + hy + hp) d@dx
0

+2 05 " (05 87) (R—hy)d6dx =

1L o Nxxsa(c)x + Neefge + Nxe%?e

Efo fo MKy + MHQKHH + M, gKyxo r RdOdx,
+n33EZhy

(20)

In addition, the kinetic energy of the nanoshell can
be formulated as:

T=10{1 ((‘;’3_’;)2 N (a")z 4 (a_w)z)}Rdex, @1

at at

where

I= (™ pydz+ ffly”‘” ppdz + p° = 2pyhy (22)

—hy
+.0php + psz |z=—hN + p51|z=hN+hp

which py,p, and p° are the mass density of
nanoshell, piezoelectric layer and surfaces,
respectively. Also, the work done by the external
harmonic excitation and the potential due to external
electric voltage respectively, can be expressed as [32]

Wy = fOL fozn(fcoswt) wRdOdx, (23)
ow\?
N —
L (2 xp
W, :% LT ) (f’xzw , | Rd6dx, (24)
Rz 0P (%

where Ny, and Ny, are the axial and circumferential
electrical forces induced by the uniform external
electric voltage V,, respectively.

In Eq. (20), the stresses and moment resultants are
defined as

+(O-xxr 069, (1/2)(0-x6 + O-Hx))sz'
h
(Mx, Moo, Mxg) = [\ 0ijn zdz
hy+h
+ fh;,v P0jp 2dz + a5, (hy + hy) — 05 hy=
= (MxN: Mgy, MXQN) + (Mxp: Mep: Mxep)
+(0xx: 090, (1/2)(0x9 + Gex))sz (hN + hp)
_(Uxx: 006, (1/2)(Ux9 + Uex))sth:
Ny = Api82x + A12§39 + Bi1Kxx + Biakge (25¢)
1/ s S. ow s s
— (' + 1o (E) + (Tg! + 752 — Nyp )+

2 1 0%w 0%w
* *
Fir (G + 750) + /i 52

Ngg = Ap1€9 + Azr€0g + Byyiax + BozKgg (250)
1 s s 2w 1 [ow
i) (e () )
s s . (0%wW 1 9%w\  ,, 9*w
(va" + 76" = Nop) + Fi (5 + 5 53 i1 g
(25¢)

(25b)

Nyo = Ags¥ro + Beskxo,

— 0 0
Mxx - Bllsxx + 312566 + D11Kxx

(25%)
ow

2
+D12K99 + ng (1 —%(5) ) (hN + hp)-

s (1 _1(0w)? _
TO (1 2(63{) )hN Mxp+
. 0%w 1 9%*w , 0w
Ell(axz +?692)+G11 atz'
Mgg = By1€dy + Baz€gg + Da1kxx + Dazkgg (258)

+73 (1 -3 (27‘” + (‘;—”g)z» (hy + hy)-
2
(13 ) -

2%w 1 0%w 2%w
* *
Ef1(o + 7 597) + Gla 3>

My = BesYxo + Deskxo, (25h)
in which

Aij = AijN + Aijp + AT], (263)
Bij = BijN + Bijp + Bl*]’ (26b)
Dij = DijN + Dijp + D;], (260)
Fi1 = Fiiny + Fl*lp' (26d)
Ji1 =Jiin Hi1ps (26¢)
Efy =Efiv + Ef1p: (261)
G{1 = Giiy + Gf1p: (26g)

and

h

(Aijn. Bijn, Dijw) = [ Cijn(L,2,2%) dz,  (27a)
hny+h

(Aijp’Bijp'Dijp) = fh;,v P Cijp(l. z,z%) dz,

. (Naps Nop) = [ " (31, €329 ) Erp dz + (27D)
(Nxx, Nog, Nxo) = | 0ijn dz (252) (€51pr €32p) Ezp,
+ f:l\l;’+hp Oijp dz + 05, + 05, = (Nxn, Ngn, Nxon)+ (Mxp'MQp) = f::Jrhp(eglp, 632p)EZp zdz  (27¢)
(Nxp» Nop, Nxop) + (0xx, 060, (1/2) (029 + 0ax))s, +(e31p €52p) Ezp(hw + hyp),
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Ajy = Ay = (A1 + 2p%1) + (A%2 + 2p%2)
Ai, = A21 = (Tgt + 2%) + (752 + 1%2),

66 = (.“ - (751/2)) + (.“SZ - (752/2))
Bj; = B3, = (A% + 2u52) (hy + hy) (27e)
— (A + 21" (hy), Bi, = B3y = (157 +2%) X

(hy + hy) — (5" + 251) (hy),
Bie = (1% — (13" /2)) (hw + hp) —
(w5t = (251 /2)) (),
Di; = D3, = (A% + 2u52) (hy + hy,)’ (271)
HAT A+ 2um) (h)?, Diz = D1 = (1" +247) x
(hy +hy)* + (t5 + Asl)(h,v)2

Dge = (MSZ - (102/2))(h,\, + hp) +
(15 = (15/2)) (hy)?,

(27d)

(B8,
N 2 " 2hy+hy
Fiin = —hy s(l ;)N) ] dz, (27g)
p((foz‘fol) (= 02”01) )
hy+hp 2 " 2hy+hp
Fllp th (1-v,) dz,
v ((psl—pSZ) (p51+p52)2)
« _ rhn 2 2hy+hp
Jiin = f—hN —op) dz, (27h)
O —TTY,
Nt+hp ¥ 2 Zhy+hp
]11}’) th (1_Up$) ] dZ:
(e )
""" 2hy+h
Biw = [l ——— 0 2dz, (27)
—YN
TSZ—Tsl V4 ( 02 +T01)ZZ
. th+hp p<w+—zhmhp ) ]
e Jhy (1-vp) ’
((ps1 pS2)z (p51+p52)2)
% _ rhw 2 2hy+hp .
Giin = f—hN (—vp) dz, (27)
(B2 @rep)e?)
Gllp f:N‘l'hp 2 ZhN+hp dZ’
N (1-vp)

Note that, because of geometric symmetry, the
expressions Bjjy is zero, i.e. (BijN = 0).

The equations of motion and corresponding
boundary conditions of the piezoelectric shell can be
derived from Hamilton’s principle
J, (8T — 67 + 8wy )dt = 0, (28)
and by taking the variations of displacements u, v
and w_and then integrating by parts, and by equating

the coefficients of du «év and dw to zero, the
governing equations of motion are derived as [29]:

ONyxy , 10Ny _ ,0%u

L 7] oc2’ (29)
| ONap | 10Neg _ 0%

ov: ox T, = 6t2'2 (30)
. O Myy | 20°Myp | 1 0°Mgg

W S t R owo0 T R2 o0 G

Ngg ONyx OW . Ngg 0w, 1 dNgg Ow
gy — 4 - T 997
+2N"x dx2 =+ dx 6x+ R? 962 RZ 96 a6
2 a°w 1 ONyxg 0w 19Ny OW
—N - XX —I— coswt,
R'"'*09x06 ' R ox 00 R 860 ox = ot2 f

and boundary conditions are obtained as follows:

Su=0 or Neny+=Nygng =0, (32a)

§v=0 or Negn,+=Nggng =0, (32b)
T N

sw=0 or Nyp W n, (32¢)

TR R 66
10Myp | 1 0Mgg | Nap Ow

+ R 0x RZNGzGaW R 0x Tle — 0’ (32d)
‘RZ 96

L=0 or  Mun,+iMgng=0, (32

d 1 1

% =0 or Engnx + R—ZMggng =0, (32d)

But in order to solve the problem explicitly and
more easily, and the direct use of boundary conditions
in equations, the assumed mode method will be used.
After substituting Eqgs. (27) into strain and kinetic
energies Eqs. (20) and (21) and using following
dimensionless parameters

_ u  _ v X T
u:E,U:E,W:E,f_Z,b=hN, (33)
I‘TijN = Zun :EijN = _sz 2w )
AN A1inhn Annhy
A Aijp ,/ﬁ- — A;f]' B.. Bijp :
up A1}‘N U Aun’ YP Apnhy .
Bij = 50 Dijp = e Dy = 1
A1inhn A1inhiy A1inhiy
Fiiy = P iy = Fip - Efin = Fiu >
A 1*NhN p Ajinhn . Ajinhy
Eﬁ = ) _ﬁN = h_lN»]n = hi,
P Aunhf pnhy P pnhj
Giin = G;“\é Gip = le;' _;p = Mo
pnhy pnhy AN
* Nép A MJ*cp ik Mgp
Nop = 2.0 M = 3 h P ™ Aynh
‘L'SllN i 11N NL ﬁ;’N N1
0 = ™ T ™ TRy M2 = Tk
hp:h_p, 3 = ! ,m4:ﬂ,‘[_ﬂt,
R 2pnhn hy
Q= Aun = g,ﬁ = S0 2>
2pnhyL? Q Aiinmszhy

Respectively, strain and kinetic energies and are
obtained as follows:

=30 e () v () S 09

0% 01 au (aw\2 au (aw\2
Ju(OWN",
+“5waf+“6af(af) +“7a§(ae)

U dW dw ov v (W2
=== = =(=) +
%850 3z 00 t (ae) t Q05 (ae)
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# G

X115,

__ v v\ 2 av dw aw
+ — — —_—
alzwae + a3 (af) + a1y 3¢ 0% 96
_ aw\* aw\*
2
a1sW* + Ay (a_f) +ay7 (5) +

aw\2 raw\2 aw\2 w2
— (= +
tais (ae) (ae) +“19W(af) + oW (ae)
o o1 9%w “ 01 9*w a 01 9*w a % %W
21 39 9¢08 22 3¢ 902 23 gz 9z2 24 39 922
ta v 02w a 99 9% o 2w (a_W)2+
2595 9506 ' “26 39 992 27 9gz \ 99
2w 82w (aw)2 32w (w2
Z(Z) +a0— (=) +
X28W 5zz T 129 50 (ae) REUPYS (af)
« aZv—v(a_w)2+a 0'w owow, o0k,
31 962 \ 99 32 5590 08 99 33" @02
22w\ 2 22w\ 2 22w \2
— — —) +
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aw\2 92w ow\? a%w
Ts0 (a_f) a2 51 (ae) 61’2 133EZph }d@dx,
1 rL (27 (/0T 2 v
T=1 ((_) (_) ( ) )dedx 35
ZfOLfOZ =)+ (2) + (3 (35)
T, = —
W = [, J, (FcosQr) wd6dg, (36)
—  [ow\?
N (—) +
1 L (2m XP \ 9¢
=20 Js dfdx, (37)

257 ow 2

moNop (ae)
where coefficients of aj(k = 1..51) are introduced
in Appendix 1.

5. NONLINEAR VIBRATION ANALYSIS

The assumed mode method is used for changing
the partial differential equations into ordinary
differential equations. By applying the assumed mode
method, the in-plane, transverse and shear

where x;(£), ¢,(&) and B,(&) are modal functions
which satisfy the required geometric boundary
conditions. u;(t), v,.(r) and ws(t) are unknown
functions of time and are related to dynamical
response. Substituting Egs. (38) into Egs. (34) and
(35) and applying the Lagrange equations results in
the following reduced-order model of the system:

(Mul{ul + [(MDY 1w} + [l {a}+ (39)
(KVTY + [EOW W} + [((NLWHw?Y = [Ep].
MDY} + (MY T{w} + [K)y{u}+ (40)
[(FOVIT} + [P 1w} + [(NLYw?} = [Fyp].
[0 + WO @) + [GO8 @ @)
[V T} + [(KOWHw} + [((NL)W H{wa}+

[(NL)Y 1w o3 [(NL)w, 1{w?} + [(NL)yws]{w?}=
[pr] + [FycosQr],

[
[
[

where (M), (K) and (NL) are mass, stiffness and the
nonlinear stiffness matrixes. Also, E,, E, and F,, are
applied loads by piezoelectric voltage and surface
stress. All coefficients of mass, stiffness, nonlinear
term matrixes and applied loads Egs. (39)- (41) are
presented in Appendix 2.

Figure 2(a-c) represent the nonlinear dynamic (the
steady state) response of the FG-PCNS with the
material and geometrical parameters Tables 1-3 and
by ode45 solver. It can be seen from Figure 2 that the
effect of the axial and circumferential inertia terms is
so small in comparison with the transverse inertia
term that one can ignore it in Egs. (39) and (40) under
an admissive precision. Afterwards, it is feasible from
Egs, (39) and (40) to solve the unknown functions
u;j(r) and vy (r) in terms of w,,(r) and by
substituting the results into Eq. (41), one can obtain
the nonlinear differential equation of transverse
motion as

(8 )W“

deformations can be expressed as general coordinates (MY +
and mode shape functions that satisfy the geometric v v .
boundary conditions, as follows [31]: " u] {w}+ (42)
U, 0,0 = Tty (D () (38a) (KK ] = [0V V(VM)“ ) )
sM1 SN Upn,n,c(T) cos(nB) @) = —[(NL (M),
m=1 5= L s (T) sin(nd) Xmn(8) = )\
SMMN (1) 2 (6)9:(), {(K w + (R)’Jw + [(NL)Y 1B, + [(NL)&]FW}{W}
U(x, 9' t) = 2=1 vm,O (T)d)mn (€)+ (3 8b) — \Wu v
M, Um,n,c(T) sin(n@) _ u | _ ul(@?)V _
ZmeaZit |4y () cos(nm] P80 = (W), (ORI, =y«
DN 7 @, (ar (), [(NLYLIR)Y + [(NL),]
WX, 0,8) = Ty Wino (1) Brnn (E)F (38¢) { [((NL)YI(NL)” — [(NL)%](NL). } _,
w, (1) cos(nB) 3+
+ 3 e Brnn (€) = +INL)ys]
4w ns () sin(ng) | 7™ B ~ ~
Zzsvg;erxN S(T)ﬁs(,f)zps(e), va:] = pr + FycosQrt,
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where the all coefficients of Equation (42), i.e.:
)y, (), (), ), ()Y (R)Y ().,

(RY,(WL)", (N1, (VL) (RL)", o oy
qup, FW,,p, are presented in the Appendix 3.
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(a) Axial direction u
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1.099

!

From Eq. (42) the fundamental natural frequencies
of vibration of the FG-PCNS can be determined by
the relation

[(KW RO

[(m)w+

+[(NL)%]Fup+[(NL)vap]

(M)K“]
any”

Wy = ,  (43)

6. RESULTS AND DISCUSSIONS

In this section, first, the surface energy effect on
the free and linear vibration analysis of a piezoelectric
cylindrical nano-shell is investigated. In order to
simplify the presentation, C-C, S-S, C-S and C-F
represent clamped edge, simply supported edge,
clamped-simply supported edge and clamped-free
edge, respectively. Then the nonlinear dynamic (the
steady state) response of the forced and nonlinear
equations of FG-PCNS is solved by ode45 solver of
MATLAB (numerical simulation). At the end,
nonlinear dynamic response analysis is investigated
by the complex-averaging method and solved by the
arc-length continuation method (semi-analytical
method), which has a periodic behavior at some of the
nanoresonator  stimulation  frequencies.  The
nonhomogeneous nano-shell considered in the
following examples is composed of stainless steel and
nickel and the nonhomogeneous distribution of
properties in the thickness direction is varied
according to the volume fraction power-law function.
The material properties for stainless steel and nickel
are shown in Table 1 [33].

Table 1. Properties of stainless steel and nickel [33]

1.0985 1.099 1.0995 1.1
T x10° Stainless steel
(b) Tangential direction v Ep(Nm™?) Vg pp(kgm=3)
0,026 Fremf ot 2.08 x 1011 0.381 8166
: Nichel
LU P O O O O o I N R E;(Nm™?) Ur pr(kg m™3)
: d 11
0.022 LI AELLE AR T 2.05x 10 0.31 8900
- 00211 The piezoelectric layer is assumed to be made of
i o.018 - ST PZT-4 material, and the properties of PZT-4 are given
2 ; in Table 2 [33]. Also, the material and geometrical
0016 K- T et e it parameters used in all following results are shown in
SO | (| R A RTRERTRINY 7 Table 3 [19, 34].
0.0 2 k-1 13- 1410 A Table 2. Properties of PZT-4 [33]
0.01 i E,(Gpa) v, e31,(C/m?)
1.0985 1.099 1.0995 11 95 0.3 —52
T x10° 2 -11 -3
e3,(C/m 107 F/m kgm
(c) Radial direction w 32'7_(5/2 ) Mazp( 560 /m) pp(7g00 )
Figure 2. The nonlinear dynamic response of the SS nano
resonator in three directions
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Table 3. The material and geometrical parameters

R(m) L/R hy/R
1x107° 10 0.01
h,/R A1(N/m) s (N/m)
0.01 0.1 0.05
7,' (N/m) p*i(kg/m?) 4]
5.5x 1073 3.17 x 1077 1x107°
AS2(N/m) u2(N/m) 752 (N/m)
0.1 0.05 5.5 % 1073
eii,,(C/m) es3,(C/m) p*2(kg/m?)
-3x1078 —3x1078 5.61 x 1076
F(N)
5 %1075

Of course, the geometrical parameters can be
varying according to the type of problem. In this
paper, the results are presented in dimensionless form
and thus the results are not limited to a particular type
of matter. The data presented in the form of sample
data to approximate the numbers used in the actual
range.

6.1. Convergence and comparison studies

In this subsection, a few well-studied classical and
some nonclassical boundary conditions frequently
encountered in practice are taken as calculation
examples. The method proposed in this paper is
validated by comparing the present numerical results
with previously published in the literature. If we
neglect the piezoelectric and surface effects, the
present model can be reduced to the macroscopic
cylindrical shell model.

The dimensionless natural frequencies (w, =

QR./(1 —v2)p/E) of macroscopic cylindrical shell
are listed the three classical boundary conditions are
presented in Table 4 together with those previously
given by Loy et al. [28]. The parameters used in this
example are: m =1, L/R = 20, hy/R = 0.01, and
v = 0.3. It can be observed from Table 3 that the
present results agree very well with the reference
solutions, which indicates that the method presented
in this paper is suitable and of high accuracy for free
vibration analysis of cylindrical shells with classical
boundary conditions. The slight differences in the
results may be attributed to the different shell theories
and solution approaches adopted in the literature and
in this paper.

In table 5, the convergence criterion of the present
method is examined for the four boundary conditions
S-S, S-C, C-C and C-F for dimensionless natural
frequencies. It is observed from these table that as the
number, N, the Ritz polynomial functions is
increased, the convergence is achieved rapidly. It is

also seen that convergence of the method is
influenced by the type of boundary conditions used.

Table 4. Comparison of dimensionless natural
frequencies w,, for S-S, S-C and C-C boundary conditions
of a homogeneous cylindrical shell

n S-S

Present Loy et al.[28]
1 0.016126 0.016101
2 0.005225 0.009382
3 0.021753 0.022105
4 | 0.034303 0.042095
n S-C

Present Loy et al.[28]
1 0.023299 0.023974
2 0.010963 0.011225
3 0.018553 0.022310
4 | 0.036300 0.042139
n C-C

Present Loy et al.[28]
1 0.034074 0.032885
2 0.014202 0.013932
3 0.018713 0.022672
4 | 0.041386 0.042208

Table 5. Convergence of dimensionless natural
frequencies w,, for S-S, S-C, C-C and C-F piezoelectric
cylindrical shell

S-S
n N=1 N =3 N =5
0 0.16459 0.16459 0.16459
1 0.12762 0.12762 0.12762
2 0.13966 0.13966 0.13966
3 0.25244 0.25244 0.25244
C-C
n N=1 N=3 N =5
0 0.16459 0.16459 0.16459
1 0.41303 0.06910 0.05963
2 0.55925 0.13155 0.13067
3 0.67239 0.24995 0.24973
S-C
n N=1 N=3 N =5
0 0.16459 0.16459 0.16459
1 0.41303 0.06910 0.05963
2 0.55925 0.13155 0.13067
3 0.67239 0.24995 0.24973
C-F
n N=1 N=3 N =5
0 0.16459 0.16459 0.16459
1 0.41303 0.06910 0.05963
2 0.55925 0.13155 0.13067
3 0.67239 0.24995 0.24973

6.2. Parametric study for natural frequency
and time response solutions

The accuracy of the present study was verified in
the previous section. Here, some numerical results are
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presented to explore the effects of involved
parameters on the vibration behavior of cylindrical
piezoelectric nano-shell. Also, all following results
are investigated in the value of mode number m = 3
and n = 1. According to Eq. 38, the number of
natural frequency for mode number (m,n) = (3,1) is
(2n+1)xm =29; ie. nine (9) natural frequency
has in this mode number which consider first,
two,..., nine natural frequency w; (i = 1..9).

Figures 3 and 4, respectively illustrates the effect
of different boundary conditions (S-S, C-C, C-S and
C-F) on dimensi8onless natural frequencies w,, and
the nonlinear dynamic response of the piezoelectric
nano-shell versus length-to-small radius ratio (L/R).

— S5 [m5] 4
..¢- 55 (e, ) ]
e CC [5]
.¢ cc(e,) )
Ccs [ms} -
cs [ml}

e CF [5]

..¢- CF [mll

L/R
Figure 3. The effect of L/R ratio on w,, of FG-PCNS
for different boundary condition

From Figure 3, it can be seen that for all boundary
conditions, the fundamental frequency decreases with
the increase of the L/R ratio. In addition, the length-
to-small radius ratio of cylindrical shell has an
important effect on natural frequency. Note that in
this figure (Figure 3), due to the use of all boundary
conditions, the results are presented for the first w,
and the five wg natural frequencies.

The reason is that a higher L/R ratio lead to a
decrease in the nanoshell stiffness, and cause to lower
natural frequencies of nanoshell and the vibrational
behavior of the shell with the larger L/R ratio is less
sensitive to variations of boundary conditions and by
increasing this ratio, the frequency also decreases.
The nonlinear dynamic (steady state) responses of the
piezoelectric nano-shell for different boundary
conditions (S-S, C-C, C-S and C-F) are presented in
Figure 4 with L/R = 10 and considering of primary
resonance ws.

12 (\]
A N
0.8
=
=
=~
= 0.6/
0.4}
0.2 i
0 L 1
2020 2025 2030 2035

Figure 4. The nonlinear dynamic response of FG-PCNS
for different boundary condition

In this following, for investigation of the natural
frequencies and the nonlinear dynamic response only
S-S boundary condition with surface energy effects is
considered.

Figure 5 shows the effects of the ratio thickness
L/R on the nonlinear dynamic response of the FG-
PCNS in primary resonance w, for four cases L/R =
(3,5,10,20). It can be seen, with increasing the length
to radius ratio L/R, the oscillation amplitude is less
but the number of oscillations increases.

14 L/R=10 === [ /R=20 ‘

DN KR
A \

041

ANA AW AW

2030

| —_— L/R;s — L/R=5 ‘

w/ h

$

2050

2040 2045
T
Figure 5. The effects of the L/R ratio on the nonlinear

dynamic response of the FG-PCNS

2035

Figure 6 illustrates the effect of shell thickness to
small radius ratio hy/R on dimensionless natural
frequencies of the FG-PCNS. It can be seen that by
increasing the thickness shell to small radius ratio
hy/R, the natural frequency increases which in the
higher ratio hy /R, increase in the frequencies is more
evident. For example, in the ratio of hy/R = 0.5,
the frequency w-, is more than 8 times the first
frequency w;.
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1.6

Figure 6. The effect of hy /R ratio on dimensionless
natural frequencies w,, for SS FG-PCNS

The dimensionless natural frequencies of the FG-
PCNS versus piezoelectric thickness to small radius
ratio (h,/R) with surface effects is presented in
Figure 7. It can be shown that by increasing the ratio
h,/R, the natural frequency increases which in the
higher ratio h,, /R, increase in the frequencies is more
evident. For example, in the ratio of h,,/R = 0.5, the
frequency w- is more than 12 times the first
frequency w;.

06T . . . ‘ v,
—— .1)1

= o,
05F B
—— @

e, M
0.4+ A
—— ,95

]

@y

Figure 7. The effect of h,, /R ratio on dimensionless
natural frequencies w,, of FG-PCNS

The influence of excitation force F on the
nonlinear dynamic response of the FG-PCNS for SS
boundary condition illustrate in Figure 10. From this
Figure, it can be seen that when F is increased, the
value of the FG-PCNS amplitude increases and vice
versa.

2035 2045
T
Figure 8. The effect of excitation force F on the

nonlinear dynamic response of FG-PCNS

-5 L 1
2020 2025 2030 2040 2050

6.3. Analytical solutions

In this section, Complex averaging method
combined with arc-length continuation is used to
achieve an approximate solution for nonlinear
frequency response of FG-PECNS. In order to study
the steady state response of the system,
the complexification-averaging method is applied
[35, 36]. For each mode of the nano shell, new
complex variables are introduced in the following
equation.
¢ =W+ iow)e '@t (44)

By introducing these new variables, dynamics of
system is decomposed into fast and slowly varying
terms, where ¢ is the slow term and @ is the fast one.
Displacement variables and their derivatives can be
expressed in terms of these new complex variables.

d)ei(T)‘r _ ¢*e—i(T)T

W =Wy + 5 ) (45)
. ¢ei(Y)‘r + (I)*e—iﬁ)r
w = )
2
¢ei(Y)‘r _ (I)*e—iﬁ)r

W= ¢e® +iw :

2
where in the above expression, wy; are the static
displacements and subscript * means complex
conjugate. By substituting w and its derivatives into
Eq. (42), a set of complex equations governing the
slowly complex amplitude ¢ is obtained. Most
methods for solving nonlinear equations of a
nonlinear system are iterative, e.g. the continuation
methods. These methods are used to compute
approximate solutions for nonlinear systems with
parameterized nonlinear equations.
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6.3.1. Verification and convergence studies

In this sub-section, it is necessary to examine the
accuracy of the original equations of motion by
numerical simulation. Nonlinear dynamic response
(the time response solution) of the equations of FG-
PECNS is solved by ode45 solver of MATLAB (by
Runge-kutta method as numerical simulation) and
also, this equation is obtained by the complex-
averaging method and solved by the arc-length
continuation method (semi-analytical method), which
has a periodic behavior at some of the nanoresonator
stimulation frequencies. Figure 9 represents the
nonlinear dynamic (the steady state) response of the
FG-PECNS for fixed values of the system parameters
in primary resonance and in modes (m =3,n =1)
by ode45 solver.

0685 11—ttt 1717 17— sl & EERES
P N 1 O O O R O
L oeesll (L LV L]
2

0.655 -t d e b L L

1 X 11805
| Y 06442

0.645 4l {51100 R N 9 0 o
1.0995 1.0996 1.0997 1.0998 1.0999 1.1

T x10°
Figure 9. The nonlinear dynamic response of the SS nano
resonator under the harmonic excitation

By comparing the static (WS = (‘T’MMZ;W"“H) —
0.6666) and dynamic (W, = (Wmax;Wmin) _

0.0224) displacements in the nonlinear dynamic
response of Figure 9 and the static and dynamic
frequency response of Figure 10 (a, b) at the third
resonance frequency w3 = 1.247, it can be
concluded that the result of this simulation suggests
a complete agreement between the numerical and
semi-analytical solutions and the averaging method
for the FG-PECNS is a suitable method.

In this section, the nonlinear dynamic response
convergence of the ode45 method to nano resonator
under the harmonic excitation with the material and
geometrical parameters Tables 1-3 is investigated. As
shown in Figure 11, the nonlinear dynamic response
in the radial direction w of the nanoshell in various
modes is strongly convergent with increasing the
number of modes. The results show that with a
constant value of (m) and an increase in the value of
(n) there is no change in the motion diagram, for

example, (m=1,n=1)and m=1,n=30orn =
5andetc) changes are very slight and are
overlapping and have the same graph, and only
changes in (m) lead to a change in the nonlinear
dynamic response graph. In result of, convergence is
obtained for the third longitudinal mode (m = 3) and
peripheral first mode (n = 1).

T T T
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0.6665
o 0.6664
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w H
= 0.6663
i
i
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Q

(a) The static frequency response in w direction
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(b) The dynamic frequency response in w direction

Figure 10. The static and dynamic frequency responses of
the SS nanoresonator
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Figure 11. The nonlinear dynamic response convergence
of the SS nano-resonator in radial (w) direction
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6.3.2. Effects of FG-PCNS parameters on
nonlinear frequency response

The main purpose of this section is obtaining
analytical solutions of equation for nonlinear
frequency response based on arc-length
continuation method. For this purpose, the effect
of different parameters such as the different
boundary conditions, the ratio of the length of the
nanosystem to the radius L/R, the ratio of
nanoshell thickness to radius hy /R and the ratio
of the piezoelectric thickness to the radius h,, /R,
piezoelectric voltage V, and also amplitude of

harmonic excitation will be discussed on the
nonlinear frequency response of FG-PCNS.

The nonlinear frequency responses of the
piezoelectric nano-shell for different boundary
conditions (S-S, C-C, C-S and C-F) are presented
in Figure 12. As can be seen, SS and CF
boundary conditions respectively have the
maximum and minimum resonance amplitude
and the frequency responses of the two boundary
conditions CC and CS are closely related. Also,
the SS boundary condition exhibits stronger
nonlinear resonance than the rest, and the CF
boundary condition shows a behavior close to
linear resonance.

30 ,:L,',,,‘, “J""l""\“"l""L“"J"‘,

30 2 cc
25 Lh N bt B S N 15 s 4 1 ]
i 20 3 10 1
2015 LS U S R ]
E 10
L 150 s ]
2

: 1.2483 1.2484 1.2434 1.2485
10 - f o

05‘—‘J ‘

T T el T e e el Tt oAt s e e el el ek ek T B
1.248 1.249 1.25 1.251 1.252 1.253 1254
Q
Figure 12. The effect of different boundary conditions on

the nonlinear frequency response of the FG-PCNS

1.2544 1.2544, 1.2544 E

In following, for investigation of the nonlinear
frequency response, only S-S boundary condition
with surface energy effects is considered.

By fixing all parameters except L/R ratio, the
results obtained and depicted in Figure 13. This figure
shows the effects of L/R ratio on the nonlinear
frequency response of the FG-PCNS with five cases
L/R = (5,6,7,8,10). As it can be seen, with
increasing the length to radius L/R ratio, the

resonance will be delayed and resonance amplitude
decreases. Also, the lower L/R ratio, the system
exhibits more nonlinear behavior i.c. as the ratio of
L/R increases, the non-linear resonance effect also
decreases. Therefore, it is very important to choose
the dimension of the nanoshell.

140 T T T T T
60

80
40

120 I
60
I 50 L/R=5 20 L/R=7

T S 1 N S 4

100

0 -
0.62 0.635 0.645 L/R=6 08745 ; 0876

= 80
s

30
} 075 0752 0454 25
60

L/R=8 ---20 ol

40 10
40 e =

20 12484 12485
20 10

((.).6 0.7 0.8 0.9 1 1:1 1.2 1.3
Q
Figure 13. The effects of length to radius L/R ratio on

the nonlinear frequency response of the SS FG-PCNS

Figure 14 shows the effects of the ratio shell
thickness hy /R on the nonlinear frequency response
of the SS FG-PCNS with different cases of hy/R.
From this figure, we can see that the resonance
amplitude of the FG-PCNS decreases when the ratio
of hy/R increase. Also with increasing the hy/R
ratio, the resonance will be delayed and the non-
linear resonance behavior also decreases. In other
words, the thicker nanoshell has a smaller
displacement and the hy /R has a positive effect on
the reduction of the FG-PCNS oscillation amplitude.

10F--|---+-- 22 0 s u
10
5 5 n
gl s i SO B
1 11818 | 11819 14 | 14002 :
11 1.2 1.3 1.4 1.5
o

Figure 14. The effect of hy /R ratio on the nonlinear
frequency response of SS FG-PCNS

Figure 15 shows the effects of the ratio
piezoelectric thickness h,/R on the nonlinear
frequency response of the SS FG-PCNS with
different cases of. Similar to previous Figure, we can
see that the amplitude of FG-PCNS frequency
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response decreases when the ratio of hy, /R increase,
the resonance will be delayed and the non-linear
resonance behavior also decreases. In other words,
the thicker FG-PCNS have a smaller displacement.
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Figure 15. The effect h,,/R ratio on nonlinear frequency
response of SS FG-PCNS

Figure 16 presented the effect of piezoelectric
voltage ¥}, on nonlinear frequency response of SS
FG-PECNS. It can be seen, as piezoelectric voltage
V, increases, the resonance frequencies and the
amplitude of the FG-PECNS increase.
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Figure 16. The effect of piezoelectric voltage V, on
nonlinear frequency response of SS FG-PECNS

Finally, the influence of excitation force F on the
nonlinear frequency response of the SS FG-PCNS in
Figure 17. It can be seen that when F is increased, the
value of the FG-PCNS amplitude increases and vice
versa and the non-linear resonance behavior also
increases.
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Figure 17. The effect of excitation force F on the

nonlinear frequency response of SS FG-PCNS
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6. CONCLUSION

In this paper, the oscillatory behavior, nonlinear
dynamic and frequency response analysis of
functionally graded- piezoelectric cylindrical nano-
shell (FG-PCNS) as nanoresonator are investigated
with considering of the size-dependent effects. To
this end, Gurtin—Murdoch surface elasticity and von
karman-Donnell's theory are used. The governing
equations and boundary conditions are derived using
Hamilton’s principle. The assumed mode method is
used for changing the partial differential equations
into ordinary differential equations. Also, Complex
averaging method combined with arc-length
continuation is used to achieve an approximate
solution for nonlinear frequency response. The
validation of the mention system is achieved with
excellent agreements by comparisons with numerical
results published in the literature. The parametric
study such as the effects of geometrical and material
properties, different boundary conditions, the ratio of
the length of the nanosystem to the radius L/R, the
ratio of nanoshell thickness to radius hy /R, the ratio
of the piezoelectric thickness to the radius h, /R and
amplitude of harmonic excitation are conducted on
natural frequency, nonlinear dynamic and frequency
response of the FG piezoelectric nanoresonator.

Some conclusions are obtained from this study:
> With comparing the previously published in
the literature, the present results agree very well with
the reference solutions, which indicates that the
methods are suitable and of high accuracy for
vibration analysis of cylindrical nanoshell.
> For all boundary conditions for as the number
of polynomial terms, N, is increased, the value of the
frequency parameter, w,,, converges rapidly and also
the convergence mode numberisn =1 andm = 3.
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> In all boundary conditions, the natural
frequency decreases with the increase of the L/R
ratio.

> With increasing the length to radius ratio
L/R, the oscillation amplitude is less but the number
of oscillations increases.

> By increasing the thickness shell to small
radius ratio hy/R, the natural frequency increases
which in the higher ratio hy/R, increasing in the
frequencies is more evident

> By increasing the ratio h,/R, the natural
frequency increases which in the higher ratio h,/R,
increasing in the frequencies is more evident.

> When F is increased, the value of the
FG-PCNS amplitude increases and vice versa.
> The result of this simulation suggests a

complete agreement between the numerical and
semi-analytical solutions and the averaging method
for the FG-PECNS is a suitable method.

> SS and CF boundary conditions respectively
have the maximum and minimum resonance
amplitude and the frequency responses of the two
boundary conditions CC and CS are closely related.
Also, the SS boundary condition exhibits stronger
nonlinear resonance than the rest, and the CF
boundary condition shows a behavior close to linear
resonance.

> with increasing the length to radius L/R
ratio, the resonance will be delayed and resonance
amplitude decreases and in the lower L/R ratio, the
system exhibits more nonlinear behavior.

> the resonance amplitude of the FG-PCNS
decreases when the ratio of hy /R increase. Also with
increasing the hy/R and hy,/R ratios, the resonance
will be delayed and the non-linear resonance behavior
also decreases.

> the amplitude of FG-PCNS frequency
response decreases when the ratio of hy, /R increase,
the resonance will be delayed and the non-linear
resonance behavior also decreases.

> As piezoelectric voltage V}, increases, the
resonance frequencies and the amplitude of the
FG-PECNS increase.

> when F is increased, the value of the
FG-PCNS amplitude increases and vice versa and the
non-linear resonance behavior also increases.
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